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ABSTRACT. The helical solutions of the Euler-Lagrange equations for the free energy model as
F=ak+bt 2+ g are obtained. The numerical range of the free energy for A-, B-, and Z-DNA are
calculated. © 2017 Bull. Georg. Natl. Acad. Sci.
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Recently, the el astic theories have been widely used for studying the DNA structures. Many models have
been suggested to study the biopolymer chains such asthe worm-like chain (WLC) model [1] and the worm-
likerod chain (WLRC) model [2]. The WLC model describes a chain by an elastic continuous curve under a
small external force with a single elastic constant as bending modulus. This model has been successfully
applied to long biomolecules such as DNA. Goldstein et al.[1] analysed a WL C model with the free energy

functionas F = ( k — W, )2 , where F, and W, are constants. The WLRC model is appropriate to de-
scribe the biopolymer structures under a moderate force.

Thetotal free energy F,_,, of abiopolymer chain may be considered as a function defined on the smooth

curve X(S) in 3-dimensional space as
Foa = [ FIX(9)1ds, o
where sisthe arclength of the curve and F isthe free energy function. We shall use anatural parametrization
of curve X(S) in3-dimensional Euclidean space: X' (S), i =1, 2,3. Inthis parametrization, we have
dx;, dx;
ds ds
where summation over repeated index convention is used. The curvature and torsion are defined by [3]

@
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d?x, d?x, 1 dx, d*x, d’
k=, —-—5, t =— |det S s |
ds’ ds® kz\/ ‘{ ds ' ds® ds3} ®

where dét; isthe Gramm determinant [4].

The Euler-Lagrange eguations follow by variation of the total free energy, i.e. dR,4 =0, and it can be
written as follows

Iﬁd kds+jﬁdt ds+ [ k'ds+jﬁdt 'ds+j|:dds: 0. @
ok at oK’ at’

The Euler-Lagrange equationstake theform [5]

ﬁ;+(k2—t2)ﬁ<+3(ﬁ—|;) +t’ﬁ—k,+2ktﬁ -kF=0, ©
2(t|:k)'_[%j +t2%—(kﬁ ) ~t'R =0, ©

where the over head prime stand for differentiation with respect to the natural parameter s, F, = % and

R = % These equations are highly nonlinear and complicated and so, it is very difficult to solve them.

Most of the calculations will be done by using the Maple 18 [6].

Exact Solutionsof the Euler-L agrange Equations

In 3-dimensional flat space, asmooth curve hastwo local invariants, curvature k = k(s) andtorsiont =t (s).
The curvature and torsion encode all geometric information of a curve in space. Hence, the free energy of a
biopolymer chainis considered as afunction of its curvature and torsion. Let us now discuss the free energy
function as follows

F=ak+bt?+g, @)
where a, b, g are unknown constants. If we substitute this relation into Euler-Lagrange equations, then we
obtain

N2

z(tﬂ +(tk) +[gk—ajt2—gk=0, )
t') ta’ Co
(?j () at =0 ©

for simplicity, wehaveset b = % It isobviousthat the solution of these equations could not be found easily.

Helices are characterized by the constancy of the quantity w = tE .Acurveiscaled ahdix if and only if

w = constant. Next, the helical solutions of the equations (8) and (9) are investigated. In this case, we have
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k 2

2(£j +(£] +§k2—ak—i:0, (10)
2 w

[%)0 —|:(W2 —2)k+a}k’ =0. (11)

By differentiating the equation (10) with respect to s, becomes
KY k(K'Y
2 —| +2—| — | +(3k-a)k'=0.
(k] . [ k] (3k-a) 12

k’ "
By eliminating the variable (?j fromthe equations (11) and (12), yields

KK +[(2W2—1)k+a}k’:0. (13
k\k
By comparing the last relation with the equation (10), one can deduce
N2
(5 w2+ il -2ak-9 o (14)
k 2 w?
It can be shown that the exact solution of this differential equation is of the form
V9
16geW
k= .
Zﬂs */gs “

e W _lgaweW +64(a2+29)w4+329/\/2

In fact by choosing b = % we could have solved the Euler-Lagrange eguations for our model. If we

2
choose g = a—z, then we have
2w

2

2
=Y ke 2 (16)
2 w?

which agrees with the WL C model. In the next section, the numerical range of the free energy for A-, B-, and

Z-DNA will becalculated.

Calculation of the Free Energy for DNA Forms

DNA existsin many possible conformationsthat include A-DNA, B-DNA and Z-DNA forms, although, only
B-DNA and Z-DNA have been directly observed in the functional organisms[7]. A-DNA is aright-handed
double helix with major and minor grooves fairly similar to B-DNA form, but with a shorter more compact
helical structure [8]. Figure 1, shows the shapes of standard A-, B-, and Z-DNA.

B-DNA, the classic structure first described by Watson and Crick [10] is an antiparallel right-handed
typical form of double helix DNA inwhich the chains twist up and to the right around the front of the axis of
the helix. Z-DNA is one of the many possible double helical structures of DNA. It is a left-handed double
helical structurewith azig-zag pattern[8-11]. The helical parameters of DNA formsare presentedin Table.
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A-DNA

B-DNA

)

Fig. 1. Space representation of A-, B-, and Z-DNA.1%

Table. The geometry properties of A-, B-, and Z-DNAP)

Characteristic A-DNA B-DNA Z-DNA
Helix sense right-handed right-handed left-handed
Pitch (nm) 2.82 3.32 4.46
Radius (nm) 1.15 1 0.90

We now need to calculate the minimum value of the free energy function. To do this, we must have

F _ 0. Then it follows that
0s
2
U p—" % , 17)
S 16w~ +8w
here e = +1 and Lambert W function isdefined by [12]
LambertW(x)eLambertW(X) =X, (18)

where x isan arbitrary variable. Also, the Lambert W function has series expansion as

(™ g
LambertW(x) = nz::lT x". (19
Next, there are three cases which must be discussed separately:
Case(1) : A-DNA
Using Table, the geometrical invariants are k, = 0.7546 and t ; = 0.2945. Thus, we have w = 0.3902.

Using these data and equation (17), after some calculation, becomes

0.2431° + (0.1523e3“ s? 4 0.3650eue® s+ 0.6036u2e" + 0.4612eu3) u2e"'s?

F(s) . ., @
(e2“ s* +0.524%ue"s? +1.2635u23)
where u = LambertW (0.8896es).
By plotting Finterms of sfor the case e = +1 (see Figure 2), wefind that
0< Fypna <1.25, @)
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Fig. 2. Graph F in terms of s for A-DNA in the case e=+1

Fig. 3. Graph F in terms of s for A-DNA in the case e= -1
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Fig. 4. Graph F in terms of s for B-DNA in the case e=+1

and for the case e = -1 (see Figure 3), we have

Fig. 5. Graph F in terms of s for B-DNA in the case e= -1

0<Fypna <3, (22

werecall that the unit of the free energy is kcal/mol.
Case(2): B-DNA

In this case, the geometrical invariants are k, =0.7817 and t , =0.4130. So, we have w =0.5283.
Similarly asin previous case, the following solution is obtained

F(s)

10.2324y° + (0.2791e3y32 +0.7787eye?'s+ 3.9233y2e" + 4.7152% y3) y2e)'s?

: (23)

where y = LambertW (0.4064es).

2
(e2y33 +1.7630eye’'s? + 6.0545y25)

By plotting F in terms of sfor the case e = +1 (see Figure 4), we can conclude
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Fig. 6. Graph F in terms of s for Z-DNA in the case e=+1 Fig. 7. Graph F in terms of s for Z-DNA in the case e= -1
0< Fypna <045, (29
and for the case e = -1 (see Figure 5), we obtain
O<Fzpna <1.2. (25
Case(3): Z-DNA

Inthis case, the principal curvaturesare k, = 0.6850 and t ; = 0.5402 . Hence, w = 0.7886 . After some
tedious calculations, the following result is obtained

2414.8666m° + (0.6219e3ms2 +2.1338eme®™s + 79.3373m%e™ +132.9674e m3) m2eMs?

F(s) 2 . ()
(€"s® +8.7516eme"s” + 62:3135m°s
where m= LambertW (0.1266es).
By plotting F in terms of sfor the case e = +1 (see Figure 6), one obtains
0< Fypya < 0.095, @)
and for the case e = -1 (see Figure 7), we see that
0<Fypna <0.27. (3]
Concluson

The Euler-L agrange equations are nonlinear and complicated, so it isdifficult to solve them. We have solved
exactly these equationsfor alinear model of free energy asaWL C model. Also, we have determined the free
energy function in terms of the parameter sfor DNA formswith the help of Maple software.
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g0bo 45

aomaﬁ)—mbaﬁ)bsﬂok 6.)6(500Q363601s B305)6Q'3(4)o
bamblssabo F = ak + bt >+ g 3mQaQ'ao

d. ‘boﬁ)béo* 0 d. 0.53060*

* olgrsdaiio sBswol mboggHbodgido, gsdsbol 3sbgmaoagds, 9360, oBsbo

(%’bﬁamg\)aﬂﬁogo& &doggﬂaools %’336»015 S. baggd?]z}oggol) 8036))

63303605 gogrgt-moa®sbgol 3obBmmgdgdols s3mblbs F = ak + bt 2+g asgolggsmo

3535)60015 3mQ39{>’30. Q.&Qaasogob o%ols'ﬂ%)go 3536300‘3 5)0(31530010 350’3363520763601} .5&)3 A—, B-
Qo Z-DNA-m3ols.
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