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ABSTRACT. A redundant system with two types of maintenance services, single repair server and
single replacement server is considered. Repair time and replacement time are random variables.
Mathematical model for dependability and performance analysis is constructed and investigated. Explicit
solution of steady-state probabilities is obtained in terms of operational calculus (Laplace transformations).
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In the classical mathematical theory of reliability, particularly in redundancy theory, productive methods
and models for redundant systems analysis and optimization are developed and successfully applied in all
the stages of such systems’ life cycle [1].

At the same time the study of redundant systems with repairable units is mainly focused on the analysis
of their lifetime and the probabilistic characteristics of their stay in various states of serviceability [2,3].

As for the downtime (non-serviceable state) of redundant systems, little attention was paid to. The
downtime by itself often coincides with duration of replacement time of a failed main unit by the redundant
one. The fact is that the replacement of the failed unit was quite regarded as instantaneous (its duration was
so small that it was acceptable to be ignored), and the repair time of failed unit was significantly small
compared to its lifetime. In these conditions, the mean duration of downtime is really negligible [4].

This approach contributed to the fact that in most studies of the reliability of redundant systems (except
for some simple cases), the replacement of the failed unit was not considered as a separate, independent
maintenance operation.

On the other hand, in modern conditions, this assumption is far from the reality [3-5].

As a matter of fact, nowadays it is important not only to estimate the mean downtime, but also the nature
of its dispersion around mean value. Therefore, the problem of a full probabilistic analysis of downtime

(including replacement time) is very urgent.
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Simultaneously, duplex and triplex systems are most widespread in redundancy practice. In the presented

paper we investigate one of such type triplex systems.

Subject of Study and its Mathematical Description

The redundant technical system consists of one main and two redundant units. The failure of a main unit
happens with intensity a and that of redundant ones with the intensity 5, 0 < 8 < & . The failed main unit is
replaced by operating redundant one after the replacement of the latter. While failed elements, both main and
redundant one, are transmitted for repair, we have one repair server and one replacement server. Suppose that
repair time of the failed unit is a random variable with exponential distribution with parameter 4. Replacement
time distribution function is arbitrary H. The repaired unit renews all its initial qualities and is included in the

h
group of the redundant units. Denote replacement rate by A(u) so that A(u) :%’ where
-H(u

h(u) =H'(u)~

We introduce the random processes, which define the states of the considered system at the time instant

i (t) is the number of units missing in the group of main units;
j (l) is the number of non-operative (failed) units in the system;

0 (t) is the time interval length from the beginning of the replacement operation to the time instant ¢.

In order to describe the system state we define probability characteristics:
P(j.t)=Pli(t)=0, j(t)=j}, j=0,12.

R(Lt)=P{i(t)=1, j(1)=3},

q(i, j,t.u)= ’lliir(l)P[%P{i(i)zi,j(t) =j-Lu <9(t)<u+h}} i=1, j=12,3

P(j.t), R(i,t) and q(i,/,t,u) have great theoretical and practical values, as they allow us easily
express other characteristics of the system.

Suppose, functions P(/,t) and R(1,¢) have continuous derivatives, when >0 and functions
q(i,j,t,u) have continuous partial derivatives when >0, u > 0.

According to the usual probabilistic considerations the following theorems can be proved.

Theorem 1. In the mentioned conditions functions P(j,t) and R(l,t) satisfy the following system of

integro-differential equations:

dPEZ?J) = —(o+2B) P(0,1)+ uP(1e)+ [ g (1.1, 1,) 2 (u) s
0
dP[(;J) = —(o+ B+ 1) P(L)+ 2BP(0,0)+ P (2.0) + [ a (1.2, 1,u) 2 (u) du M

0
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t

dej,t) =—(a +ﬂ)P(2,t)+ﬂP(l,r)+!q(1,3,t,u)/1(u)du;
dRLS:’t) =—uR(1,t)+aP(2,1).

With initial conditions
P(0,0)=1, P(1,0)=P(2,0)=R(1,0)=0.
Theorem 2. Functions q (i, Js t,u) satisfy the following system of partial differential equations:

9q(lLeu) g(LLew) —(2B+ 4 (1)) g (L1 t,u) + g (1,2,t,u);

ot Ou
oq (l,2,t,u) aq(l,Z,t,u)
py + ™ =—([3+y+/1(u))q(l,2,t,u)+uq(l,3,t,u)+2ﬁq(l,l,t,u);
1
aq(l,;t,t,u) + aq( (,33,t,u) = —(y +/l(u))q(l,3,t,u)+ﬁq(l,2,t,u).
u

With boundary conditions
4(1,1,1,0)=0,

4(1,2,1,0)=aP(0,1),
q-(1,3,t,0) = aP(l,t) + 1R (1,1).

For further study of the system we will consider the event 4; (u) , Which is defined as follows.

The number of failed elements at the end of the segment with length uis j
...if the number of failed element at the beginning of the segment is i

Further, assume that PU (u) = P{AU. (u)} .

According to the usual probabilistic considerations we obtain the expression for ¢q(1, j,t, u) :

q(1,2,0,u)=q(1,2,t —u,0)H (u)P, (u)+q (1,3, —u,0) H (u )Py, (u

(i,
g(LLt,u)=q(1,2,6—u,0)H (u)By (u)+q(1,3,t—u,0) H (u)Py (u)
)
)

q(1,3,t,u):q(l,3,t—u,O)H u)Pzz(u)+q(1,2,t—u,O)H )12(” R
where H (u)=1-H (u).

Probabilities F; (u) are received from the following systems:

By (u)=e +2J.ﬁe 2P (u=v)dv

By (u)= J.ue_'“ve_ﬂvPoo (u—v)dv +Iﬂe‘ﬂve_”vao (u—v)dv
0 0

Py (u)= J.ue_”vP]O (u—v)dv

Bull. Georg. Natl. Acad. Sci., vol. 11, no. 2, 2017

)

&)

@

®)



18 Ramaz Khurodze, Nino Svanidze, Givi Pipia

and

u
Py (u)=e*" +J.ue_'“vP]2 (u—v)dv
0

u u
B, (u)= J.ue_'“ve_ﬂvPo2 (u —v)dv+jﬂe_ﬁve_”v1922 (u—v)dv
0 0

©)

Ry (u)= 2J.ﬂe_2ﬂvP]2 (u—v)dv
0

To verify equity of the second relation in the system (5) we use the following considerations.

The event 4, (u) can be represented by the sum of two mutually exclusive events:

1. At the beginning of the time interval [0, u] there was one failed element, which was repaired at the time
instant v . From at moment, there has been an event Ay, (« —v). Taking into consideration all the possible

values of v the probability of this event is the first term on the left side.

2. At the beginning of the time interval there were one failed and one operative units. The operative
element has failed at the time instant v. From this moment, there was an event A, (u—v). Taking into

consideration all possible values of v the probability of this event is the second term on the left side.
By adding this probabilities the second equation in (5) wos obtained. Likewise proved the equity of the
other equations in (5) and (6) are. Equations in (7) are received from the normalization condition.

From those systems it is true to express values for F; (u):

B (u) =ay +bije_y” +cije_5” , ®)
[32 [32
Wherey=3ﬁ+2”+2ﬁ +4Lu and5=3ﬁ+2y—2ﬁ +4ﬂ,u’

R R B (1B +4u) . B (P +au)
20 =700 T G0 = e Ao T b ST e G0 T
a b c a b c

2 py(3—,/ﬂ+4y) ﬂy(3+1/ﬂ+4,u)
a]0=A—, b]0=—A—, Clo =~ A )
a b c

282 ﬂu(l—\/ﬂ+4u) ﬂu(1+\/ﬂ+4u)
azzzA_aa bzzz_Ts szz_Ts

2, B (1-B+4u)-2pu B (1+B+4u)-2pu

> Cp =

A, 2A, 2A,
28u 2#2—[3#(1—\/ﬂ+4ﬂ) 2,u2—ﬂ,u(1+\/ﬂ+4,u)
azle_a by =— 24, > G =~ A s
a (4
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2, Pu(SPrA)-p (LB Au)  pu(se B au)- B (1- VP au)

a=—, = , Ci1 = s
11 Aa 11 2Ab 11 A

c

2
AndA —u +2ﬁ#+2ﬁ Ab—ﬁ +4ﬁﬂ+(3ﬁ+2#)m’

2
_ B +4Pu—(3p+2u) VB +4Bu
. = .
2
Consider the system in steady-state conditions and introduce the notations:
P(j)=lim P(j.t), j=0.2 R(1)=limR(L¢); q(1.j.u)=limg (L. j.t.u), j=13.
t—w t—w
From (5) we get
(+28)P(0) = P (1)+ [ (1 1,u) 2 (u)dus
0
(c+ B+ ) P(1) = 25P(0)+ uP(2)+ [ 4(1.2.4) 2 () du; ©)

(cr+ 1) P(2)= BP(1)+ [ a(1,3,u) 2 () ds

And for boundary conditions:
4(1,1,0)=0, (10)
4(1,2,0)=aP(0),
4(1,3,0)=aP(1)+ uR(1).

Taking into account expressions (8) and boundary conditons (10) in (4) we obtain the following steady-
state results:

g(LLu)= (a,oj +bye +c]0e_5”)+
+(ap(l )+”R(1))H(“)(“2o+bzoe +Czoe_5u)

(1 2 u) O)H (a +be" +c]]e_5”)+

( P(l )+”R(1))H(“)(“21 +bye”’ +C]28_6u) an
q(1,3,u)=aP(0)H (u) (a +h,e " +c]2e_5”)+
+(aP(1)+ uR(1))H (u)

To find the unknown values P(0), P(1), P(2) and R(1) weput (11) expressions into (9) and we obtain

—Ou
(a22 +b22e +cye ) .

the system of algebraic equations relatively to these values:
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P(0) @(1=aq=bioh(y)=cigh(8)) |- P()] s+t (az +bryh(r) + 0 (6)) |-
~R(1) 1] @y +bogh(7)+ g7 (8) ] =0
P(O)[2ﬁ+a(a”+b,,ﬁ(;/)+c](ﬁ(5)ﬂ—P(l)[u+[3+a(l—a2,—bzlﬁ(y)—c2lﬁ(5)ﬂ+
+uP(2)=R(1) ] ay, +byy h(y) +cyh(S)]=0
P(0)at(ar, +biph(y)+€2h(8))+ P(1)| B+a(an +byh(r)+enh(8)) |-

)
( )[a+,u +R(1),u[a22+b22 +022Z(5)J=0
(

aP(2)-uR(1)=0

Where Z(s) = Te"”’h(u Y.

0

(12)

To solve the system we replace one equation of the system by normalization condition, which looks as:

P(0)+P(1)+P(2)+R(1)+[aP(0)+aP(1)+uR(1)|EE=1.
Here E& = I(l -H (u))du is the mean replacement time of the unit.

Conclusion

In this paper we present and research a mathematical model of redundant technical system with exponentially

distributed repair time and arbitrary distributed replacement time. Using probabilistic considerations and

Laplace transform technique we obtain explicit solution for steady-state probabilities.

From the results of thie research we can easily derive other important probabilistic characteristics of the

system. Direction for future research is the investigation of this system behavior for different distribution

functions of the replacement time.
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