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ABSTRACT. Inthepresent paper a multi-component redundant system with unreliable, repairable
units is considered. Two types of maintenance operations are performed in the system: 1) the
replacement of the failed main unit by the redundant one; 2) the repair of the failed unit. The
number s of redundant units, replacement and repair facilitiesin the system arearbitrary. The open
exponential queuing model for the system dependability and perfor mability analysisis constructed
in theform of infinite system of ordinary linear differential equations. I n steady state, it isreduced
totheinfinite system of linear algebraic equations. At present the system isstill being investigated.
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During the last 70 years, the number of worksin the reliability field has become huge (textbooks, hand-
books, monographs and many other materials).

Among them, in classical Mathematical Theory of Reliability (MTR) onebook isthe most prominent. Itis
Richard E. Barlow and Frank Proschan"Mathematical Theory of Reliability' first published by JohnWiley &
Sons, New York, 1965, and republished in 1996 by SIAM (thereafter referred to asBP). It should be hoted that
this book became the basis of the modern MTR.

Since BP is the most prominent in the English speaking countries, in our paper we shall mainly use the
terms and language of BP with some necessary changes for our objectives.

The most important aspectsin BP concerning complex systems are considered within the framework of
repairman (maintenance) problem. According to BP, we assign repair and replacement to the maintenance
operations. To clearly understand our further statement, we quote an excerpt from BP: " Suppose we are given
m identical units stochastically independent of one another and supported by n spare units. Suppose that
each failsaccording to some lifetime distribution. Furthermore, suppose that we have arepair facility capable
of repairing k units simultaneously. Obviously, we could consider the facility as consisting of k repairmen.

© 2017 Bull. Georg. Natl. Acad. Sci.
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Fig. 1. Diagram illustrating repairman (maintenance) problems. From Richard E. Barlow, Frank Proschan, Mathematical
Theory of Reliability. SIAM, 1996.

Thefollowing queuedisciplineisobserved. If all repairmen are busy, each new failurejoinsawaiting line and
waitsuntil arepairman isfreed. We assume that the repair times are also independent, identically distributed
random variables with somerepair time distribution”.

Thediagramin Fig.1 will be helpful in explaining various model s of repairman problems.

Unfortunately, classical mathematical theory of reliability does not allow to solve the problems of
dependability and performance analysis of large scale territorially distributed networks, because this
theory is mainly equipment (machine) oriented [1- 8]. Fortunately, in this classical theory, the basics was
set for creating new methods and models corresponding to the above problems. For these purposes,
further extending, devel opment and deepening of classical repairman (maintenance) models are necessary.
In particular, we need to consider in the diagram illustrating repairman problem which takes into account
thefollowing factors[9-16]:

1) Thecase m = « . Wegive an explanation of aspecific example: the number of Radio Base Station (RBS)
in modern mobile communication networks may be hundreds, thousands and more. That means that in
mathematical models we can consider the set of RBS asinfinite (m = oo ) source of failures. Dueto the same
factor, we can consider the total failure rate to be constant. Consequently, we will have a Poisson stream of
reguests to maintenance facilities. As it is known, this is very important for the construction of suitable
mathematical models and also for their investigation;

2) We need to include additional rectangle in Fig.1 pointing replacement operation, as particular inde-
pendent maintenance operation, whichisnot negligible (it requires somefinite time, which is necessary to be
taken into consideration).

Thefactisthat intraditional cases of redundancy the main and redundant units, asarule, areterritorially
concentrated at the same place and the replacement of the failed main unit with a redundant one means the
latter's switching over, which is often automatically performed, and its duration is negligibly small. In other
cases, for example, in two unit systems, main and redundant units are connected in parallel and both are
operating, although only oneisin actual service. In such cases, after failure of the main unit, redundant one
continues servicing without any replacement.

In modern networks of the above type, however, redundant units are not directly linked to the main ones.
They are placed at specific storages and may be located at the distance of tens, hundreds and sometimes
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Fig. 2. Diagram illustrating the extended repairman (maintenance) problem.

thousands of kilometers away from the active units. Therefore, the delivery time of the redundant unit to the
place of the failed main oneis quite essential.

At the sametime, in practical cases, due to various reasons, before the start of the delivery operation of
the redundant unit, there passes quite some time, which is often many times greater than the delivery time
itself. In addition, the replacement operation, apart from the delivery of the redundant unit to the main unit's
place, includes other sub-operations, which are necessary for the redundant unit to continue the main unit
functions. Under such circumstances the mean replacement time is not insignificant, and it often reaches 20-
40 % of the mean repair time. Moreover, the replacement operation, as arule, is performed not by a repair
facility, but by a special replacement channel. Therefore, the replacement of the failed main unit by the
redundant one quite naturally becomes an independent maintenance operation;

3) We need to construct repairman models for cases when redundant units are not identical with main
ones, in the sense that they replace main units temporarily until their repair. As arule, this factor creates
additional difficultiesin modelling;

4) We also need to consider the cases where redundant units themselves may be subject to failure and,
conseguently, be failed when requested.

In other smilar cases, if themain unit fails, it may betemporarily replaced by amobile redundant unit until
itsrepaired if such isavailable at that time.

Takinginto consideration all the abovefour factors (or some of them in different variants) in mathemati cal
models of large scale territorially distributed systemsis of paramount importance.

The diagram in Fig. 2 will be helpful in explaining various models of the extended repairman problem
(network maintenance problem).

As a matter of fact, we are talking about network maintenance problem instead of classical machine
mai ntenance problem.

Aswe see, the network maintenance problemisapeculiar combination of classical replacement problem
and classical repairman one. We believe this combination to be productive.

Subject of the Study and itsInitial Mathematical Description

The investigation subject of this paper is a multi-component redundant system with unreliable repairable
units.
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The system consists of identical active and redundant units, their numbers are mand n respectively. The
redundant units are designated for permanent replacement of main componentsin case of their failure. It is
supposed that for the normal operation of the system, the serviceability of all active units is desirable.
However, if their number isless, then the system continues to function, but with lower economic effective-
ness.

Thetotal failure rate of al active unitsis a.. The redundant ones are not the subject to failures. A failed
active unit is replaced by a serviceable redundant one if there is an available unit in the system. In the
opposite case the replacement will be performed after the availability of the redundant unit. The failed units
are repaired, become identical with the new ones and pass to the group of redundant units. The system has
onereplacement facility and onerepair facility. The replacement timeand repair time arerandom variableswith
distribution functions F and G, respectively. When maintenance facilities are busy, requests for replacement
or repairsare queued. ServicedisciplineisFCFS (first come, first served). Aswe see, in anatural way we have
gueuing system with two types of maintenance operations — replacement and repair. We consider here the
case, where mis alarge number (in practice it might be tens, hundreds, thousands and more), and we will
suppose that we have an infinite source of requests and will get an open queuing system for two parallel
maintenance operations - replacements and repairs.

Therequest for the replacement arisesdueto failure of the active unit. The same event generates arequest
for repair. In this way, the necessity of two parallel service operations arose.

To this day, neither in the reliability theory nor in the queuing theory the above problems have been
investigated in general. At the same time, modern research methods of Markov and semi-Markov processes
make it possible to construct and to analyze such models in the framework of the mathematical theory of
reliability and queuing theory [10, 11].

During thelast 10-12 yearsthe experts of Georgian Technical University (GTU) achieved notable success
inthisdirection[9-16].

Namely, the queuing systems of the above type (wherein the arriving stream of homogenous eventsthere
arise demands for two parallel service operations) were first introduced by GTU experts and have not been
yet considered by the other authors.

The present paper isfurther generalization of the model in[9].

M athematical M odel

Inthis section, we construct and investigate the mathematical model for the casewhere m= o , nisarbitrary.
The replacement and repair times have exponential distribution functions with parameters| and m respec-
tively.

To describe the considered system we introduce the random processes, which determine the states of the
system at the timet;

i(t) - the number of units missing in the group of active units;

j(t) - the number of non-serviceable (failed) unitsin the system.

Denote, P(i, j,t) = P{i(t) =i; j(t)=j}, i=Lm j=0n-+i.
Proceeding in the usual way, we can set up the basic difference egquations which relate the probability of

being in a certain state at time t +At to the probabilities of being in various states at time t. From these
difference equations we obtain the infinite systems of the ordinary linear differential equations.
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Theorem 1. For n>0 probabilities P(i,j,t) satisfy the following infinite system of the ordinary linear
differential equations (Kolmogorov equations).

% = (0. +nB)P(0,0,t) + AP(L0,t) + uP(0, L),
%:—(a+nﬁ+imp(i,0,t)+(i+1)XP(i+lO,t)+pP(i,lt), 0<i<k,
wz—(aﬂnﬂ—k)B+kk)P(i,0,t)+kAP(i+:L0,t)+uP(i,2Lt), ik,
w?(w(n— DB+ )P0, j,)+ (N— j +DBP(O, j —Lt) + AP(L j,t) +

H(j+DuPO, j LY, 1<,
w?(m(n— DB +IWP(O, j,t)+ (= j +DBP(O, j —Lt)+ AP(L j, 1) +
AuPO,j 41, 1<j<n,
w=—(a+|u)P(o,n,t)+BP(0,n—lt)+7»P(Ln,t), @
I _ (g4 (n- j)B+in+ ju)PG, j,t)+oPi—1 j~Lt)+ (| + DBP, j~L1)+

dt
(i +DAPG+1, 0+ (j+DuPG, j+1), 1<i<k, 1<j<],

POIY _ o+ (n= )B+in+10)PG, j,0) +aPi—1 | ~L )+ (= j+ DBP(, j-Lt) +

dt
+({ +DAP(> +1, j,t) +1uP(, j+1t), 1<i<k, I<j<n,
W:—(a+(n+i—j)k+|p)P(i,j,t)+ocP(i—l,j—1,t)+(n+i—j+1)kP(i+Lj,t)+
+pP(, j+1t), 1<i<k, n<j<n+i,
wz—(a+lu)P(i,n+i.t)+aP(i—1,n+i—1,t)+XP(i+1,n+i,t), i>1

dt

W=—(a+(n+i—j—k)ﬁ+ H+KOV)PG j. )+ (n+i— j+1-K)BPG, j-1t) +
KRG +1 )+ (j+DuPG, j+11), ik 1<j<l,

W=—(a+(n+i— j—K)B+Ip+kA)P(, j,t) +aP(i-1, j-Lt) +
+(n+i—j+DPP>, j—Lt)+KAP(i +1, j,t) +1uP(, j+11), i>k, I1<j<n+i-Kk,

_dp(;*tl't) = —(a+(n+i— PA+IPG, D) +aPi L j~L1)+ (n+i+1- DAPG+1, j,t)+
+HpP(@, j+1t), i>k, n+i—-k<j<n+i.

Theorem 2. For n=0 probabilities P(i,j,t) satisfy the following infinite system of ordinary linear differ-
ential equations (Kolmogorov equations):
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dp(g,to,t) — —aP(0,0,t) + AP(L0,1),
W:—(QHK)P(LOJHG +DAP(@ +1,0,t) +uP(i,Lt), O<i<Kk,
W:—(aJrkk)P(i,O,t)JrkkP(i +1,0,t) +pP(i,Lt), =Kk,
w:_((}”(i_ DA+ jwPG, j.t)+aP(i -1 j-Lt)+ ({ +DAP( +1, j,t) +
+(j+DuP(, j+11), 1<i—-j<k, O0<j<l, )
dpP(, j,t) : . . : . : . -
T=—(0L+k7\.+ JWPG, j,t)+aP(i -1 j-Lt)+ kAP +1 j,t)+ (j +DuPG, j +1t),
i—j=k, 0<j<l,
dP(, j,t) o o . . . . . o
TZ—(OH-(I— PDA+I)PG, j.t)+aP(i -1, j-Lt)+(i— j+1)AP3 +1, j,t) +IuP(, j +1t),
1I<i—-j<k, j=I,
dP(, j,t) . . : . . o
T:—(oc+kk+lu)P(|, LD +aP(i-1 j-Lt)+ kAP(@ +1, j,t) ++luP(, j +1t),
i—-j=2k, j=I,
%:—(aﬂu)%,i,t)+aP(i—l,i—l,t)+kP(i+l,i,t), 1<i<l,
w:—(aﬂp)P(i,i,tHaP(i—:Li—Lt)+kP(i+li,t), i1

It can beproved that for these systemsthelimit of P(i,j,t), with t = o existsfor dli,j, if a<kl anda<Im

Denote P(i, j) =tlim P(, j,t) Letting t =— o in (1) and (2), we obtain an infinite system of linear alge-
—0

braic equations with respect to P(i, j) .
For n>0 we have (together with normalizing condition):
(o.+nB)P(0,0,t) = AP(1,0,t) + uP(0, 1),
(u+nB+iA)P(i,0,t) = (i +DAP(> +1,0,t) + uP(i,Lt), O<i <Kk,
(a+(n+i—k)B+kr)P(i,0,t) =kAP(i +1,0,t) + uP(i,Lt), i>Kk,
(o+(n= B+ jw)P(O, j,t) = (n— j+1BP(0, j —Lt) + AP(L, j,t) + (j + DuP(0, j +1.1),
1<j<«l,
(o+(n=B+IW)PO, j,t) = (n— j+ BP0, j L) + AP, j,t) +IuP(0, j+11), 1< j<n,
(o +1n)P(0,n,t) = BP(0,n-1,t) + AP(L, n,t),
(a+(n=j)B+ir+ ju)P(, j,t)=aP@i-1 j-Lt)+ (n— j+DBP(, j—Lt)+ (i +DAP(i +1, j,t) +
+(j+DuPG, j+1t), 1<i<k, 1<j<l,
(u+(n=JB+ir+1p)PGi, j,t) =aP@i -1 j-Lt)+ (n— j+DPP(, j—Lt)+ (i +DAP(i +1, j,t) +
+pP@, j+1t), 1<i<k, 1< j<n,
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(a+(n+i—PDA+IWPG, j,t)=aP(i-1, j-Lt)+(n+i—j+DAP> +1, j,t) +1uP(, j +1,t),
(a+(n+i—PDA+IWPG, j,t)=aP@i-1 j-Lt)+(n+i— j+DAP> +1, j,t) +1uP(i, j +1t), n< j <n+i,
(a+1lu) PG, n+i,t) =aP(i -1, n+i -1 t) + AP(i +1, n+1i,1t), i>1,
(a+(n+i—j—KPB+ ju+kN)P(, j,t) =(n+i—j+1-K)BP(i, j —1,t) + AkP(i +1, |, t) +
+(j+DuP(, j+11), i=k, 1< j<l|,
(a+(n+i—j—K)B+IH+KV)PC, j,t) =aP(i -1, j-Lt) +(n+i— j+DBP(, j-Lt) +
+kAP( +1, j,t) +1uP(i, j+1Lt), i>k, | <j<n+i-Kk,

(w+(n+i= DA+ PG, j.0) =aP(i-1 j-Lt) +(n+i+1- )AP3 +1 j, ) ++IuP(i, j +1 1),
i>k, n+i—-k<j<n+i,

0 N+i

D> PG ) =1.

i=0 j=0
For n>0 we have (together with the normalizing condition):
oP(0,0,t) = AP(1,0,t),
(o +iA)P(i,0,t) = (i +DAP(>i +1,0,t) + uP(i,1,t), O0<i <Kk,
(e +kA)P(i,0,t) = kKAP(i +1,0,t) + uP(i,1,t), >k,
(a+(i= )+ PG, j,t) = P -1 ] ~Lt) + (+DAPG +1, ) + (j +DuP(, j +11),
1<i-j<k, 0<j«l,
(a+ka+ ju)PQ, j,t) =aP(i-1 j-Lt) + KAP( +1, j,t)+ (j +DpP(, j +Lt),
i—j>k, 0<j<I,

(a+(i—)A+Iw)PG, j,t) =aP(i-1, j-Lt)+(i— j+1)APG +1, j,t) +1uP(i, j +11),
1<i—j<k, j>I, @)
(a+kA+1W)PQ, j,t) =aP(i -1 j-Lt)+ kKAP(i+1, j,t) ++luP(@, j+1,t), i— j =k, j=I,

(a+ip)P(i,i,t) = aP(i -1,i =1, t) + AP(i +1,i,t), 1 <i <,
(a+I)P(,i,t) =aP( -1 -1, t) + AP +1,i,t), i >1.
D PG, j)=1.
i=0 j=0
After finding the probabilities P(i, ) , itiseasy to calculate all steady-state dependability and performability
measures for the considered system.

Concluson

Up to now, there was no general approach of classic repairman problem. There exists arelatively complete
investigation for the case, where F and G functions are exponential. This case generates classical birth-and-
death processes. The solutions often are givenin analytical form and their practical applicationisrather easy.

Asfor semi-Markov repairman models, only special cases have been solved up to now. The moreover, it
must be obviousthat it isimpossibleto create ageneral model for network maintenance problem. We need to
construct and investigate a set of special models (tens and more) for particular types of H and G functions as
well asfor particular values of parametersn, k and I.

Bull. Georg. Natl. Acad. Sci., val. 11, no. 3, 2017



On Network Maintenance Problem. Open Markovian Queuing System with ... 41

At the sametime, in our case the bifurcation of failuresis particularly important.

Asaresult, unlike the classical queueing theory, we need multi-dimensional Markov processes with two
discrete components. It is the bifurcation factor, that is the reason of the above situation.

The given paper is a further generalization of the model in [9]. Namely, the number k of replacement
facilities, and the number | of repair facilitiesin the system are arbitrary.

Inthis case we need to use two-dimensional Marcov processes unlike the classical exponentia queueing
models, where the birth-and-death process is very productive tool.

It is natural that the investigation of new, two-dimensional models is much more complicated. In most
cases solution of such models can be only by numerical methods. It is clear that this work requires huge
efforts of highly competent mathematicians. On the other hand, it isworth being carried out dueto first-rate
importance of the network maintenance problem.

Notethat the study and solution of infinite system of equations, asarule, isavery complex problem, often
unsurmountable. However the matrices of our systems (3) and (4) are highly sparse and this allows us to
advance in their investigation.

Namely, the problem of existence and uniqueness of the solution has been investigated. Also, the numeri-
cal algorithms have been devel oped, making it possible to find the approximate solution by means of finite
arithmetical operations. Finally, the error of the approximate solution was estimated.
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National Science Foundation - SRNSF (Grant # FR/312/4-150/14). Any ideain this publication is possessed
by the authors and may not represent the opinion of the SRNSF itself.
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