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In the paper presents algorithm of the NP-hard linear ordering problem. For the linear ordering
polytope, about 30 main classes of facets (facet-face of maximum dimension) are constructed. From
the main facet classes, using three types of mappings, we get about 70 more facet classes. Note that
each class of facets contains an exponential number of facets, therefore, when solving the linear
ordering problem, a special approach is required, which successfully solved in this work. The linear
ordering problem is solved as an integer linear programming problem. Solving the linear prog-
ramming problem, when obtaining a non-integer solution, we find all the necessary cutting facets
using a polynomial algorithm. Next, we add the resulting facets to the linear programming problem
and again solve the linear programming problem. This approach to solving the problem continues
until now we get an integer solution. Each time, we can find all the necessary facet cuts with the help
of the polynomial algorithm. Therefore, we get a polynomial algorithm for solving the linear ordering
problem. Consequently NP=P. © 2023 Bull. Georg. Natl. Acad. Sci.

NP hard problem, linear ordering problem, polytope, facets, polynomial algorithm

In [1], (m,k) facets are obtained using adjacent integer vertices for a (m,k) non-integer vertex of the
polytope B, , it means that this adjacent integer vertices uniquely determine the facets. In [1], we presented
the main facets of the linear ordering polytope P,. In this paper, from the main facets with the help of three
types of mappings, we get the remaining all facets of the linear ordering polytope P,. Main facets described
in [1-10], and at [11,12], mappings were studied that pass the facets of the linear ordering polytope P, into
facets again.

Remark 1. In this paper, we use some results, notation and definitions in [1].

Mappings of the Non-Integer Vertices of the Polytope B, and the Corresponding
Facets of the Polytope P,

Three types of polytope facet mappings are given, with the help of which we can obtain new facets from

known, so that the underlying properties of the facets do not change. We are especially interested in the
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Solving the Linear Ordering Problem Using the Facets (NP=P) 29

property: facets are uniquely determined by adjacent integer vertices for a non-integer vertex of the poly-
tope B,.

Next, we will build facets that are obtained using Mobius ladders of length &, £ >3 and £ odd, where
the length of the dicycles in the Mobius ladders is 3 or 4.

Theorem 1. If a non-integer vertex x of the polytope B, corresponding to a facet obtained with a Mobius
ladders of length &, £k >3 and & odd, where the length of the dicycles in the Mobius ladders is 3 or 4, then

this non-integer vertex can be recognized using a polynomial algorithm.

Theorem 2. If a non-integer vertex of the polytope B, corresponding to a facet, which is obtained with the
help of Mobius ladders of length &, k>3 and £ odd, where the length of the dicycles in the Mobius
ladders is equal to 3 or 4, then all exact facet cuts are constructed using the polynomial algorithm.

We present now a new facet generating method — the rotation method [11, 12] which consists in the
following.

Let P, be a linear ordering polytope in R"™ . Introduce an affine mapping ¢ of R"™ into itself.

@ we call the rotation mapping of P,, vertP, = vertop(P,) . Rotation mapping realize one-to-one mapping

ﬂ 4

of the facets of P, and corresponding non integer vertices of B, into the facets of P,

4 and corresponding

n

non- integer vertices of B,. Hence, having the facet inequality ax < a, of P, into the facet a(p(x) <a, of
P

-
2 2
It appears that the mapping ¢, : R" ™" — R" ™" is productive for new facets generation from known
ones for any 7 =1,...,n. This mapping is suggested and is defined like this
@ Xy =Xy Xy =X, 02T, i=1,..,0;

Xjj =Xy + x. Xir>

i#j,izr,j#zr, i,j=1,..

Theorem 3. If the inequality zz X; <a,re {1 n} defines a facet for P,, then the inequality

Z Za,,<x +x,, x,r>+2<am a,%,.) < ay,

i=Li#j,i#r j=1,j#r i=Li#r
defines a facet for P,.
Definition 1. If a non-integer vertex x” of the polytope B, has at least one exact facet cut, then a non-

integer vertex x? is called faceted non-integer vertex of the polytope B,,.

Theorem 4. If x° a faceted non-integer vertex of the polytope B, but is not the (m k) non-integer vertex
and when mapping ¢,, r € {1,...,n}, we obtain a (m,k) non-integer vertex x', then for x' constructed

exact facet cuts after the mapping ¢, ! pass to the exact facet cuts for the faceted non-integer vertex x°.

Example 1. x a faceted integer vertex of a polytope is shown in Fig. 1. Aftzer the mapping ¢;, we obtain
(m,k) non-integer vertex x' shown in Fig. 2. We know the exact facet cuts for the (m,k) non-integer

vertex shown in Fig. 3 (see [1]). The facet shown in Fig. 3 after the mapping ¢; h go over the facet shown

in Fig. 4, which is the exact facet cuts for the x° facet non-integer vertex of the polytope By.
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4 5 1 2 3
3
2 1
6 4 5 6

Fig. 1. Non-integer vertex x’of B,. Fig. 2. Non-integer vertex xof B,.
gl
2 @1 %
6 4 5 6
Fig. 4. Facet of P, obtained after the mapping ¢5 L Fig. 3. Facet of P,.

Similarly mapping ¢, are used mapping v,,,. Mapping v, , RN —>R("+1)2_"_1, having the
following form:
Vot 1% =x;]« +x'jn+1 —x}nﬂ, i#j, i,j=L..,n
also used when obtaining new facets of the linear ordering polytope P,,, and the corresponding new non-

integer vertices of the polytope B,,,;.

Theorem 5. If the inequality Zzaﬁxif <ay,re {1,...,n} defines a facet for P,, then the inequality

n n
Z Zaij(xij + X = Xiny1) < g (1

i=Lizj j=1
defines a facet for P, ;.

Theorem 6. If a non-integer vertex x% of the polytope B for which the exact facet cut has the form

n+l>
(1), then this non-integer vertex can be recognized using a polynomial algorithm.

Theorem 7. If a non-integer vertex x° ofthe polytope B for which the exact facet cut has the form (1)

n+l»>
and using mapping !//;ll (xo), the x° non-integer vertex to go to a non-integer vertex x', then for x'

constructed exact facet cuts, after the mapping ,,,,, they pass to the exact facet cuts for the non-integer

vertex xo .

As already noted in [1], the (m,k) facets are the main facets of the polytope P,.
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Theorem 8. If we have all the (m,k) facets of the polytope P,, then with the help of the generalization

n’

and the above mapping, we can get all the other facets of the polytope P,.

Theorem 9. If we have all (m,k) non-integer vertices of the polytope B,, then after the above mapping,

we can get all the other faceted non-integer vertices of the polytope B,.

Non-Integer Vertices of the Polytope B,, which are not Faceted Non-Integer
Vertices

0

Leta x° non-integer vertex of a polytope B, on the set of indices Z, and let V,,V,,...,V, € Z,, pair

wise disjoint subsets, VUV, U.. .UV, = then any non-integer vertex of the polytope B, can be

n >
represent as follows: DV1 DV2 ...DV/ , where D), , s =1,2,...,h is the linear order of an integer vertex or the
graph corresponding to a non-integer vertex on the set V,, s =1,2,...,h.

If Dy, s=12,..,h is a graph corresponding to a non-integer vertex x,, on the set ¥, then we will

study the non-integer vertex x,, of the polytope B, separately.
Definition 2. If x° non-integer vertex of the polytope B, corresponds to more than one graph DK, ,
s=12,...,h of non-integer vertices, then x® we call a multiple non-integer vertex of the polytope B, .

Definition 3. If x° non-integer vertex of the polytope B, corresponds to only one graph of a non-integer

vertex, then x° we will call a single non-integer vertex of the polytope B, .
Next, consider a non-integer vertex of a special type of polytope B,,.

We introduce the notation x; +x; —x; = (i, k), i#j,izk, j#k, i,j,k=1..n

Example 2. We consider non-integer vertex x° of the polytope B,, at the set {1, ves 8}, where denomi-

nators of the non-integer coordinates equal to 3.

0 _ (v _ _ _ _ _ _ _ _ _ _ _
X =(x5=0,x3=0,x0, = Lxyg = 1,3, = 1,237, =1, x4 = 0,45 = 0,75 = 0,674 = 0, x5 = 0,

xsg= 0,7 :g»xls :l’xlx :l’xl6 :l,ngzl,xM:l,xn :E,X% =l,x25 :l,
3 3 3 3 3 3 3 3 3
2 1 2 1 1
x23:§, 3825»"35:5»"45:5’3‘76:5 > Xg5 = 3)

The point x° satisfies the following system of equalities:
X2 = 0,313 = 0,x43 = 0,x73 =0;

1,2,7) =0, (1,4 7)=0, (4,7, 5)=0;

2,7,3) =0, (2,3,6)=0=(2, 7, 6)= 0,( , 6)=0;
2,53) =0, (2,3, 6)=0=(2, 5, 6)=0, (5, ):o;
) =0 (2.4, 6)=0e (2 )=o,< L6)=0,
=0, (1, 6, 8)=0=(1, 3, 8) 0, (3, 6, 8):0;

1, 3, 6)
)

1, 4,6) =0, (1, 6,8) =0 (1, 4, 8)=0,

(
(
(
(2,5 4
(
(
(2,5 8) =0, (1,2, 8)=0=(1,2,5)=0, (1, 5, 8)=
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X46 =0, =0 & x4, =0,(4,6,2) = 0;
X46 = 0,43 =0 & x4 =0,(4,6,8) =0;
X5 =0,x55 =0 < x93 =0,(7,5,8) = 0.

x° non-integer vertex is adjacent to the next integer vertex x' of the polytope B,:

0
X = (.xlz = 0,x13 = O,X24=1 x26=1,X34 = l,X37 =1,X46 = O,X48 = 0,x75 = 0,x78 = 0,x68 = O,

Xsg=10,x =lx 1 lx=lx=lx=lx=lx=lx=l
58 17T 55T Xig = 5716 T S X T N T 0 T 36 T e Mas =
1 1 1 1 1 1
x23—5 x38=E’x35=E>x45=5’x76=55x65=§)'

The point x' satisfies the following system of equalities:

X2 = 0,313 =0,x43 = 0,75 = 0,x53 = 0;

(1, 2,7) =0, (1, 4, 7)=0, (4,7, 5)=0;

(2,7,3) =0, (2,3,6)=0<(2,7,6)=0, (7,3, 6)=0;
(2,53) =0, (2,3,6)=0=(2,5,6)=0, (5,3, 6)=0;
(2,5.4) =0, (2,4,6)=0=(2,56)=0, (5,4, 6)=0;
(1,3,6) =0, (1, 6, 8)=0<(1, 3, 8)=0, (3, 6, 8)=0;

(1, 4,6) =0, (1, 6, 8)=0<(L, 4, 8)=0, (4, 6, 8)=0;

(2,58) =0, (1,2,8)=0&(1, 2, 5)=0, (1, 5, 8)=0;

X4 =0,x, =0 <= x4, =0,(4,6,2) =0;
X4 =0,x55 =0 <= x45 =0,(4,6,8) =0;
X5 =0,x55 =0 < x93 =0,(7,5,8) = 0.

x! non-integer vertex of the polytope B, is not a faceted non-integer vertex, however, the last system
of equalities contains the following subsystem of equalities:
X =0,x13 = 0,x5 = 0,x55 = 0,x55 = 0,253 = 0;
(5,.3,6)=0, (5 6,2)=0<(5,3,2) =0, (3,6, 2)=0;
(1, 3, 6):0, (1, 6, 8):0<:>(1, 3, 8):0, (3, 6, 8):0;
(1,2,5)=0, (1, 5, 8)=0<(1, 2, 8)=0,(2, 5, 8)=0;
on the set of indices {1, 6, 5, 8, 3, 2}, whose solution is a faceted integer vertex x,, of the polytpe B,.
For an non-integer vertex X, we can write out the exact facet cut:

Xjg  Xg3 + X5y = X3 = Xgy —Xsg —Xjy — Xz —Xs3 <1.

In this case, through adjacent non-integer vertices, we can go to the faceted non-integer vertex x,;. By

cutting off x,, with exact facet cutting, we also cut off x°. For x” we can write out more 11 exact faceted

cuts. Then, using a polynomial algorithm, through adjacent non-integer vertices, we can pass to non-integer

vertices containing faceted non-integer vertices.
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Theorem 10. Let x° non-integer vertex of a polytope B, on the set of indices {1,2,...,n}, where the

denominator of non-integer coordinates is equal to s. Cutting off the obtained faceted non-integer vertices
(their number is (s —1)n), using exact facet cuttings, we also cut off the non-integer vertex x°.

There are also other special non-integer vertices of the polytope B, that have been successfully studied,

but they have not yet been published.

Algorithm for Solving the Linear Ordering Problem

on the set of indices N,

uv?>

u=12,....d, v=1,...,b,,, where

2 Fuv e

Let x,, non-integer vertex of the polytope B,,

u is the numbering of cycles when solving the problem, v is the numbering of the added facets at values

u; M, is the set of facets of the polytope B,, corresponding to the non-integer vertex x,,; M, is the

set of facets of the polytope B, corresponding to a non-integer vertex xgv of the polytope B,,.

Step 1. Solving the linear programming problem

n n
S ey - max

i=li#j j=1

OSxij <1, Xy X =Li#j,i,j=1..mn

Ole-j +X = Xy <lLi#j, ik, j=k, i,j,k=1..n.

If we get an integer vertex, then go to step 8. If we get a non-integer vertex x°, then go to the next step.
Step 2. If x° multiple non-integer vertex of the polytope B,, then we select single non-integer vertices.

Step 3. From single non-integer vertices of the polytope B,, select faceted non-integer vertices.

Step 4. X% v=1,..,b faceted non-integer vertices.

uv?

uv?

If x%, ve {l,...,b} faceted non-integer vertex of type (7) from Theorem 9, then we construct the
corresponding exact facet cuts and add them to the system of equalities (2) and go to step 6.

Step 5. If O ve {1,...,b} faceted integer vertex is not of type (7), O ve {1,...,b} corresponds to a facet,

which is obtained using the Mobius ladders of length &, £ >3 and k odd, where the length of the dicycles
in the Mobius ladders is equal to 3 or 4, then using Theorem 2 we construct all exact facet cuts and add
them to the system of equalities (2) and go to step 6.

If X% ve {1,...,b} is a faceted non-integer vertex from Theorem 7, then using the mapping y,, we

construct all exact facet cuts and add them to the system of equalities (2) and go to step 6.
For x"!, ve {l,...,b} , using the mapping ¢, and Theorem 4, we build all exact facet cuts and add them

uv?

to the system of equalities (2) and go to step 6.
Step 6. Solving the Linear Programming Problem

n n
E E c,»jx,-j — max

i=Lizj j=1
Ole-j <1, Xy Xy =Lizj,i,j=1,..,m
Ole-j+xjk —xp <L izjizk, j#k, i,j,k=1..n 2)

S (x)S a,, u=12,....d,, v=12,...,b,,.

If we obtain an integer vertex, then go to step 8.
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Step 7. If we obtain a non-integer vertex x,, andif N,,_, c then M =M, UM |, with the help

UV > uv

M? we determine x, and go to Step 2;

If N,_, DN,,, then on the set of indices N, we define the set of facets M

.- calculate the non-

integer vertex xw, and go to step 2.

Step 8. We get the optimal solution.
Next, a simple example of constructing exact facet cuts for the solved problem is given.

Example 3. Solving a linear programming problem

S e, > max

i=Li#j j=1

0<xljSI n; +x; =Li# g, 0 j=1..,n

O<x;+xy —xy <L i=j, i#zk, j#k i,j,k=1..
We get a non-integer vertex

1 1 1 1 1 1 1 1
x“ (xlll _E,xili3 _E’xiziz _E’X.iljZ _E’x./lj3 _E’x./zjs _E’ i _E’ b _E’ iJ3 _5’

x, . =0,s#d,s,d =1,2,3)

IsJd
of polytope B, .
xlo1 satisfies the system of linear equalities
Yiijy =0 Xiyjy = 0, Yigjy = O’Xil./3 =0,x Yirj =0, Yigjy = 0,

(01 J2515) = 0, (159, /1) =0 = iy, J25 1) = 0, (2125 /1) = 05
(i1 J3>13) = 0,0y, 13, j1) =0 = (i, /35 /1) = 0, (J3,83, /1) = 05
(i3, /3.53) = 0,(i, 13, /) =0 = (53, j3, /2) = 0, (J3, 13, /2) = 0.
Further, to the linear programming problem, we add the exact facet cuts for a non-integer vertex x° :

L. . =X =X =X =X s — X <
xll/l +xlz]z +x1313 xll]z x’z]} x’}/l x’l!3 x’z]l x’3/2 <1

and solve the linear programming problem again.

Suppose the objective function is such that we obtain the solve:
2 2 1 2 1 1 2 2
(xlllz - E’ xiliz - E’xili4 - E’ xizi3 - E’ xizi4 - 5’ xi3i4 - E’ lejz - g’ xj]f} - E’
1 2 1 1 1 1 2

1
x./l.f4 - g’x.fz.lz 3 > /2/4 3 ’x.13.14 3 ST T 3 ’xiz./z - 3 ’xi3./3 _g’ iqJg E’
x; . =0,s#d, s,d=1,2,3.4).

LsJa

Satisfying the following system of equalities:
=0,x,;,=0,x,=0x,=0x,=0x,=0.ux

Xiyjy i J3 3J4 > gy > i3 iyJa i3)1 =0, Xiyj,

=0,x,, =0,x, . =0,x, ., =0;
i3/,

Yijy iy iyJs

(15 J2>1) = 0,(5 /25 1) = 05

(015 J3513) = 0,(» J3, 1) = 0;

(i35 J3.53) = 0,(iz, J35./2) = 0;

(i, Ja1a) = 0,31, 145 1) = 0= (115 J45 J1) = 0,(Js» 145 J1) = 0;
(i35 J45i4) = 0,(i5,14, j2) =0 (&3, 45 J2) = 0,(Jy 045 72) = 0;

:O’
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(i3:j45i4) :0>(i37i4’j3):0© (i37j4:j3) :Oa(j4’i45j3) :05

+X; =1.

Xijy +xizj2 i3]3 ~ijy _xizfs _xizjl _xiljz X, _xi_zjz

Next we find M3, = M,; UM}, having the following form:

=0,x,; =0,x, . =0,x;

=0,x irja 131 is)p

ij3 =0,

xiljz =0, xizfs =0, xi3j4 =0, xi4j1

=0,x. . =0,x;;, =0,x,

Yiija i isJa i3
(i1, J2,12) = 0,155, 1) =0 (i, /o, 1) =0, (2,15, 1) = 0;
(i, J3.13) = 0,3, 13, /1) = 0= (i1, /3, 1) = 0, (J3. 13, 1) = 0;
(i, Ja>14) = 0,01, 145 j1) = 0= (i1, J40 1) = 0,(Jss 145 1) = 0;
(i, J3,13) = 0,(i.03, /2) =0 = (65, /3, /2) =0 ,(J3,53, /,) = 0;
(iy, Ja>14) = 0,(i5, 14, J2) =0 = (iy, Js» J2) = 0,(Jgs 045 72) = 0;
(i35 J4>i4) = 0,055,104, J3) =0 (i3, j4» /3) = 0,(Jy» iy, j3) = 0.
Solving the last system of equalities, we find a non-integer vertex xgl of the polytope B, :

1 1 1 1 1 1
Py Yiniy _E’xizlh _5’xi3i4 _E’lejz _E’xj}jz _E’

1
1 :E’xilis = 2’xi1i4 :5’
1 1 1 1 1 1 1 1

le./4 - 2 ’szﬁl's - E’xhh - 2 ’xj3j4 - 2 ’xil./l _E’xiz./z _E’xléfz - E’xi4j4 - E’

0
X =(x;

%, =0, s#d, s,d =1,2,3.4)

Y

The non-integer vertex xgl of the polytope B, is a non-integer vertex of type (7) from Theorem 9,

which means that for xgl we know the corresponding exact facet cuts that have the form:

o+ X . +X X —X,. —X.. —X.. —X,. —X,, —X.. —X,. —X, .
x’]/l x‘z/z x’z/z x’4/4 x’l/z x’2/3 x’3/4 x’4J1 xll/} x’2/4 x’}/l x’4/2
_xi1f4 _xizjl iy _xi4f3 -
2x. . +x. . +x. . +x . )—X.., —X.. —X.. —X. . —X., =X, . —X. . —X. .
(xlljl x’z/z x’zh x’414 ) x’l J2 x’z/z x’3/4 x’4/1 x’l J3 x’zJ4 x’s/l x’412

e s T X, T X S
We add these inequalities to the constraints of the linear programming problem and solve the linear
programming problem again.
Note that only part of the main facet classes has been published. The unpublished main facet classes are
constructed similarly to already published facets. In this paper, when solving the linear ordering problem,
the transition to a non-integer vertex of the polytope B, is done successfully, if we obtain faceted non-

integer vertex, directly or using the above mappings, we find exact facets, if we obtain special classes of
non-integer vertex of a polytope B, then with the help of a polynomial algorithm, exact facets are

n’

constructed. Thus, Theorem 11 is true.

Theorem 11. Above the presented, the algorithm for solving the linear ordering problem is polynomial.
Hence we obtain NP=P.

Remark 2. The main part of these results, about 30 papers, was received long ago, but has not yet been

published, because I have no opportunity to work. I mainly do with other things. If this topic will finance
commercially or otherwise, then I will publish the articles.
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063265055035

0653030 350055009800 98900L 533560l 58Mblibs Bslig@Egdols
Lsdmoemgdoo (NP=P)

3. 0059300

Usgs®039¢00b 997603950 2960390LoABIA0, 3. F53F506000L bsbgermbol 3089669:5030L oblBoBrIAO,
080¢roblo, bsgstoz9em

(Hommy9boos 5350093000 §ggMol 5. BMIBH0T30eol Jog)

29630b0s30 §M53030 350055003 gd0L 5M356sL, HmymME FMHR030 FmgEMoEbgs 3GMyMs-
30M9d0L 50c365L. iHxkg030 3HMMsToMmdOL 58mEsBolL s8mMbLBOLIL sHsdmgEro sdmbsblibols do-
©g9%0L 39900b393500 33MMEPMBO Y39ed STEOEIdI BLIEHMO 33900900 3teobmIoyMo seogm-
60mdol godmygbgdoom. 39999, B39 3585300 FomgdMe BsLYEBHIGH MEMEMIGOL [HBog0 3Mmy-
$530M9d0L 53, Ebsl s 33esg gblboom. s8mEsbols sdmblbol sgmo doamds yMAdgugds 85650,
15659 56 dogomgdm Tomgen $9mblbsL. ymzguw xgMHBg, B396 F3mMEmdm yzgms sv30MmgdgE B~
LgGe 33900900 3merobmdom®o sergm®omdols 3sdmygbgdom. 9s8sLssdg, 303009000 dmemobm-
306 5¢aMH003L FOHR030 2900550003780l sdm3sbolimgol.
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