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We present the results, derived in Tbilisi Group, performed during last decades on possibility of
solving the Dyson-Schwinger equation (DSE) for the gluon propagator in the infrared region. The
goal was attained only in the light-like gauge among all the classes of non-covariant axial gauges. This
gauge has many advantages, mainly in independence of various structure functions from the gauge
vector. This important property is a consequence of the used integration method, which guarantees
homogeneity in the gauge vector at every stage of integration and is a peculiarity of the only light-
like gauge n’ =0. Our investigations show that solution in this gauge exhibits the confining- like
behavior for the gluon propagator in the truncated DSE. One gluon exchange effective potential
between quarks constructed by this solution corresponds to the combination of the linearly rising
Coulomb potentials welcomed by modern experimental data on hadron spectroscopy. © 2023 Bull.
Georg. Natl. Acad. Sci.

Dyson-Schwinger equation, gluon propagator, the infrared region

It is well-known that there are four interactions in Nature. Gravity and electromagnetism are of long-range
character and are established experimentally (Newton, Coulomb), while a correct theoretical substantiation
occurs after A.Einstein and J.Maxwell, correspondingly. The third type of interaction — weak is short range
one provided by exchange of massive gauge-vector particles W*,Z (Schwinger, Weinberg, Salam,
Glashow). As regards of the fourth interaction strong manifests itself in short distances (~10-13 cm) and is
the interaction between the colored quarks by exchange of the colored gluons. Therefore, confinement
phenomenon is proposed, because quarks and other colored objects are not encountered in free state in
ordinary meaning. However, a confinement is not proved neither in a theory or by experiment.

The confinement hypothesis consists in the assumption that QCD interaction at large distances is
arranged such that under any experimental condition one cannot observe free quarks, gluons and other open
color states. In spite of strenuous efforts to prove the assertion in the framework of QCD nobody succeeded
in this. The additional difficulty is the formulation of confinement itself in the language of quantum field
theory. Some authors formulate conditions, e.g., Wilson’s criterion or a criterion of color states propagators

having no singularities. Generally speaking, we do not exclude a possibility of realizing other variants.

© 2023 Bull. Georg. Natl. Acad. Sci.
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One of wide spreading method on this subject is searching of infrared (IR) singular ¢~ behavior of the
gluon propagator on the framework of Dyson-Schwinger equation (DSE) [1] invoking Slavnov-Taylor
gauge identities [2-4]. The aim of this paper is to revise main results derived by Tbilisi group [5-13] in this
direction during rather large period (1978-2010).

Our consideration consists in using the variety of axial gauges, n- 4 =0 with n° =0, which is named
as light-like gauge. This gauge in problem, that is under the consideration, was used only by our group.
This gauge has many advantages, among which we underline the independence of various invariant
structure functions on the gauge vector. In general axial gauges with n° # 0 this property is not realized
and we have to make non-trivial assumptions. The Green’s functions are gauge dependent quantities.
Methods containing an explicit gauge dependence are often criticized for this. We emphasize that if one
calculates correctly, the observable quantities, in any case, are gauge-independent.

DSE for the gluon propagator, which graphically looks like:
=1 NG
(o) - )= F A,{g}-lwzlﬁmu
i
-}'-5— ”\/@vv'f ZLW‘ 3

and may be written in the following form:
15, () =10 (p) =1, (p)+ T (p). (1)

Here H‘:ﬁ, ( p) is the polarization operator:
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It is an inverse to full gluon propagator
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As a result, it follows relations between structure factors
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In DSE the free part T[Ef’z (p) is:
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and 110 ( p) are contributions from one- and two- loop diagrams, correspondingly. In loop integrations

uv

we use a dimensional regularization method in D (D =20=4+2¢,6 > 0) — dimensional space, when

the tadpole diagram contribution vanishes.

In the axial gauges (nA) =0 we must have n HA v ( p) =0. It is seen from explicit form of two loop

expression, that

n, 12 (p) =0, ™

uv
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At the same time, using the Slavnov-Taylor gauge identities [1-4]

Pl (Pgr) =4, (0)=4,,.(r) ®
we see, that the polarization operator is orthogonal to momentum p from the right-side
" (p)p, =T (p) ., =0. ©)

These properties give the following tensor content of one and two loop terms:
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One can see from these expressions that in both terms of the polarization operator they appear to be
non-symmetrical terms with respect to Lorentz indices.
From the definitions it is easy to show that the DSE are equivalent to the following scalar equations for

the invariant structures:
i=(p)-r"]=2"(p")

in,(p*)=2" (p*)+ 2% (p*) (12)
)

The first of these equations coincides with n,n, contracted DSE, which we studied in [8,9]. The last

equation shows that the terms nonsymmetrical with Lorentz indices must be mutually cancelled.

Solution of Contracted Full DSE in the Light-Like Gauge

Investigation of the contracted DSE showed that the infrared asymptotics of the gluon propagator must be

singular [8]. In doing so, the full propagator in the IR region was assumed to be proportional to the free
one. A, (p)=2(p*)AY (p). ic.

Z 2
A (r)= Eﬁ L a0 (13)
Consequently,
ﬁl(pz):pzZ'l(pz), ;rz(pz):o. (14)

Since this restriction is not enough for providing ( p’ )72 asymptotics in the full DSE [11], it seems

natural to include other structures as well. In accordance with expectation, we take the following ansatz
in (3)
1
A[<p2):—2(a[+b,.), i=1,2; a,,b =const. (15)
p
Introducing these alternations into the corresponding equations, such as the Slavnov-Taylor identity (8)

and the Kim-Baker expressions for three-gluon vertices [14], after tedious but straightforward calculations
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one can prove that it is possible to obey DSE in the infrared region by the following form of the gluon

5”1 a p,n, +pn a pnn
A (p)=—i (—‘+b) g, ———= +(—2+b j—” e (16
M ( ) p2{ pZ 1 M (np) pZ 2 (np)z )

In this manner we conclude that in the choosed gauge »n*> =0 the most general behavior of the gluon

propagator

propagator is given by the Eq. (16). In the nonrelativistic limit, constructed one gluon exchange potential

is the linear combination of Coulomb and linearly rising potentials [10]. As compared to [8], now the
coefficients a,,b, are not fixed.

Important information about properties of interaction between quarks for comparatively large spread of
distances is provided by the study of states of heavy quarks: J/w,Y and their excitations. Here due to large

quark masses the potential description comes out to be applicable with sufficient accuracy. It comes out at
least at the interval (10-14 cm to 10-13 cm) the potential is universal, i.e. does not depend on the quark

flavor and its form may be described by the expression:

v(r) :_g_as ") s o, (17)
r

where a =0.42GeV and o (r) is defined from the well-known expression of asymptotic freedom

4r

|Q2| > A’ (18)

with the aid of Fourier transformation. One sees that for small 7 the potential is dominated by the Coulomb
term which corresponds to the validity of asymptotic freedom. Beyond »=3-10"cm the main
contribution is made by the increasing term, which is by no means, connected with perturbation theory. For
the system in which the potential description is possible the confinement condition consists in an unlimited

increase of the potential with the distance increasing:

V(r)—)oo, r— o, (19)

In particular, the potential, following from the above found solution obviously satisfies the condition

provided. It is applicable for very large distances.
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