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In the present paper, a nonclassical dynamic three-dimensional model for thermoelastic solids, which 
depend on three phase-lag parameters, is considered. The initial-boundary value problem with mixed 
boundary conditions corresponding to the nonclassical model is studied, where on certain parts of 
the boundary displacement and temperature vanish and on the corresponding remaining parts of the 
boundary the densities of surface force and heat flux along the outward normal vector are given. 
Variational formulation of the initial-boundary value problem is obtained and the existence and 
uniqueness result and the continuous dependence of the solution on the given data in suitable spaces 
of vector-valued distributions is proved. © 2023 Bull. Georg. Natl. Acad. Sci. 
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Several studies indicate that various modern technological processes, such as heating and drilling with 

ultrafast laser pulses [1-3], cannot be successfully described by the classical theory of thermoelasticity, 

which is based on Fourier's law of heat conduction and predicts the infinite speed of propagation of thermal 

disturbance. It was also experimentally observed that at low temperatures heat propagates as a thermal wave 

[4-6]. In order to eliminate the unrealistic behaviour of the classical model for thermoelastic solids several 

generalized theories of thermoelasticity have been developed. One of the first nonclassical models for 

thermoelastic solids was proposed by Lord and Shulman [7], where instead of the classical Fourier law of 

heat conduction the Maxwell-Cattaneo-Vernotte law was used, which is a generalization of Fourier's law 

and depends on one relaxation time parameter. The second well-known nonclassical theory of 

thermoelasticity, which eliminates the infinite speed of propagation of heat waves, was developed using a 

qualitatively different approach by Green and Lindsay [8], where the constitutive relations for the stress 

tensor and the entropy are generalized by introducing two different relaxation times. Later on, by using the 

dual-phase-lag heat conduction model proposed by Tzou [9] instead of Fourier's law Chandrasekharaiah 
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[10] constructed a nonclassical model for thermoelastic solids, which is an extension of the Lord-Shulman 

nonclassical model for thermoelastic bodies. By applying the method of potential and theory of integral 

equations the problems of stable and pseudo oscillations for the Lord-Shulman and Green-Lindsay 

nonclassical models were studied in [11]. The domain of influence result was obtained for the Lord-

Shulman model in [12] and for the Green-Lindsay model in [13] in classical spaces of twice continuously 

differentiable functions. The initial-boundary value problems with mixed boundary conditions 

corresponding to the Lord-Shulman, Green–Lindsay and Chandrasekharaiah-Tzou linear dynamic three-

dimensional models for thermoelastic solids were investigated in Sobolev spaces in [14-16]. 

 Further generalization of the dual-phase-lag heat conduction model by Tzou was proposed by Roy 

Choudhuri [17], who used the Green-Naghdy model III of heat flow [18], which includes not only 

temperature gradient but also the thermal displacement gradient, and introduced a nonclassical model for 

thermoelastic solids, where the Fourier law of heat conduction was replaced by an approximation to a 

modification of the Fourier law with three phase-lags, or delay times, for the heat flux vector, the 

temperature gradient and the thermal displacement gradient. For the Roy Choudhuri nonclassical model 

with three phase-lags problems of propagation of waves, thermodynamic compatibility, uniqueness and 

continuous dependence problems, methods of numerical solution of corresponding problems and related 

topics are considered by many researchers (see [19-22] and the references given therein). 

 The present paper is devoted to an investigation of the nonclassical model for thermoelastic solids with 

three phase-lags proposed by Roy Choudhuri [17] in Sobolev spaces by applying a variational approach. 

We consider the linear three-dimensional initial-boundary value problem corresponding to the Roy 

Choudhuri model with general mixed boundary conditions, where, on certain parts of the boundary, the 

densities of surface force and heat flux along the outward normal vector are given, and, on the 

corresponding remaining parts, the displacement and temperature vanish. We obtain integral relations, 

which are equivalent to the original differential equations in the spaces of smooth enough functions, and 

on the basis of the integral relations we consider the variational formulation in suitable spaces of vector-

valued distributions with respect to the time variable with values in Sobolev spaces of the initial-boundary 

value problem corresponding to the nonclassical dynamic three-dimensional model of thermoelastic solid. 

We investigate the existence, uniqueness and continuous dependence of the solution on the given data in 

suitable function spaces.   
  We denote by ,2 ( ) ( )r rW D H D=  and ˆ ˆ( ),rH Γ  ˆ,r r∈R , 0r ≥ , ˆ0 1r≤ ≤ , the Sobolev spaces of orders 

ˆ,r r  based on the spaces 0 2( ) = ( )H D L D  and 0 2ˆ ˆ( ) = ( )H LΓ Γ  of square-integrable functions, respectively, 

where ,pD ⊂ R  p∈N , is a bounded Lipschitz domain [23] and ˆ DΓ ⊂ ∂  is a Lipschitz surface. We 

denote by 3( ) [ ( )] ,r rD H D=H  ˆ ˆ 3ˆ ˆ( ) [ ( )] ,r rHΓ = ΓH  2 2 3( ) [ ( )] ,D L D=L  3ˆ ˆ( ) [ ( )]s sLΓ = ΓL , 0r ≥ , ˆ0 1r≤ ≤

, 1s ≥ , ˆ, ,r r s∈R , the corresponding spaces of vector-valued functions. The trace operators are denoted 
by 1 1/2

ˆ
ˆ: ( ) ( )tr H D H

Γ
→ Γ  and 1 1/2

ˆ
ˆ: ( ) ( )D

Γ
→ Γtr H H . For a Banach space X , we denote by ([0, ]; )C T X  

the space of continuous functions on [0, ]T  with values in X . (0, ; )qL T X , 1 q≤ ≤ ∞ , is the space of such 
measurable functions : (0, )g T X→  that ( ) (0, )q

X
g t L T∈  and the generalized first, second, third and 
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arbitrary k ∈N -th order derivatives of g  are denoted by /g dg dt′ = , 2 2/g d g dt′′ = , 3 3/g d g dt′′′ =  and 
( ) /k k kg d g dt=  [24].  

 Let us consider thermoelastic body with initial configuration 3Ω ⊂ R , which consists of anisotropic 
homogeneous thermoelastic material. The body is clamped along a part 0Γ  of the Lipschitz boundary 

Ω∂=Γ  and, on the remaining part 1 0\Γ = Γ Γ , an applied surface force vector, with density 
3

1( ): (0, )ig T= Γ × →g R  is given, where 0 1=Γ Γ ∪Γ  is a Lipschitz dissection [23] of Γ ; the temperature 

θ  vanishes along a part 0
θΓ ⊂ Γ  of the boundary and the heat flux along the outward normal vector of Γ , 

with density 1: (0, )g Tθ θΓ × → R , is given on the remaining part 1 0\θ θΓ = Γ Γ  of the boundary, where 

0 1= θ θΓ Γ ∪Γ  is a Lipschitz dissection of Γ . The body is subjected to applied body force with density 
3),0(:)( Rf →×Ω= Tfi  and heat source with density : (0, )f Tθ Ω× → R . The nonclassical dynamic 

linear three-dimensional model of stress-strain state of the thermoelastic body Ω  obtained by Roy 

Choudhuri [17], which includes three different phase-lags, is given by the following initial-boundary value 

problem in differential form: 
2 3 3

2
1 , 1

( )      in  (0, ), 1, 2,3,i
ijpq pq ij i

j p qj

u
e f T i

xt
ρ µ η θ

= =

 ∂ ∂
− + = Ω× = 

∂∂  
∑ ∑ u                   (1)  

22 3 4 23 3
0

0 1 22 3 4 2
, 1 , 12 pq pq

p q p qp q p qx x t x x tt t t t
τθ θ θ θ θ θχ τ λ τ λ θ τ

= =

      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ + + − + − + −           ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂        
∑ ∑   

2 22 3 4 2 33
0 0

0 0 02 3 4 2 3
, 1

     in (0, ),
2 2pq pq

p q

f f fe T
tt t t t t

θ θ θτ τ
η τ τ

=

 ∂ ∂ ∂ ∂ ∂ ∂
−Θ + + = + + Ω×  ∂∂ ∂ ∂ ∂ ∂ 

∑ u u u   

         (2) 

3 3

0 1
1 , 1

on  (0, ), ( ) on (0, ), 1, 2,3,ijpq pq ij j i
j p q

T e n g T iµ η θ
= =

 
= Γ × + = Γ × = 

 
∑ ∑u 0 u           (3) 

23 3

0 1 2 12
, 1 , 1

0 on (0, ), on (0, ),pq p pq p
p q p qq q

gT n n T
x t x t tt

θ
θ θθ θ θθ λ τ λ θ τ

= =

 ∂ ∂ ∂ ∂ ∂ ∂ = Γ × − + − + = Γ ×   ∂ ∂ ∂ ∂ ∂∂   
∑ ∑  (4) 

 
0 1

2 3

0 1 2 32 3

( ,0) ( ), ( ,0) ( ),
,

( ,0) ( ), ( ,0) ( ), ( ,0) ( ), ( ,0) ( ),

x x x x
t x

x x x x x x x x
t t t
θ θ θθ θ θ θ θ

∂
= =

∂ ∈Ω
∂ ∂ ∂

= = = =
∂ ∂ ∂

uu u u
           (5) 

where 1( )
2

ji
ij

j i

vv
e

x x
 ∂∂

= +  ∂ ∂ 
v , , = 1,2,3i j , 3 3

=1= ( ) :i iv Ω→v R , is the linearized strain tensor, 3
1( )i in ==n  

is the unit outward normal to Γ , 3 3
1( ) : (0, )i iu T== Ω× →u R  is the displacement vector-function of the 

thermoelastic body, : (0, )Tθ Ω× → R  is the temperature distribution, 3
0 0 1( )i iu ==u  and 3

1 1 1( )i iu ==u  are 

the initial displacement and velocity vector-functions, and 0θ  is the initial distribution of temperature, 1θ , 

2θ  and 3θ   are the rate of change, the second and the third order derivatives of temperature with respect to 

the time variable at the initial moment of time, ρ  is the mass density in the reference configuration,
3
, , , 1( )ijpq i j p qµ =  is the elasticity tensor, 3

, 1( )pq p qη =  is the stress-temperature tensor, 0>χ  is the volumetric heat 
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capacity, 3
, 1( )pq p qλ =  is the thermal conductivity tensor and 3

, 1( )pq p qλ =  is the Green-Naghdi thermal con-

ductivity rate tensor included in the Green-Naghdi model III [18] to consider the dependence on thermal 
displacement gradient, 00 >Θ  is the temperature of the thermoelastic body in natural state of no 

deformation, which is considered as a reference temperature, 0 0τ ≥ , 1 0τ ≥  and 02 ≥τ stand for the heat 

flux, temperature gradient and thermal displacement gradient phase-lags, respectively. Note that in the case 
of 0210 === τττ  the Roy Choudhuri model reduces to the Green-Naghdi model III; for 0pqλ = , 

, 1, 2,3p q = , the considered nonclassical model with three phase-lags reduces to the Chandrasekharaiah-
Tzou dual-phase-lag model [10, 16]; in the case of 1 0τ = , 0pqλ = , , 1, 2,3p q = , if 0τ  is very small and we 

neglect the term with 2
0τ , then the Roy Choudhuri model reduces to the Lord-Shulman nonclassical model 

[7, 14]; in the case of 0 1 0τ τ= =  and 0pqλ = , , 1, 2,3p q = , the nonclassical three-phase-lag model reduces 

to the classical linear three-dimensional model for thermoelastic solids. 
 We assume that the elasticity tensor 3

, , , 1( )ijpq i j p qµ = , the stress-temperature tensor 3
, 1( )pq p qη = , the thermal 

conductivity tensor 3
, 1( )pq p qλ =  and the thermal conductivity rate tensor 3

, 1( )pq p qλ =  satisfy the following 

symmetry conditions: 

, , , , , , , 1, 2,3.ijpq ijqp jipq ij ji pq qp pq qp i j p qµ µ µ η η λ λ λ λ= = = = = =                     (6) 

 If 3
1( )i iu ==u  and θ  are smooth enough, then by multiplying equations (1) by arbitrary continuously 

differentiable functions :iv Ω→ R  ( 1, 2,3)i = , which vanish on 0Γ , and equation (2) by a continuously 

differentiable function :ϕ Ω→ R , such that 0ϕ =  on 0
θΓ , by integrating on Ω , by using the Green 

identity [23], and by taking into account the symmetry properties (6) and the boundary conditions (3), (4), 

we obtain the following integral relations: 

1

3 3 3 3 32

2
1 , , , 1 , 1 1 1

( ) ( ) ( ) ,i
i ijpq pq ij ij ij i i i i

i i j p q i j i i

u
v dx e e dx e dx f v dx g v d

t
ρ µ η θ

Ω
= = = = =Ω Ω Ω Γ

∂
+ + = + Γ

∂∑ ∑ ∑ ∑ ∑∫ ∫ ∫ ∫ ∫u v v    (7) 

      (
22 3 4

2

3 3

, 1 , 1

2
0

0 12 3 42 pq pq
q p qp q p qtt t t t

dx dx
x x x

ϕτθ θ θ θ θχ ϕ λ λτ τ θ
= =Ω Ω Ω

   ∂ ∂ ∂ ∂ ∂
+ + +

∂ ∂ ∂
+ +

∂ ∂
+      ∂∂ ∂ ∂ ∂  ∂ 

∑ ∑∫ ∫ ∫   

1

22 3 4
0

2 0 4
, 1

3

3

02 2
,

p p q
pq pqe f g

t t t
dx dx dx d

tx θ

θ θτθτ ϕη τϕ ϕ ϕ
= Ω Ω Γ

 ∂ ∂ ∂ ∂
+ Θ + +

∂ − = − Γ ∂
 ∂ ∂ ∂ ∂ 

∑ ∫ ∫ ∫
u u u                  (8) 

where 
22 3
0

0 2 32
f f ff
t t t

θ θ θ
θ τ

τ∂ ∂ ∂
= + +

∂ ∂ ∂

  

, gg
t

θ
θ ∂
=

∂


. Therefore, if 3
1( )i iu ==u  and θ  are solutions of 

equations (1), (2) and satisfy boundary conditions (3), (4), then 3
1( )i iu ==u  and θ  are solutions of (7), (8). 

Conversely, if 3
1( )i iu ==u  and θ   are smooth enough solution of equations (7), (8), then by using the Green 

identity and density arguments we obtain that 3
1( )i iu ==u  and θ  satisfy equations (1), (2) and boundary 

conditions (3), (4). So, the initial-boundary value problem (1)-(5) corresponding to the nonclassical 

dynamic three-dimensional model of thermoelastic solid with three phase-lags is equivalent to equations 

(7), (8), together with initial conditions (5) in the spaces of smooth enough functions.   
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   We identify the unknown vector-function u  and the function θ  with vector-functions defined on [0, ]T  

with values in suitable spaces of functions defined on Ω , and by applying the integral relations (7), (8) we 

obtain the following variational formulation of the initial-boundary value problem (1)-(5) in the spaces of 
vector-valued distributions: Find the unknown vector-function , , , ([0, ]; ( ))C T′ ′′ ′′′∈ Ωu u u u V , 

(4) 2 (0, ; ( ))L T∈ Ωu V , , , ([0, ]; ( ))C T V θθ θ θ′ ′′∈ Ω , 2 (0, ; ( ))L T V θθ ′′′∈ Ω , ))(;,0( 22)4( Ω∈ LTLθ , which 

satisfy the following equations in the sense of distributions on ),0( T , 

2 2 21 1( ) ( ) ( )
( , ) ( , ) ( , ) ( , ) ( , ( )) ,       ( ),a bρ θ ΓΩ Ω Γ
′′ + + = + ∀ ∈ Ω

L L L
u v u v v f v g tr v v V                     (9)  

                     
2

2
(4)0

0 1 1 2 2
( )

, ( , ) ( , )
2

L

a aθ θτ
χ θ τ θ θ ϕ θ τ θ ϕ θ τ θ ϕ

Ω

 
′′ ′′′ ′ ′′ ′+ + + + + + − 

 
    

2 2
1 1

2
(4)0

0 0 ( ) ( )
, ( , ) ( , ( )) ,    ( ),

2 L L
b f g tr Vθ θ
θ θ θ θτ

τ ϕ ϕ ϕ ϕ
Ω Γ Γ

 
′′ ′′′−Θ + + = − ∀ ∈ Ω 

 
u u u              (10) 

together with the initial conditions 

,)0(,)0(,)0(,)0(,)0(,)0( 321010 θθθθθθθθ =′′′=′′=′==′= uuuu                     (11) 

where 1
0( ) { ( ); ( )    on }ΓΩ = ∈ Ω = ΓV v H tr v 0 , 1

0( ) { ( ); ( ) 0   on }V H trθ θϕ ϕΓΩ = ∈ Ω = Γ , 

3
1

, , , 1
( , ) ( ) ( ) , , ( ),ijpq pq ij

i j p q
a e e dxµ

=Ω

= ∀ ∈ Ω∑∫v v v v v v H    

3 3
1

1 2
, 1 , 1

( , ) , ( , ) , , ( ),pq pq
p q p qq p q p

a dx a dx H
x x x x

θ θϕ ϕ ϕ ϕϕ ϕ λ ϕ ϕ λ ϕ ϕ
= =Ω Ω

∂ ∂ ∂ ∂
= = ∀ ∈ Ω

∂ ∂ ∂ ∂∑ ∑∫ ∫
 

    

3
2 1

, 1
( , ) ( , ) ( ) , ( ), ( ),pq pq

p q
b b e dx Lθϕ ϕ ϕ η ϕ

=Ω

= = ∀ ∈ Ω ∈ Ω∑∫v v v v H  

2 ( )
(.,.)

ΩL , 2 ( )
(.,.)

L Ω
, 2

1( )
(.,.)

ΓL  and 2
1( )

(.,.)
L θΓ

 are scalar products in the spaces 2 ( )ΩL , 2 ( )L Ω , 2
1( )ΓL  and 

2
1( )L θΓ , respectively.  

 For problem (9)-(11), which is equivalent to the initial-boundary value problem (1)-(5) in the spaces of 

smooth enough functions, the following theorem is valid. 

 

Theorem. Suppose that Ω  is a bounded Lipschitz domain and the parameters characterizing elastic and 

thermal properties of the thermoelastic body satisfy the symmetry conditions (6), the positive definiteness 

conditions  
3 3

2

, , , 1 , 1
( ) ,   , ,   , 1, 2,3, 0,ijpq pq ij ij ij ij ji

i j p q i j
c i j cµ µµ ε ε ε ε ε ε

= =

≥ ∀ ∈ = = >∑ ∑ R  

3 3 3 3
2 2

, 1 1 , 1 1
( ) ,   ( ) ,  , 1, 2,3, 0, 0pq p q p pq p q p p

p q p p q p
c c p c cλ λλ λλ ε ε ε λ ε ε ε ε

= = = =

≥ ≥ ∀ ∈ = > >∑ ∑ ∑ ∑ R  

and 0 0τ > , 1 0τ > , 2 0τ > . If 3([0, ]; ( )),C T∈ Ωf H  2([0, ]; ( )),C T′∈ Ωf H  1([0, ]; ( )),C T′′∈ Ωf H  
(4) 2 2, (0, ; ( )),L T′′′ ∈ Ωf f L  (4) (5) 2 4/3

1, , , , , (0, ; ( )),L T′ ′′ ′′′ ∈ Γg g g g g g L  2 2, (0, ; ( )),f f L T Lθ θ′ ∈ Ω  , ,g gθ θ′
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2 4/3
1(0, ; ( )),g L T Lθ θ″ ∈ Γ  and the initial conditions 5

0 ( ) ( ),∈ Ω ∩ Ωu H V  4
1 ( ) ( ),∈ Ω ∩ Ωu H V

4
0 ( ) ( ),H V θθ ∈ Ω ∩ Ω  3

1 ( ) ( ),H V θθ ∈ Ω ∩ Ω  2
2 ( ) ( ),H V θθ ∈ Ω ∩ Ω  3 ( ),V θθ ∈ Ω  satisfy the following 

compatibility conditions 

1 1

1 1

3 3 3 3

0 0 1 1
1 , 1 1 , 1

3 3

2 2 3
1 , 1

(0) ( ) , (0) ( ) ,

(0) ( ) , (0) ( )

i ijpq pq ij j i ijpq pq ij j
j p q j p q

i ijpq pq ij j i ijpq pq
j p q p

g tr e n g tr e n

g tr e n g tr e

µ η θ µ η θ

µ η θ µ

Γ Γ
= = = =

Γ Γ
= =

      
′= + = +               

  
′′ ′′′= + =     

∑ ∑ ∑ ∑

∑ ∑

u u

u u
3 3

3
1 , 1

,ij j
j q

nη θ
= =

  
+     

∑ ∑
 1, 2,3,i =  

( ) ( )
1

3 3

1 1 2 0 2 1
, 1 , 1

(0) ,pq p pq p
p q p qq q

g tr n n
x xθ

θ λ θ τ θ λ θ τ θ
Γ

= =

 ∂ ∂
= − + + +  ∂ ∂ 

∑ ∑  

where 3
1( )i in ==n  is the unit outward normal vector to Γ ,  

3 3

2 0 0
1 , 1

3 3

3 1 1
1 , 1

1 ( ) (0) ,

1, 2,3,
1 ( ) (0) ,

i ijpq pq ij i
j p qj

i ijpq pq ij i
j p qj

u e f
x

i

u e f
x

µ η θ
ρ

µ η θ
ρ

= =

= =

  ∂
= + +   ∂    =

  ∂ ′= + +   ∂   

∑ ∑

∑ ∑

u

u

 

then the initial-boundary value problem (9)-(11) possesses a unique solution, which continuously depends 

on the given data, i.e. the mapping  

(4) (4)
0 1 0 1 2 3( , , , , , , , , , , , , , , , , ) ( , , , , , , , , )f g gθ θ θθ θ θ θ θ θ θ θ′′ ′′ ′′′ ′ ′′ ′′′ ′ ′′ ′′′ ′ ′′ ′′′→u u f f f f g g g g u u u u u  

is linear and continuous from space  
4 3 3 2 2 2 1

2 2 2 2 2 4/3 2 4/3 2 4/3
1 1 1

2 4/3 2 2 2 4/3 2
1 1

( ) ( ) ( ) ( ) ( ) ( ) ([0, ]; ( )) ([0, ]; ( ))
(0, ; ( )) (0, ; ( )) (0, ; ( )) (0, ; ( )) (0, ; ( ))
(0, ; ( )) (0, ; ( )) (0, ; ( )) (0

H H V L C T C T
L T L T L T L T L T
L T L T L L T L L

θ

θ

Ω × Ω × Ω × Ω × Ω × Ω × Ω × Ω ×

× Ω × Ω × Γ × Γ × Γ ×

× Γ × Ω × Γ ×

H H H H
L L L L L
L 4/3

1, ; ( ))T L θΓ

 

to space 

( )
( )

2 2 2 2

2 2 2 2

([0, ]; ( )) ([0, ]; ( )) ([0, ]; ( )) ([0, ]; ( )) (0, ; ( )) (0, ; ( ))

([0, ]; ( )) ([0, ]; ( )) ([0, ]; ( )) ([0, ]; ( )) (0, ; ( )).

C T C T C T C T L T L T

C T V C T V C T L L T V L T Lθ θ θ

Ω × Ω × Ω × Ω ∩ Ω × Ω ×

× Ω × Ω × Ω ∩ Ω × Ω

V V V L V L
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მილებიანი მოდელი, რომელიც დამოკიდებულია სამფაზიანი დაგვიანების პარამეტრზე.  
გამოკვლეულია არაკლასიკური მოდელის შესაბამისი საწყის-სასაზღვრო ამოცანა შერეული  
სასაზღვრო პირობებით, სადაც საზღვრის გარკვეულ ნაწილებზე გადაადგილება და ტემპერა- 
ტურა ნულის ტოლია, ხოლო საზღვრის შესაბამის დარჩენილ ნაწილებზე მოცემულია ზედა- 
პირული ძალის და გარე ნორმალის გასწვრივ სითბოს ნაკადის სიმკვრივეები. მიღებულია  
საწყის-სასაზღვრო ამოცანის ვარიაციული ფორმულირება და სათანადო ვექტორული მნიშვ- 
ნელობების მქონე განაწილებების სივრცეებში დამტკიცებულია არსებობის და ერთადერთო- 
ბის შედეგი და ამონახსნის უწყვეტად დამოკიდებულება მონაცემებზე.   
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