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Statistical methods should be used to determine probabilistic characteristics. Among the problems
of statistics there is a class of problems, in which the number of observations is unique. Despite the
uniqueness of observations in many cases it is possible to determine reliably the values of unknown
distribution parameters or to reliably choose one of infinite numbers of competing hypotheses about
the exact form of the distribution. In the case when a parameter is reliably determined by one
observation, it is said that for it there exists a consistent estimate of parameter. In the paper, we
define Haar statistical structure. Necessary and sufficient conditions for existence of consistent
estimators of parameters in Banach space of measures of the statistical Haar structure are proved.
© 2023 Bull. Georg. Natl. Acad. Sci.
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Let (E,S) be a measurable space with a given family of probability measures { H,iel } , where I be the

set of parameter. Some definitions from ([1-5]).
By (ZFC) we denote the formal system of Zeremevo Francal with the addition of axiom of choice

(AC) ie. (ZFC)=(ZF)§(AC) By (ZFC)§(CH) we denote the theory with the addition of continuum
hypothesis (CH):2"*=@,, where @, denotes the first uncountable cardinal number, and by
(zZFC)§(MA) we denote the theory with the addition of Martin’s axiom (MA) . It is known that in the
theory (ZFC)§(CH) Martin’s axiom (MA) is automatically satisfied. It is well known that Martin’s

axiom (MA) is much weaker than the continuum hypothesis (CH). Moreover, the negation of the

continuum hypothesis (7CH ) is compatible with Martin’s axiom (see [1]).
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An object {E,S S ,iel } is called a statistical structure. It is known that, if a statistical structure
{E S, u,iel } admit weakly or strongly consistent estimators of parameters, then this statistical structure

is orthogonal (see [2]).
The notions and corresponding construction of weak separability and strong separability were
introduced and studied by A. Skorokhod (see [3]), Z. Zerakidze constructs of strongly separable statistical

structure that this statistical structure does not admin a consistent estimators of parameters in the theory
(ZF) (see [4]). A. Skorokhod proved that in theory (ZFC)§(CH ) an arbitrary weakly separable statistical

structure, whose cardinality of the continuum, is strongly separable (see [4]). Z. Zerakidze proved in the
theory (ZFC)§(MA) Borell weakly separable statistical structure, whose cardinality is not greater than the

cardinality of the continuum is strongly separable (see [5]).
This article is devoted to be the question of the existence of consistent estimators of parameters for Haar
statistical structures.

Consistent Estimators of Parameters

Let (£,S) be a measurable space, the following definitions are taken from the works [1-5].

Definition 1. Let £ be an arbitrary locally compact and o — compact topological group and B(E) is a

o-algebra of subsets of £, we say that measure  defined on B(E) is Haar measure if y is regular

measure and

u(sX)=u(X), vseE, VX e B(E).

Definition 2. An object {E,S, u,,i €I} is called Haar statistical structure, where {z,,i € I} is a family of
Haar probability measures on (E,S).

Definition 3. The Haar statistical structure {E,S, M iel } is called an orthogonal (singular) statistical

structure if the family of probability measures { M iel } are pairwise singular measures.
Example 1. Let £=[0,1] and S be the Borel o-algebra of [0,1]. Let
4 (B):2-I(Bm{0,%D, BeS, u, (B):z-z[BmBJD, Bes,
11,(B) =2-l(Br{O,%D, Bes,

where [/ is Lebesgue measure on S . Then g4 L g1, and g, L g, but g is not orthogonal to .

Definition 4. The Haar statistical structure {E Sou,iel } is called a weakly separable statistical structure

if there exists a family S-measurable set {X,,i eI} such that the relations are fulfilled:

_ 1, lf i=i';
,u[(Xi)—{O’ T e
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Let {4,,i € I} be Haar probability measures defined on the measurable spase (E,S). For each i e/
denote by 7, the completion of the measure ,, and denote by dom(z) the o-algebra of all -
measurable subsets of £ . Let S, = QI dom (;,) .

Definition 5. The Haar statistical structure {E S, iel } is called strongly separable statistical structure
if there exist the family S, -measurable sets {Z,, i € I} such that the following relations are fulfilled:

) (2)=1 Viel,

2) 2, NZ, =D, Vi, #i,, i.i, € ;

3 UZ, =E.

iel

Let I be the set of parameters and let B ([ ) be o-algebra of subsets of / which contains all finite

subsets of [ .

Definition 6. We will say that the statistical structure {E S, iel } admits a consistent estimate of
parameters if there exists at least one measurable mapping
5:(E.S,)—>(1,B(1)).
Such that
/_Jl.({x:é‘(x):i»:l, Viel.

Let M° be areal linear space of all alternating finite measures on S.
Definition 7. A linear subset M, — M“ is called a Banach space of measures see [4] if:

1) The M, one can introduce the norm so that A, is a Banach space by this norm and also for only

orthogonal measures 4, € M, and a real number A # 0 the equality ||u+Av|> u is true;

2)if ve M,, f is areal measurable function with | £ (x)| <land A€ S then
v, (4)= Lf(x)v(dx) eM,

and |v, | < |u:
HNifv,eM,, v, >0, v, (E) <o, n=1,2,.. and v, 4 0, then for any linear functional /* eM,:

lim/"(v,)=0,

where M, is a linear space congugate to M.

Definition 8. The Banach space M, :{{Xi}iE,;Xi eM,, viel, Y ||Ix], <oo} with the norm
iel !

||{Xi}iel

=>"|x,[,, is called the direct sum of Banach space M, and is denoted by
icl b '
M,=0M,.
iel !

The following theorem was proved in [4].
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18 Zurab Zerakidze, Mzevinar Patsatsia, Neli Goginasvili...

Theorem 9. Let M, be a Banach space of measures. Then there exists a family of pairwise orthogonal

probability measures {1, € I} from this space such that
My=®M,(1),
where M, (4,) is a Banach space of elements v of the form
vB=[ f(x)u(d), BeS, [ |f(x)u(dx)<o

with the norm

1V gy = [, 1 £ 0| (k).

Remark 1. It is obvious that any Banach space of measures is a Banach space, whose elements are
alternating measures, but not vice versa.
We define by F'= F(MB) the set of real function f* such that IEf(x)/Z (dx) is define forall 1z, € M.

Theorem 10. Let
MB = ie®1MB (/71)

be a Banach space of measure, card <C, Let E be a complete separable metric space, let

S, =N dom (;,) is a Borel o-algebra one E . In order for the Borel Haar orthogonal statistical structure

iel
{E,S,,u,,i €I} to admit a consistent estimate of parameters in the theory (ZFC)§(MA) it is necessary
and sufficient that the correspondence f <>y, defined by the equality

[ F()E(d)=1(7), e M,

was one-to- one (here /, is a linear continuous functional on M, feF (M B )).

Proof. Necessity, the existence of a consistent estimate of parameters & : (E, S, ) — ([ ,B(1 )) implies that

;i({x:5(x)=i})=1, Viel. Setting X, =({x:5(x)=i})=1, for i e I we get:

1) u(X,)=1, Viel;
2) x, NXx, =4, for Vi, #i,, i,i, € I;
3 X, ={x:0 It=EFE.
) ;Ler . {x (x)e }
Therefore the Haar statistical structure {E S, iel } is strongly separable, hence there exist §,-

measurable sets X, (i € I) such that

a(x)-fu I

if i#i.
We put the linear continuous functional /, into correspondence to a function I, (x) ek, (B)
JEI ( )’u’(dx)_l ",UI My (7,
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Next we put the linear continuous functional Z 3 into correspondence to be function
f, (x)=£(x)-1,(x)e F(M,). Then foranly y, € M, (,):
J. fw1 l//2 (dx _[ f C x)!//2 (dx _[ f )IC’ (x)ﬁ,.(dx)z
=1, (v,)= "'/’2

Let Z be the collection of extensions of functional / satisfying the condition / + < p(x) on those

My ()

subspace where they are defined, we introduce a partial ordering on Z an assuming / 4 < l ‘. if [ 7, is
defined on a set larger than / . and l f (x) = l /i (x) , where they are both defined.

Let {lﬁ

Define /, on UM, () by assuming [, (x)=1, (x) if xe M, (%) . Itis obvious that /, <, . Since any
iel '

}‘ , be a linear ordered subset of Z and M (1) be the subspace on which /  1s defined.

linearly ordered subset Z has an upper bound, by Choru lemma Z contains a maximal element A
defined on the same set X and satisfying the condition A(x)< p(x) for xe X', but X must coincide
with the entire space M, otherwise, we could extend A to a wider space by adding one more dimension.
This contradicts the maximality of A . Hence, X =M » - Therefore, the extension of the functional is

defined everywhere Let [, be the Ilenear functional corresponding to the function

,
Zg, )e F(M,). Then we have

IEf(X)E (dx) =z = ;""_‘f"MB(p)

where ﬁ(B):Z‘[Bg,. (x) @, (dx), BeS.

iel

Sufficiency. For fe€F (M B) we define a linear continuous functional /, by l I f

Denote by /, a countable subset of [ for which j S (x) 1 (dx)=0 for i ¢ H,. Consider the functional
E

I, on M, () corresponding to f;. Then for i, i, € I we have:

[ £ )i, (dx) =1, (m, )= [ £ (x) £ (x) B (dx)= [ £, (x) £, (x) 7 ().

Therefore f, = £, a.e. with respect to the measure z, .

Let f,(x)>0 a.. with respect to the measure 7z, and | f;(x) % (dx) <o, 7 (c)=] fi(x) & (dx),
then [, f. (x) 7 (d)=0, Vi #i. Denote C,={x: . (x)>0}. then [ /. (x)7 (ax)=1_(f,)=0,
Vi #i. Hence it follows that 2. (C,) =0, Vi #1i.

On the other hand,

E(E-C)=], f (B@)=], 1 ()] ¢ Om) =, ] () () (d) =0
Since fﬁ’* (x) = f; (x) ae. with respect to be measure z. and fﬂ: (x){;_¢ (x)=0. Thus, the Haar

statistical structure {E S, iel } is strongly separable.
Let us define an w, -sequence of parts of the space E so that the following relations hold:
1) (Vi)(i<w ,= B, is a Borel subset of E);

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 3, 2023
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2) (Vi)i<w, =B cX,)
3) (Vi)(Vi) (G <wo)§G <w, )8 #i,) = B, N B, =&
4 (Vii<w = E(B)=1).
Suppose B, = X|, . Let further the partial sequence {Bl_‘ }l_, y is already defined for i <w, . Itis clear that
I ( U B, j = 0. Thus there exists a Borel subset Y, of the space £ such that the following relations hold:
i<i

UB, <Y, and f(Y;)=0. Suppose B; =X,—Y.. Thus the w,- sequence {Bl,,},, of disjunctive
i<W,

i<i !

measurable subset of space E constructed. Therefore (Vi)(i <w, = f,(B;)=1), where w, denote the

first ordinal number of the power of the set /. For x € E we put 0(x) =1, where i is a parameter from

the set [ for which xeB. Let nowY c B(I). Then {x:8(x)cY}=UB,. We must show that
ieY

{x:8(x)eY}edom(p,), Viel.

If iyeY, then {x:6(x)eY}=UB =B, U( U Bij. It follows that B, €S,  domi . The
ieY i

ieY—i,

validity of the condition U B c (E -B, ), implies that U B, |=0, the lust equality yields
ieY—{i,} 0 O \ier—{i,y

that ieyi B, e dom(g,) .

Since dom(ﬁio ) is o-algebra, we conclude that {x:5(x)eY}=B, U(iepia B,-) € dom(ﬁio ) If
ygY, then {x:5(x)eY}= igo B,c(E-B,) and we conclude [ ({x 10(x) e Y}) =0. The last
relation implies that {x:J(x)eY}e dom( i, ) . Thus we have shown the validity of the relation

{x:6(x)eY}e dom(ﬁio).

Thus we have shown the validity of the relation {x:5(x)eY}e dom( 4, ) for an arbitrary i, €/,

hence

{x:é’(x)eY}eQdom(ﬁi):Sl.

We have shown the map J:(E,S,)— ({,B(I)) is a measurable map. Since B(/) contains all
singletons of I we conclude that 7z {x:0(x)ei} = (B)=1, Viel
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