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nX X X  1, ,= …i p  be independent samples of size 1 2, , , pn n n , from ( ) 2≥p p  

general populations with distribution densities ( ) ( )1 , , . pf x f x  Let, further, ( )2L r  be the space of 

functions with square-integrable measure ( ),  =d r x dxµ µ  and ( ){ }i xϕ  be any arbitrary orthonormal basis 

in this space. 
Suppose, that the desired density ( ) ( )2 ,  1, , .if x L r i p∈ = …  Based on independent samples 
( ) ,  1, , ,iX i p= …  construct 2≥p  nonparametric projection estimates for unknown ( ).if x  
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Projection estimate of distribution density (1) was first introduced and studied by Chencov N. N. [1]. 
In the present paper, we consider the problem of testing the simple hypothesis, according to which  

( ) ( ) ( ) ( )0 1 2 0: = = = ≡ pH f x f x f x f x  

( ( )0f x  is given density function). For testing this hypothesis we consider criterion of testing hypothesis 

based on statistic 



16 Petre Babilua and Elizbar Nadaraya 

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 4, 2023 

( ) ( ) ( ) ( )
2

1 2
1 1

1

1ˆ ˆ, , , ,

, 1, , ,

P P

p i i j j
i j

i
i p

i

T n n n N f x N f x r x dx
N

n
N i p N N N

λ

= =

 
 = −
  

= = = + +

∑ ∑∫

 

                               (2) 

describing the mutual deviation of estimates ( )ˆ ,  1, ,= if x i p , from each other. In particular case when 
2=p  the statistic T  takes more explicit form 
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2. In this section we consider the question concerning the limiting law of the distribution of statistic (2) for 
the hypothesis 0 ,H  when in  tends to infinity so that ,= ⋅i in k n  where →∞n  and ik  are constants. Let 

( )1 2= = = = p nλ λ λ λ , where ( ) → ∞nλ  as .→∞n  

 
Assumptions: ( ) ( ),  ,  1, 2,= jr x x jϕ  have bounded variations ( ) ( )0,  < ∞jV r x f x  is bounded and 

( )r x  is integrable. 

Notations:  
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The following is true. 
 
Theorem. Let ( ) ( ) ( ) ( ) ( ) ( )1 2 2 2 1 2

0 0 0 0,  − −∆ = + = +n n n nf f o f f oµ λ σ σ λ  as →∞n  and for all 3≥m , 

( ) ( ) ( )1 1 , .m
n n nQ m S m O nλ −≡ = →∞  
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1 2 ln
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and 
2 2ln

0 as ,→ →∞n

n

b n
n

n λ
 

then random variable ( ) ( )1 2
0 1 2,  , , ,− = n n n pT T T n n nλ µ   has an asymptotically normal distribution with 

mathematical expectation 0 and variance 2
0 ,σ  where 
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( ) ( ) ( ) ( )2 2
0 0 0 01 , 2 1 .= − = −p f p fµ µ σ σ  

Note. The analogous theorem for kernel estimates of distribution density of Rosenblatt-Parzen is proved in 
work [2]. 

The theorem allows us to construct the test of asymptotic level ,  0 1< <α α  for testing hypothesis 0 ,H  

according to which  
( ) ( ) ( )1 0 .= = ≡ pf x f x f x  

For this we should calculate nT  and reject 0 ,H  if 

     1 2 2
0 0 ,−≥ +n nT αµ λ ε σ         (3) 

where αε  is the quantile of the level α  of a standard normal distribution. 

 
3.   Examples of application of theorem. 
 
(a)   Let ( )

1 ,  1, ,= 

iX i p   be a bounded random variable  

( ) ( ) ( ) ( )1
1 ,  −′ ′′ ′′ ′≤ ≤ = − ⋅i

j n jc X c x c c I xϕ λ  [3, 4],                                         (4) 

where ( )jI x – indicator of interval  
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are met for 1,  .
5

= <n nαλ α  Other conditions are also met if ( )0′f x  is bounded. It is easy to calculate 
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(b) Let ( )
1 ,   1, ,− ≤ ≤ = 

iX i pπ π  and ( ) ,   1, 2,= j x jϕ – system of trigonometric functions on [ ],−π π  

([3, 4]). It is easy to see ( )=n nd O λ  and ( )2 .=n nb O λ  The conditions 
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are met for 1,   .
4

= <n nαλ α  Further, assuming that ( )0′f x  is bounded and use the method of proving of 

Theorem 3.9 from [5, p. 151] we get  
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and 24 ln−
n nL π λ  – Lebesgue constant [5]. 

(c)   Let ( )
11 1,  1, ,− ≤ ≤ = 

iX i p  and ( ) ( )2 1 ,
2
+

=j j
jx p xϕ  1 1,− ≤ ≤x  1, 2, ,= j  where ( )jp x  are 

Legendre polynomials [3]. In this case ( ) .=r x dx dx  Since  
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Further, assuming that ( )0f x  has bounded derivative, it is easy to get [3], that is 
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The results obtained in the above examples (a), (b) and (c) can be applied for constructing critical region 
(3). For example in case (b) critical region (3) will be: 
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