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The limiting distribution of the statistic, which describes the mutual deviation of the projection type
estimates from each other of distribution density in p>2 independent samples is established. The
goodness-of-fit test is constructed. Various examples are given. © 2023 Bull. Georg. Natl. Acad. Sci.
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i

1. Let x =(X1(i),...,X,(1i)), i=1,..., p be independent samples of size ny,Ny,...,n,, from p (p=2)
general populations with distribution densities f; (x),..., f,, (x). Let, further, L, (r) be the space of

functions with square-integrable measure u, du=r (x) dx and {go,. (x)} be any arbitrary orthonormal basis

in this space.
Suppose, that the desired density f;(x)eL,(r), i=1,...,p. Based on independent samples

xW_ i=1,..,p, construct p>2 nonparametric projection estimates for unknown fi(x).

() n;
» X . NN B - i
L(x)= 2 (e, (%) 0‘/(1):_20‘/()(/({))»
=1 e (1

a;(x)=p;(x)r(x). A(n)=o(n), i=1...p.

Projection estimate of distribution density (1) was first introduced and studied by Chencov N. N. [1].
In the present paper, we consider the problem of testing the simple hypothesis, according to which

Hy: (%)= fa(x) ==/, (%)= fo(x)
(f5(x) is given density function). For testing this hypothesis we consider criterion of testing hypothesis

based on statistic
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2
P ) L&
T(nl,nZ,...,np)=ZNl-J‘{ i(x)_NZN/f./(x) r(x)dx,
i=l1 Jj=1 2
(2)
N,-:%, i=lop, N=Nj++N,

1
describing the mutual deviation of estimates f, (x ), i=1,..., P, from each other. In particular case when
p =2 the statistic 7 takes more explicit form

NN
T("l’HZ):Nlizifz

({707, ()] ().

2. In this section we consider the question concerning the limiting law of the distribution of statistic (2) for
the hypothesis H, when n; tends to infinity so that n, = k; -n, where n — o0 and k; are constants. Let

W=2y=—=2, :A(n),where A(n)—>o0 as n—> .

Assumptions: r(x), (pj(x),j =1,2,... have bounded variations ¥, <oo, r(x) f; (x) is bounded and
r(x) is integrable.

Notations:

y
b= 7V dy= 77, ¥, =swlp,(x),
j=1 *

S (m) =2, [ [ K, (0512 ) Koy (1)K (st ) S (1) o (1 ) (1)1 (1, ) lt -y,

The following is true.

n n

Theorem. Let A, (fo)z,u(fo)+0(ﬂfl/2), Gz(ﬁ))=62(ﬁ))+0(ﬂ;1/2) as n—> oo and for all >3,

0, (m)=1"'s, (m)=0(1), n— .

If
d’?b Inn o
i,

and

b2 In*n
n 4,

then random variable A/ (7, — 1), T, = T(n, Myae.an, ) has an asymptotically normal distribution with

—>0 as n— oo,

mathematical expectation 0 and variance &, where
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to=(p=1)u(fy), o5 =2(p-1)0"(fo)-
Note. The analogous theorem for kernel estimates of distribution density of Rosenblatt-Parzen is proved in

work [2].
The theorem allows us to construct the test of asymptotic level a, 0 < a <1 for testing hypothesis H,

according to which
Ni(x)== 1, (x) = 1o (x).
For this we should calculate 7, and reject H,, if
T, > uy+ 2, 00, 3)

where &, is the quantile of the level « of a standard normal distribution.

3. Examples of application of theorem.

(a) Let Xl(i) ,i=1,..., p beabounded random variable

c'éXl(i) <c", ®; (x):«M (c —c) : (x) [3, 4], 4)

where 7 ; (x) — indicator of interval

’

d+(j-1)w<x<c'+ jw, w:(c"—c')-/lgl.

12 272
In this case r(x)=1, d,, :0(4,12) and b, = 0(1,12). The conditions m_ﬂ) and PaIn"n

T S

a< % Other conditions are also met if fj(x) is bounded. It is easy to calculate

-0

are met for 4, =n“

| A(fo)=(0”—0')_la
o> Ifo dx+0[ j 02(f0)+0(%],
m)=1[f0(x)]’”dx+o[ﬂ, m>3.

(b) Let —7 < Xl(i) <z, i=1,...,p and @,(x), j=1,2,... - system of trigonometric functions on [-7,7]
12 2
([3.4]). Itis easy to see d, = 0(1,,) and b, = O(/l,f). The conditions dybyInn — 0 and by In” n -0

i "

are met for 1, =n%, a< % Further, assuming that f;(x) is bounded and use the method of proving of

Theorem 3.9 from [5, p. 151] we get

8 ()= oo |

aﬁ(ﬁ))=%jﬁ)2(x)dx+0£\/;7],

0, (m)| < clﬁn_l (Ln )m , m2>3
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and L, ~ 47> In 1, — Lebesgue constant [5].

2j+1
2
Legendre polynomials [3]. In this case 7(x)dx = dx. Since

(¢) Let —1£X1(i)§1, i=1,...,p and (0/( x)= p;(x), =1<x<l1, j=12,..., where pj(x) are

1

V(e () e and suplp, (v) <2741,

then
d,=0(4}) and b, =0(]?).
12 24,2
The conditions m — 0 and by In” n — 0 are met for 3, =n%, a <l,
iih T ;

Further, assuming that f (x) has bounded derivative, it is easy to get [3], that is

Ifo dx+0[12n] (f0)+0[12”]

Ifo dx+0[%nj:0'2(fo)+0(;—nj,
jfo

dx + O( ) m2>3.
The results obtained in the above examples (a), (b) and (c) can be applied for constructing critical region

(3). For example in case (b) critical region (3) will be:

1 17
TnZ(p—l)g+2£a(p—1);.|‘]Oz(x)dx, p=2.
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0509059035

3965{0egdol LodzzMogzol 3Mmgdgomeo dgi3sligdgdols

063 93M5¢omEM0 3350M5EGHMIO 35bMOL BM3zsM0MO
2965f0emgdols Iglisbgd p = 2 sdmm30gdger d9MBg3zsdo

3. B900¢)5" 5 9. B3IMs0s™

* 03569 133560830000 bsb. 080oerobol bsbyerdfogm «1boz396b0d9G0, bobd s bs8rbadobdydyggcrm
396609098505 3379 AIH0, F509059030L ©I3356(H5G96(90, 0280¢robo, bsgst039¢2

" 53509800 F96G0, 03569 x535b0830¢m0l bsb. oBogrolols bsbyerdfoge «6039Gbodgd0, Bolbd ©s
bs8296980b39993972 8966090985005 R379PAIA0; Fs0985¢9030L ©I3GH3G9bH0, mBoerobo,
bsgsGorz9emm

9tdgd600s BESGHOLEH030L DBLZsMOMO gsbsfioagds, MmBgmog sSafigl gsbsfogrgdols Lodzzmo-
30l 3Gmgdgoro Godob 9gxsLigdgdols MM00gMmysEIbOSL p > 2 sdmy)3009dge dg6HBRggsdo.
2956boeyos bbgsslibgs dsgsmomo.
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