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The studies of Kolmogorov and Nikolsky laid the basis for the study of the asymptotics of trigono-
metric Fourier series of continuous functions. In this direction significant results were obtained by
Stepanets who studied the asymptotic behavior of trigonometric Fourier series in the class of conti-
nuous functions. In this work, continuing the relevant studies of Stepanets and Taberski, an
asymptotic estimation for generalized Dirichlet integrals is obtained. In particular, under specific
circumstances our result coincides with theorem of A. Stepanets. © 2023 Bull. Georg. Natl.
Acad. Sci.

trigonometric Fourier series, general Dirichlet integrals, modulus of continuity

Let f bea 2z -periodic locally integrable function and let
S, (x,f) =a—2°+2ak cos kx + b, sin kx
k=1

be the partial sums of Fourier series of f with respect to the trigonometric system (see [1]). If fis a

continuous function on [a,b] then
(6, f)= sup{|f(x1)—f(x2)|:|xl —x2| <68, x.,x, €[a,b]

is called the modulus of continuity of f . For a modulus of continuity @ denote by H [a,b] class of
functions f with property |f(x)—f(x')| < a)(|x—x'|) , x,x' €[a,b]. Korneichuk [2] proved the statement,
which in the sequel was named as Korneichuk-Stechkin lemma. In particular, Korneichuk received the
estimation of the following value

def

E,w) = sup ; M
feH,[a.b]

[ r@w
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where y is an integrable function with the average mean 0 on [a,b] . In addition sign of ¥ on [a,c] and
[c,b] , a <c <b,maintains almost everywhere (in this case we write w €V, ). The estimation of (1) for a

convex modulus of continuity @ is exact and explicitly is given. In this work, we use Korneichuk-Stechkin

lemma in the following form.

Lemma 1. (Korneichuk-Stechkin) Let @ be any modulus of continuity, w(¢)eV,,, c= a;b and

v(t)=-w(2c—t), then
E,) < [lwOlo(2(c—1))dt = [y 0o (2(t—0))dt. Q)

If modulus of continuity @ is convex, then the equality in (2) is achieved for function from K + £, (x),

where K is a constant and

_%w(2(c—x)),x€[a,c],
f(x)=1,
5(2(c-x)).xe[cp]

Based on the above Korneichuk-Stechkin lemma, Stepanets [3] proved many statements. We present
one of them.

Theorem 1. (Stepanets) For any @ modulus of continuity we have asymptotic inequality

2. 7 4t 1
£(Hw;Sn)S—lnnj a)( Jsintdt+0(a)(—n, 3)
V4 2n+1 n

2
0

where & (H(U;Sn ) =sup ||S, (f3x)— f(x)"c . In the case @ is a convex continuous function, (3) becomes
f<H,

the equality.
Taberski [4] considered the following quantities:
1 krt 1 krt
a =- t)cos—dt, b =- t)sin—dt,
‘ l_flf() s by Z_Jlf() l

S, (x, /) =%O+Za,ﬂ cos kx + b] sin kx,
k=1

where f is a locally integrable function on x € (—o0,), />0, and n=1,2,3,.... The last sum can be

represented by Dirichlet integral as follows:
/ [ P
S0 f) =7 [ £@)D] (=)
-1

where

D (1) = l+icos@ _ sin(2n+1)7t /21
" 2~ i 2sinzt /21
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If f is alocally integrable periodic function with period 27, then the last integral for / =7 coincide

with the partial sums of the trigonometric Fourier series.

Definition 1. Let f* be an uniformly continuous function on R. We say f € H if for each #,,¢, e R
|f(l])_f(t2)| < w(‘ L —t, |) 5
where @ is a modulus of continuity.
Let
def

£(H,;S)) Y sup sup| . (/1) — £ ()] = sup
R feH,

feH, xe

[ o= oo

C

Theorem 2. For any modulus of continuity @

/2
5(Hw,si)siz1nnjw M \snsdi+0 w(ij .
V4 2n+)x n

0

If o is a convex continuous function, then in the last inequality the equality holds.

Corollary 1. For any modulus of continuity @ we have the asymptotic equality:

E(H(U,S: ) = L(2&))1nn +0(a)(£j] ,
r

n
where
/2 2
1 .
s (w) = su ——— |sintdt|.
(@) I 1p# ,£2f[(2n+1)ﬁ}
e w{ 2)1+I’2n+|:}

Corollary 2. For any modulus of continuity @ = @ (t)

/2
E(Hw,Si):@wizlnnJ. @ 4 sintdt+0O a)[ij ,
V4 o 2n+)x n
where

2/3<0@ <1.

Moreover, ®! =1 if (t) is a convex function.

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 4, 2023



On the Asymptotic Estimation for Generalized Dirichlet Integrals 23

05009059035

3956BMy50090mo omobargls 0bEgaMogdols
SL0A3GHMEOO Fgi35Lgd0L Jglobgd

®. 5bmddg” s §. 3Mabsdg”

* 03569 333560830000 bsb. mBogrobol bsbyerdfogm «1boggibodgdo, babd s bs8oybgdobdgdyzgcre
093609098505 353797 HIAH0, 080¢P0lO, bsgstr039¢72

(Hommygbowos 5350093000 §g3M0ob 9. bosmsosl dogm)

303mamm3z0Ls ©s 6o3melszol 398, 331g3903s bsgmdzgeo Rsmys®gl MFy39@ 0 BMbI30gdol
3Ol GHH0aMmbmdgE®momeo 853003900l SL0d3EHMEIHOo ymxrsd3gzol dgbfogersts. s0 80dsGorvy-

gd00m 36083690 mg560 9993980 doomm lEg3sbyads, Mmdgudss dgolbfisgers Mfiy3ad Brbgos-
0 3sb8o gMHogl GHGoMbmAgEMomwmo dfj3Goggd0l sLod3GHMEHNMO ynxsdsggs. 653Gmado,

23Mdgergds s LEgdsbgaols s GvgMLzoL 33¢93900, BomYdY0s 496BMYsYIBMEo OGOb-
@9l 06¢)93M3¢rgd0bL SLod3GMmE Mo 3gx3s1gds. domgdwyemo 39w9a0Esb, HmameE ghm-ghoo 396-
de d9000b3939, 393m3E0bsMgmdL LBY356g930L MgmMgds.

REFERENCES

1.  Zygmund A. (2002) Trigonometric series, volumes I and II combined. Cambridge University Press.
Korneychuk N. P. (1961) Ob otsenke priblizhenii klassa H“ trigonometricheskimi mnogochlenami, v knige:
issledovaniia po sovremennym problemam konstruktivnoi teorii funktsii, 148-154. PhysMathGiz, M.

(in Russian).

3. Stepanets A. I. (1981) Ravnomernye priblizheniia trigonometricheskimi polinomami. “Naukova dumka”, Kiev
(in Russian).

4. Taberski R. (1973) On General Dirichlet's integrals, Prace Matyczne, 499-512.

Received November, 2023

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 4, 2023




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



