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A problem of homogeneous material of mass m with o density is considered. The question arises as
to what type of plane shape this material should take and how it should be located on the Oxy plane
so that its moment of inertia relative to the Oz axis reaches extreme values. The problem solution
suggests that the moment of inertia between convex plane figures relative to the Oz axis reaches its
minimum value when it has the shape of a circle with the center at the point O and radius R. If a
plane figure has the form of an ellipse, the moment of inertia relative to the Oz axis can reach a very
large value. The same problem is considered when calculating the moment of inertia is calculated
relative to any OU axis passing through the center of masses, making an angle a (¢ #0, o # 7 ) with
the Oz axis. The moment of inertia reaches its minimum value when the plane figure has the shape
of an ellipse o and b is with semi-axes. In the three-dimensional case, the polar moment of inertia

of the material of mass m and density o reaches a minimum relative to pole O when the material has
the shape of a core with center O and radius R. © 2024 Bull. Georg. Natl. Acad. Sci.
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The analysis of the motion of a material system shows that the relationship between the kinetic and
kinematic elements of the bodies of the system is determined not only by the body masses included in the
system, but also by their location in space. Therefore, in dynamics, special geometric characteristics of
mass distribution, namely moments of inertia, are used to describe the rotational motion of bodies or
mechanical systems [1].

Thus, for example, in calculating the kinetic momentum and kinetic energy, we need to know certain
values that characterize the distribution of masses in the system. These values are: moments of inertia
relative to a given point O, axis ¢ and coordinate axes Oxyz, as well as centripetal moments of inertia. These
values are generally used in connection with the stability of rotating mechanical structures and other
mechanical characteristics, as well as in solving some technical problems with minimum energy
consumption, etc.

Methods of calculation of moments of inertia of some bodies are known, but their extreme properties
are not studied. For this reason, let us consider the following problems.

© 2024 Bull. Georg. Natl. Acad. Sci.



26 David Gurgenidze and Tariel Kvitsiani

Problem 1. Let there be a homogeneous material of mass m with density . What plane shape should be
given to this material and how should it be placed on the Oxy plane so that its moment of inertia relative to
the Oz axis takes extreme values, i.e. minimum or maximum value.

1. Let us first consider the question of the minimum moment of inertia.

First of all, let us show that if such a figure exists, its center of mass is at the origin O of the coordinate
axes. Indeed, suppose that the center of mass C of this figure does not coincide with the origin O. Then

according to the Huygens-Steiner theorem [2],

I =1_+md, (1)

o.

where d is the distance between O and C points. It follows from (1) that I >1_, since d #0, what
contradicts our assumption.

Now let us seek the plane figure among convex figures (or in the class of star-shaped plane figures

relative to the center of mass).

Theorem 1. The moment of inertia between figures convex to the center of masses relative to the axis Oz

reaches a minimum value when it has the shape of a circle centered at the point O and radius r =, |— .
o

Proof. On the plane Oxy consider figure G, convex relative to the center of masses, whose center of masses
is located at the origin of the coordinate axes and whose area is
s=" 2
o

As G is a convex, its center of masses O necessarily belongs to this area, i.e. OG. In this case, the

boundary of area G will be written with polar coordinates as follows (Fig. 1)
0G:r=p(p),0< <27, 3)
where p = p(¢) € C [0, 2z]. Moreover, due to conve-
xity, as it is known, function p = p(@) satisfies the
Lipschitz condition on segment [0, 27t] [3]. From the
analysis it is known that G is a figure whose boundary 0G

is given in polar coordinates by equation (3) calculated by

the following formula [4]:

1%
S=2 j P (p)dy. 4)

Let us denote the distance by 7 =r(x,y) =x" +’
from point (x, y) € G to point O. After defining the moment

Fig. 1. A plane convex figure.

of inertia of the figure G relative to the Oz axis, we will gain [2]

27 P(p)

I _= Hrz(x,y)UdXdy: ijrz(x,y)dxdy: O-,[d¢ J‘ P =
¢ G 0 0

=Gfd¢% == [ p'(p)dgp. 5)

Below we need the well-known Cauchy-Bunyakovsky inequality [5]
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< j.fz (x)dx -j.gz (x)dx, (6)

[£@)e(dx

which is valid for any f,g e L,[a,b] functions, in particular Vf, g € C[a,b]. It is also known that the

equality in inequality (6) holds if and only if these functions are linearly dependent, i.e.

g(x)=cf(x),a <x<b, c=const. @)
By virtue of (6), we will gain
2z 2z % 27 2
[1-p*(p)dgp < ( | ﬂhpj : [I P (cv)d(p] , ®)
0 0 0
from where we obtain
2
1 27 27
— { [ e ((p)d(pj <[ p'p)de. ©)
27 \ % o

It follows from (6), (7) and (8) that the equality in (9) holds then and only when
P (p)=const,0< p< 2. (10)

Now from (2), (4), (5) and (9) it follows that

27 27 2 2 2
o 4 1o} ) o , O o O m m
I =— do> — d =—028)'=— 8§ =—-—= .
oz 4.([/7((#) @ 8/{[!/9(;0) coj 8”( ) > YR ey
ie.
m? 1 m
0 2 :—m~—:10°z, (11)
20 2 7o

where ). is the moment of inertia of a circle G, : x* + y* < — of homogenous mass m (with homogenous
o

density o) and radius r =, |— relative to the Oz axis.
o

It follows from (9) and (10) that the equality in inequality (11) holds if and only if
p(p) = const ,

i.e. when the figure G is a circle, and since its area is — , then
o2

p(¢)5r=\/z-
o

This question is considered in the same way relative to the center of masses in the class of plane star-

That is what we wanted to prove.

shaped figures.
2. Now let us consider the question of the maximum of the moment of inertia.

let us consider an ellipse on the Oxy plane (Fig. 2):
2

) 2
/—\ _2+y_ — 1 ,
b
_a!‘/ E
—b

N

) w whose areais S =% = zab . As we know, for an ellipse [2]:

o

1
I =—m(a*+b%).
2 ( )

oz

Fig. 2. Ellipse
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Now if we takeb=¢, and a = S = ﬂ, then we will gain
b one

Therefore, the moment of inertia of a homogenous plane mass m (with o density) can take any large
value.

3. Now let us consider the same question, but not relative to the Oz axis, but to the £ axis passing across
point O, making an angle @ (a #0, « # 7 ) relative to the Oz axis. Without limiting generality, we can

assume that the axis ¢ is located in the first and third quadrant of plane Oyz, i.e. 0 < < % (Fig. 3).

z Let us write the equation of the € axis in parametric
form:
(:x=0,y=kt,z=t, — o0 <t<+oo, where k=tga.
Suppose M (x, y) € G , and let us drop a MP normal from
this point to the £ axis. If P =(0, kt,, t,) , then

G
¢ »  OPLMP<OP-MP =0 0- x+kto(y—kto)— 12 =0=>
¥
ky 2 Y 2 Y ’
\ =t = = X,y)=MP =x"+ ,
\\\ 0 1+ k2 p ( y) 1 kz
\ g
T~ e — ) y2
X T ie. pr(x,y)= x>+ = (12)
Fig. 3. Calculation of moment of inertia relative 1+k
to axis £. By considering (12), we will gain

1,= ”pz (x,y)odxdy = O'_U{xz + 13:;2 jdxdy. (13)
G G

After linear transformation
- . 1

X=x,y= )
V1+k?

(14)

0 ~
whose Jacobian is agf’ in = /1+k? , then G area will transfer into any G area in the OXj plane, while
X,y
integral (13) will be rewritten as follows
I, =6[ (& +3)dsdy, (15)
G

where 6 =oV1+k> .
By virtue of (5) and (15), this problem reduces to the previous problem, considered only on the Oxy

plane for a plane convex figure G with m mass and & = o1 +k density.

2
Consequently, by virtue of the previous results /, the moment of inertia reaches its minimum =

2n6

, when G area is a circle with its center at point O and radius

_m
2zoN1+k?
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R= | — /—m
Vo) ro1+k*

m
moN1+k* '

Now, if we return to the variables x and y (14) according to equations (14), we obtain that the area G is

i.e.

oG ¥+ = (16)

an ellipse
2
0G Xt +—2— = m ,
1+k° moN1+k*
ie.
x2 y2
aGla—z'i‘b—z:l, (17)
/ 2
where g = m ,b:Q/m 1+k .
roJ1+ i o
m? m’ m? cosa

min/ , =

221+k* .o 27yl+1g’a o 2o
It follows from (18) that

limmin/, =0, ie. min / (a%g) =0.
ol 2

e
a->=
2

m m 1
a7 = a:,/—-\/cosa , b= [—- (Fig. 4).
no To  ~/cosa £

P Ve
// G / 7 \
————— . v
_b ‘\\ & 7 /‘b _ ﬂ l

W'\JCOSG{

 “Nao

Fig. 4. An ellipse with a and b semi-axes.

4. Now let us consider the question of extreme properties of moments of inertia in a three dimensional

case.
Problem 2. Suppose we have homogeneous material of mass m with density o. What shape should be given

to this material and how to arrange it in Oxyz space so that its polar moment of inertia with respect to the
pole O takes extreme values, i.e., the minimum or the maximum value.
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1°. (A minimum value case) It is easy to deduce from the Huygens-Steiner theorem that if such a body
exists, its center of masses coincides with the pole O.

Now let us look for a sought figure (as a three-dimensional area) — among the star-shaped bodies relative
to the center of masses. Let us denote a class of bodies by #5. As it is known, convex bodies belong to class
W,

Theorem 2. The polar moment of inertia of a homogenous material with m mass and o density from class

W, relative to the pole O reaches its minimum on the core with the center at the point O and radius

Proof. Let us consider a star-shaped G body in the Oxyz space relative to the O center of masses (Fig. 5),

with its volume (7, 6, @) in spherical coordinates is known to be calculated by the following formula

T Z=v= m I- drdyd: = Tdezf dy TW;Z sin Odr =
) e e 0
4 oo ? j j £ @0 G pap - jj 0 (¢, 0)sin 0dpdd , (19)

0 H(,

I

/ 0 \I \

[ ~IL ‘a where 1, ={(p,0) € R*:0<p <27, 0<O<x}. In his
1

0 - case we used the fact that if G € W, then its boundary 0G

\ ¢ is presented in polar coordinates with the following
X / equation: p=p(@,0), 0<p<27z, 0<O< 7, where

“ p=p(p,0) is a generally measurable and bounded
' function.

Fig. 5. Convex figure. The polar moment of inertia of G body relative to O

pole is defined by the following formula

z 27 P(9.0)
I, = O'HIF2 (x,y,z)dxdydz = UI dHJ‘ do I r* sin Odr =
G 0 0

0

T 2z
_e (.0)sinbdp =2 ([0 (0.0)si
= ! do ! P (9, 0)sin0dp = £ j 0°(0,0)sin 0dpd0 . (20)

We need generalized Holder's inequality, which is as follows [5]:

[[1(0.6)- 2(p,0)sin 6] dpd6 < (H' £ 17 sin6dTl ] (H' gl sinednoJ”, 1)

11, I,

11
where —+—=1, (dIl, =dpd0), which holds for any feL (I1,,du) functions, geL (I1,,du),
p g

dp=sinfdpd0 is a positive measure. In particular, (21) is true Vf,g € C(Il,) . It is also known that the
equality in inequality (21) holds if and only if
/(0.0 = c|g(e,0)]", c=const 20, Y(p,0) 11, (22)

By virtue of (19) and (21), where p = %, q= % we will gain:
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3.2 3y = [[ 7*(@.0)sin0dpd0 = [[1- p*(p,0)sin 0dpd6 <
6 l_10 1_[0

1
< [H 1 sin HdHon ' [H P (p.O)sin edqodejq -
I, I,

. 3
:(47z){j | ps((p,e)sinedq;da] , (23)
l_[0
Wherefrom, by using (19) and (20), we obtain
5/3
1,=Z ([ p* (.0)sin0dpd0 > ~ ;2/5 [[2°(p.0)sin0dpdo | =
50 5| @n)”y;
o[ 1 m]"_e 1 _em_ 1 G 24)
- 5 (471_)2/5 o - 5 (471)2/3 o 5(471)2/3 o3 '
From (24) it follows
1 Gm”

min/, =

>

5(47[)2/3 ’ T

and by virtue of (22) and (23), this minimum is reached on the body for which 17 =cp’(¢,0), i.e.

p(9,0) = const and we are dealing with a core with radius R =3 Zi . This is what we wanted to prove.
o
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3539M05¢meo bgmegdols 0bgmEool 8,mdgb@gdols
9J6&®905¢Mo mMm30LxdYdOL dglsbgd

@ 3796396039 @3> (- 33030%60™

* 520009000 9360, bsgstoz9ermb d93609698508 960369¢70 33509005; bsgs®039¢mb 376032960
2960396L05990, 080¢rolo, bsgsGo39¢ 2
*# bs o039l H97603:960 #60396LoBIB0, bsdggbaderer 3s379¢nAIBH0, 0980¢rolo, UsdsGoggerm

2956bowos 59m396s, BsEsE dmggdvyemos m AsLol gMma35MM3z560 Tslivgrs, HMdgrol Lod3zmo39s
0. 553d0gdge0s, G5 Lsbol dGAGHYgMo BmMIs vbs 3Jmbogl s8 Isbsgrsls s Oxy LodGEHYgBY
Omam® 16 0gml gsbgsagdrymo, HMmd dolids 0bgMool dmdgh@ds Oz mgmdol 30dsto doomml
9JbGHMg9sem®o 36083690mdgd0. 58mEsbols 5dmblbol 899gasw Fomgdveros, HMA sdmbbgjow
35M133¢s30LgdM dOEHYIL? BoFMGIms FnGmol 0bgHiEool 3mdgbEo Oz mgmdol dodstom smfiggls
5306 0b0dogrny 3608369¢ ML, MeEs 35 9g3L Mol Bm®Is 3gbEB®mom O FadEowdo ©s
500MLom . BHMEd dOGHYJ RoFMOL 5d3L geroglol Bm®Ps, 35806 Oz mgMdol dods®o
0bg®Eool dmdgb@ads 890dgds dosmfioml Msaobo o 9603369mmdsl. asbbowmmos ogogzg
39m(3365, Hm3s 0bgMEooL 3mIgbBo gedmmzmomos dsbsms 396GODY g9dsgsemo bgdolidogho OL
@96dol 30dserm, HMIgwog Oz gAMb 8goeaabl a (a %0, a # ) 3mombgl. 58 gdmbgggsdo
0bg®dEool dmdgb@o s0fg3l msg0l dobodsew® 36083690, BMES dMGHYIE BoyOL 5J3ls
9oglol gm®ds a ©s b Babx3smgMdgdom. UsdasbBmInEgd0sb G50mbggzs8o0 m Asbiols s o
103336030l TsLaewols 3mestno obghgool dmdgbdo O 3menmliol dodsMo smfiggl cszolL
3060340, GmEs Isbsemsl 5ggl BoGmgol Bm@ds O 39bEmom s R Ms@omboo.
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