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In the present paper, a nonclassical dynamic model with three phase-lags for a thermoelastic plate
with variable thickness, which may vanish on a part of the lateral boundary, is studied by applying
variational approach. An algorithm of approximation of the three-dimensional model by a sequence
of two-dimensional problems is constructed, when the densities of surface force and heat flux along
the outward normal vector of the boundary are given on the plate's upper and lower face surfaces.
The constructed two-dimensional initial-boundary value problems are investigated in suitable
function spaces, the convergence in the corresponding spaces of the sequence of vector-functions of
three space variables, restored from the solutions of two-dimensional problems, to the solution of the
original three-dimensional problem is proved and, under additional conditions, the rate of conver-
gence is estimated. © 2024 Bull. Georg. Natl. Acad. Sci.

nonclassical thermoelasticity, plate with variable thickness, approximation algorithm

The classical Fourier law of heat conduction is unsuitable for the successful description of thermal shocks
observed in various modern technological processes, which are caused by extremely high temperature
gradients and very short operation periods of the order of picoseconds [1-3]. Two first nonclassical models,
which were developed to eliminate the unrealistic behaviour of the classical model for thermoelastic solids,
were proposed by Lord and Shulman [4] and Green and Lindsay [5]. Later on, Tzou [6] proposed a
generalization of Fourier's law with two phase-lags and by applying it Chandrasekharaiah [7] constructed
a nonclassical model for thermoelastic solids, which is an extension of the Lord-Shulman nonclassical
model for thermoelastic bodies. Further, by using the Green-Naghdy model III [8] of heat flow Roy
Choudhuri [9] proposed a generalization of the dual-phase-lag heat conduction model by Tzou, which

includes not only the temperature gradient but also the thermal displacement gradient and depends on three
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phase-lags for the heat flux vector, the temperature gradient and the thermal displacement gradient. The
initial-boundary value problem with mixed boundary conditions corresponding to the Roy Choudhuri
dynamic three-dimensional model with three phase-lags for thermoelastic solids consisting of anisotropic
homogeneous material was investigated in [10], and problems of propagation of waves, thermodynamic
compatibility, uniqueness and continuous dependence problems, methods of numerical solution of
corresponding problems and related topics are considered by many researchers (see [11-14] and the
references given therein).

The present paper is devoted to the construction and investigation of an algorithm of approximation of
the nonclassical model with three phase-lags proposed by Roy Choudhuri for thermoelastic plates by a
hierarchy of two-dimensional problems. To construct an approximation algorithm, we use generalization
and extension of the dimensional reduction method proposed by I. Vekua [15] for homogeneous isotropic
plates in the classical theory of elasticity. By applying a variational formulation of the three-dimensional
initial-boundary value problem for a thermoelastic plate with variable thickness, which may vanish on a
part of the lateral boundary, when the densities of surface force and heat flux along the outward normal
vector of the boundary are given along the plate's upper and lower face surfaces, we construct a hierarchy
of two-dimensional problems. We investigate the existence and uniqueness of solutions of the constructed
two-dimensional problems in suitable function spaces. Moreover, we prove that the sequence of vector-
functions of three space variables restored from the solutions of the two-dimensional problems converges
in corresponding spaces to the solution of the original three-dimensional problem and, if it possesses

additional regularity, we estimate the rate of convergence.
We denote by W"*(D)=H" (D) and H (I'), r,f€R, r>0, 0<7<1, the Sobolev spaces of orders

r,7 based on the spaces H 0 (D)= I’ (D) and H 0 (f) =’ (f) of square-integrable functions, respectively,
where D c R?, p € N, isabounded Lipschitz domain [16] and ['coDisa Lipschitz surface. We denote
by H' (D)=[H"(D)]’, H' ([)=[H"(D)]’, L}(D)=[L*(D)}', L'(D)=[L'D)T, r>0, 0<7<1, s>1,
r,7,s €R, the corresponding spaces of vector-valued functions. The trace operators are denoted by
tr.: H'(D)— H'" (") and tr. : H'(D) — H"*(I") . For a Banach space X, we denote by C([0,7];X)
the space of continuous functions on [0,7] with values in X . L/(0,7;X), 1 < g <0, is the space of such
measurable functions g:(0,7) > X that ||g(t)|| . €L°(0,7) and the generalized first, second, third and
arbitrary k € N -th order derivatives of g are denoted by g'=dg/dt, g"=d’g/dt’, g"=d’g/dt’ and
g =d*g/dt* [17).

Let us consider thermoelastic plate with variable thickness, which may vanish on a part of its boundary,

i.e. the initial configuration Q of the plate is a closure of the following Lipschitz domain

Q={(x,x,,x,) € R®; h(x,x%) <x, <h'(x,x,), (x,x,)€ o},

where @ cR* is a two-dimensional bounded Lipschitz domain with boundary dw, h*eC’(@)
NCH(ww7) are Lipschitz continuous in the interior of the domain @ and on 7 6@ together with their

derivatives up to the fourth order, 4" (x,,x,) > A (x,,x,), for (x,,x,) e @ Uy, ¥ € Ow is a Lipschitz curve,

h*(x,,x,)=h (x,,x,), for (x,,x,) € 0w\ y. The upper and the lower face surfaces of €2, defined by the
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equations x, =/4"(x,,x,) and x, =h (x,x,), (x,x,) €@, we denote by I'" and I'", respectively, and

the lateral surface, where the thickness of Q is positive, we denote by I'=oQ\(I'"UI")=
{(x,%,,x%,) € R*; I (x,,x,) < x; <h'(x,,x,),(x,,%,) € 7} . The plate is subjected to applied body force with
density f=(f,):Qx(0,7) — R’ and heat source with density fg :Qx(0,7) > R. The plate is clamped
and the temperature @ vanishes along a part T, ={(x,x,,x)eR> A (x,x,)<x, <h'(x,x,),
(x,,x,) € 7,} ofthe lateral surface T, 7, — 7 is a Lipschitz curve, and on the remaining part I', =T’ \1?0
of the boundary the density of the surface force g=(g,):T,x(0,7) — R’ and the density of heat flux
g% :T,x(0,T) — R along the outward normal vector of T" are given.

The nonclassical dynamic linear three-dimensional model with three phase-lags for the thermoelastic

plate Q consisting of homogeneous isotropic material is given by the following initial-boundary value

problem in differential form [9, 10]:

3 a 3
_Z;a—(ﬂz;epp(u)é' +2ue, () +105, J: in Qx(0,7), i=1,2,3, (1)
Jj= j p=
r0, 90,7500) < 0| _& 0 ( aej
+7 —+r — 0+7
“ [aﬂ "or 2o Z’ Vor ,Z:'ax "
Pu  u rotw) oft rf0 rlofe
-0 e + T —t 2 —— |= +7, +2-72_  inQx(0,7), 2
0772 Pp[az "o 2at ) e ar 2 e 1) @)
3
u=0 on I',x(0,7), Z]“[zz%(u)@f +2,uei/(u)+7705i/jvj =g, onT,x(0,7),i=123, 3)
Jj= p=l

0=0 onT,x(0,T), - i _Z ( aa]v _a onT, x(0,7), (4)
= 0 at 8t ot ot

u(x,0) =u,(x), (Z—l;(x, 0) =u,(x), xeQ, ®)]

3

0(x,0) = 6, (x), Z—f(x, 0) = 6,(x), (x 0) = 6,(x), (x 0)=6,(x), xeQ, (6)

ov, Oov, s ;. .
where 0 is the Kronecker's delta, e, (v) = 513 +a—J , ,j=1,2,3, v=(v,)., :Q—>R’, is the linea-
X, Ox,

J
rized strain tensor, v=(v,)., is the unit outward normal to T', u=(y,),,:Qx(0,7) >R’ is the
displacement vector-function of the plate, #:Qx(0,7) — R is the temperature distribution, u, = (u,,)_,
and u, = (u,,);, are the initial displacement and velocity vector-functions, and 6, is the initial distribution
of temperature, 6, 6, and 6, are the rate of change, the second and the third order derivatives of
temperature with respect to the time variable at the initial moment of time, p is the mass density in the
reference configuration, A,y are the Lamé constants, 7 is the stress-temperature coefficient, y >0 is the

volumetric heat capacity, x >0 is the thermal conductivity coefficient and x >0 is the Green-Naghdi

thermal conductivity rate coefficient [8], ®, >0 is the temperature of the thermoelastic body in natural
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state of no deformation, which is considered as a reference temperature, 7, >0, 7, >0 and 7, > Ostand for

the heat flux, temperature gradient and thermal displacement gradient phase-lags, respectively.

To investigate the three-dimensional initial-boundary value problem (1)-(6) we consider the following

variational formulation in the spaces of vector-valued distributions with respect to the time variable ¢,

which is equivalent to the original differential formulation (1)-(6) in the spaces of classical smooth enough
functions: Find the unknown vector-function w,u’,u”’,u” e C([0,T];V(Q)), u® e *(0,T;V(Q)) N

L°(0,T; 7 (Q)), u® € I*(0,T; 7 (Q)), 0,6',0" € C([0,T1;V*(Q)),
6" e I*(0,T;V°(Q)NL*(0,T; L (Q)), 8% e I*(0,T;L*(X)), which satisfy the following equations in the

sense of distributions on (0,7,

POV) L ) +a(@, V) DO, V) = (F,V) o +(E 0, (V) IVEV(Q), ©)

2
;([9" +7,0" +%°0(4),¢j +a’(0'+7,0",0)+a’ (O +1,0',0)—

Q)
" " TZ
_®0b6 [u +T0ll +70U(4),(0 = (f§’¢))LZ(Q) —(gg,ll"r‘ (¢))L2(l"l)’ V¢7 € VH(Q)S (8)

together with the initial conditions
u(0)=u,, w(0)=u,, 60)=6, 6'0)=6, 0'(0)=6,, 6"(0)=6, 9

where V(Q)={ve H'(Q);tr.(v)=0 onT,}, V' (Q) ={pe H (Q);tr.(¢)=0 onT,},

a(v,v)= I[lz e, (V)Z e, (V)+ Z,uz e, (V)e, (V)de, vv,ve H(Q),

i,j=l1

WG9 =r[ L “’a"’dx “G.p=F] 3 “’a"’dx Vo.pe H'(Q),

QJj= 1 QJj= 1
3
blo,v)=b"(v,0)=n[p)Y e, (Mdx,  VpeL'(Q),veH (Q),
Q p=l

g ol ol . g
f - t 0 6t 2 6t3 >g - 8t 9( )LZ(Q) ( )LZ(Q)a( )LZ(I‘)

and ("')LZ(I‘ , are scalar products
1

in the spaces L*(Q), L*(Q), L’(',) and L*(T",), respectively.

For the nonclassical dynamic three-dimensional model (7)-(9) with three phase-lags the following

existence and uniqueness theorem is valid [10].
Theorem 1. Suppose that Q c R’ is a bounded Lipschitz domain and p >0, x>0, 34+2u>0, y>0,

k>0,K>0, 7,50, 7,50, 7,>0. If feC(0,T;H(Q), f'eC(0,TEHX(Q), "< C(0,T];
H'(Q). "9 e2O0.TEQ), gg.g.e"g.e® e LOTLAT), 0./ e PO.T: Q)
¢’.¢".¢” e 2(0,T;L**(T",)), and the initial conditions u, € H*(Q)NV(Q), u, € H'(Q)NV(Q),
0, c H'( Q) AV’ (Q), 0 c H(Q)nV(Q), 6, c H(Q)NV'(Q), 6,cV’(Q), satisfy the following

compatibility conditions
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3 3
gi(m(o):trr1 {Z(lZepp(uk)é)‘,j+2yeu(uk)+nﬁkcijjvjj, k=0,1,2,3, i=12,3, (10)

j=1 p=l1

5 (o0 06 3. _[ o0 06,
g"(O)z—trrl [Z/{glﬂ-lgj}vj+;1{§;’+Q§1J1@], (11)

j=1 j

where v =(v,);, is the unit outward normal vector to T,

3 3
ua+2i = i(zai(izepp (ua )51/ + 2:uei/' (ua) + ngaé;fj+f;(a)(o)J’ a= 0515 = 132335
Pj=10%; 0 pat ‘ ' '

J

then the initial-boundary value problem (7)-(9) possesses a unique solution.

To construct an algorithm of approximation of the nonclassical three-dimensional model with three
phase-lags for thermoelastic plate by a sequence of two-dimensional problems, let us consider the subspaces
Vi (Q)c V(Q), Hy(Q) L’ (Q), Vi(Q)cH (QNV(Q), k=2,345, H’; (Q)cH (Q), k =1,2,3,
N =(N,,N,,N,), consisting of vector-functions whose components are polynomials with respect to the

variable x;,

N,
1 1\ :
V=) Wy = ZZ(’: +Eiji Pr, (2), "y e Lz(a))s 0<r<N, i=123,
=0
R |
where z = X3h , h= h > h , h= h+h . In addition, we consider the subspaces V¢ (Q) < V'*(Q),

Hy (Q) < L(Q), Vik (@) < H (@) NV’ (Q), k,=2,3,4, which consist of the following functions

Nog

11 !
oy, =ZZ(H5)¢N€ P(z), "¢, el)(w), 0<r<N,.

r=0

Since the functions 4" and A~ are Lipschitz continuous together with their derivatives up to the fourth
order in the interior of the domain @, from Rademacher’s theorem [18] it follows that 4%, d_A", 0,0, h,

0,0,0,h", 0,0,0,0,h" are differentiable almost everywhere in " and 0,0, 0, 0, 0, h* € L"(w")

for all subdomains ®°, ©" c w, a,a,,a,,a,,a, =1,2 . Therefore, the positiveness of 4 in @ implies that

for any vector-function vy = (v,)., € VA(Q) and v € V(Q) the corresponding functions belong to

HY@") and H'(0"), forall @, @ Co,ie v eH

loc

(w) and v € H. (0), 0<r <N, i=12,3,

loc

k=2,3,4,5. For functions from the spaces V" (Q) and VN‘go (Q) we also have ¢, eHl

(), if
Py, V() and @y eH, (w), if oy, €Vy (Q), 0<r<N,, k,=2,3,4. Moreover, the norms

Mot @ > £ =1.2,3,4,5, and ||, o, » k» =1,2,3,4, in the spaces HY(Q) and H"(Q) define weighted

norms |, and ||, of vector-functions v e[HE (0)]", N,,; =N, +N, + N, +3, with components

o loc
7

i
i, Vy=(w), and @, €[H

loc

(@)]"*', with components ¢, , @, =(p,, ), such that

VN [l = 1V Dl o, @0d 1 @, log,~=1l @y, ll10 ) - Using the properties of the Legendre polynomials, we

can obtain explicit expressions for the norms ||, and ||

ok, *
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i r -
For components vni and ¢, of vector-functions v e[Hl'oc,(a))]N"z'3 and @, e[H, (0)]"*" that

loc

satisfy the conditions VN

<o and “éN,, “ <o we can define the traces on y . Indeed, the corresponding
-

o1*
vector-function vy =(vy,);, and function ¢, of three space variables belong to the space

V(Q)c H'(Q) and V,f,’g (Q) c H'(Q), respectively. Consequently, applying the trace operator on the

T r

space H'(Q) we define the traces on 7 for functions "1’\1,- and ¢, ,

. ) .
tr,(on) = [ 1. (W)B, (2)dx,, tr(py, ) = [ (9, )PA(2)dlx,, 73 =0,..,N,,i =1,2,3,r =0,..., N,
h

h
Since the vector-functions vy = (vy,)._, from the subspaces V() and H,(Q), and the functions Py,

r

from VA‘Z (Q) and H f,g (Q) are uniquely defined by functions \;Ni and @, of two space variables, consi-

dering the three-dimensional problem (7)-(9) on these subspaces, we obtain the following hierarchy of two-
dimensional initial-boundary value problems: Find iy, Wy, wg,wd € C([0,T];Vy (@), W’ e I*(0,T;

V(@) L*(0,T; Hy(w)), W5 € L(0,T;Hy(@), <y ,8%.Eh € CAO,TLVY (@), & e L(0,T;

N0
Vi\fa (@)L (0,T; H Zg (w)), éj If,j) e ’(0,T;H f,g (w)), which satisfy the following equations in the sense of

distributions on (0,7),

Ry (%, V) + ay (g, Wy ) + by, (€, 9) = Ly (By), Vi €V (), (12)
- - 1'2 - - - - -
Ry, [4:39 Foll, 0 By, ]+an (&3, +780 By + sy, (S, + T80 By)) —
T2 .
=" — m —(4) — — -
—G)Obfwd [WN +7,Wx +7°wfv ),(DNH ] = Lf\,& (Py,), VP, € VI‘Z (w), (13)

together with the initial conditions

Wy (0) =0y, N (0) =iy, &y (=80 S0 (=8, S0 (0=Cy,, Sr=C,, (14)

where V(@) = i = (va) € [H), (@) [y, <0t (x) =0 on 70,7 =0,..,N,,i =1,2,3}, Hy () =

3 N 7 . _ r N
=S e B, <0, P (@)=, = (04) €[H) (@]

i=1 =0

iy =) 2@ [y

2

L <o, try((olvg):o on 7, r=0,.,N,}, Ij]]?lg(a)):{(ﬁzvg:((ﬂzvg)e[lfz(a))]%“; ||¢N€

"(pNo o1 5, ()

No r
-1/2 2 12 0 o 4 9
ZH oy, Il o < o}, the bilinear forms Ry, ay, byy, » RN,,’ Ay s Gy s byy, are defined as follows
r=0

RyGys0y) = P V)i OxOasty) = a(VaV)s by, (By,504) = By, s @y,) = B(@y, 5 Vy)s
Rf/s (@Ne > é}vg )= l(@]vy 5¢N9 )LZ(Q)’ alHNﬁ7 ((EN,, ,(ZNH )= af(ﬁvg Py, ), af]v(,7 (5]\/67 a@]\/(,7 )= af(@vﬁ > Py, ), for all

vector-functions ﬁN,\:/N € I7N (), \:/N,f/N € I:IN (@), @y, ,éNg € 17]59 (w), (‘Z’zvg#:’zv,, € Irlf,g () , corresponding
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t0 Vy,Vy € Vx(Q), Vy.Vy €eH(Q), 0.0, €Vy (Q), @y, .0y, €Hy (Q), respectively. The linear
forms L, and Lfvﬁ are defined by the right-hand sides of the equations (7), (8) and are given by

Ly(3y) = ZZ[}‘+ j{j—m(fwgm +gN[ﬂ,(—1)"jda)+.|.%try](:;Ni)}zgwdyl},

i=l r

L, (@y,) = Z(H ][I (pNg(fNa g, g;‘cﬂz(—1)’]dw—j%zry,<<2%)g}iudn},

r h+
where y,=7\7, A = \/1 +(O,h ) +(0,h°), v= j VP.(z)dx,, for all functions v e L’(Q), reNuU{0},
7’

Zuis» &, and gy, g) are restrictions of

g = g(t)+z [Zl‘ [ﬂiew(wm)@y+2ﬂeg(ka)+’7§N€k5i/JV/_gi(k)(o)]’ i=123,

1{< ., ,
WNa+2i=;{Za [ﬂ’zepp(wNa) +2’;ueij(wNa)+77§N0aé‘ijJ+f]\(Ji)(0)j7 a=0’1: 12152>3a

Jj=1 J

3 0 Nyl 0 Ny2 3 0 N, 0 Nyl 0
gﬁg(t)=g9(t)—;mrr,( 2;" g” ] Z [ g" 7, ;;" ij—g 0,

J / J J

on the upper I'* and the lower '™ surfaces of the plate, respectively, v = (v,)’_, is the unit outward normal
vectorto T', Wy, € Va(Q), wy, € Vi(Q), g“N 0 €V, &y, €V, &y, €VyH(Q) are restored

from the initial conditions iy, € V3 (), Wy, € Va (@), Q’N o € V“(a)) Q’N | € V“(a)) Q’N , € V“(w) of

the two-dimensional problem, where V¢ (w)=HE(w)NVy(w), Hi(w)= = (\;Ni) e[Hf ()]

[l <o}, k=2.3.4,5, P (@) =16, =(oy,) < [Hf:

loc

@1 AT @)y, [, <o0b. Ky =2.3.4.

The following existence and uniqueness theorem is proved for the two-dimensional initial-boundary
value problems (12)-(14) of the constructed hierarchy.
Theorem 2. Suppose that the two-dimensional domain e and functions #* and /4~ are such that Q c R’

is a Lipschitz domain, p >0, #>0, 34+2u>0, >0, ¥x>0,x>0, 7,>0, 7,>0, 7,>0. If the

given functions satisfy the following conditions

Fu = (fu) € CAOTL: H (@), (Fy)' € CUO.TT A2 (@), (Fo)" € C(10,T]; AL (w)),

dfy,

B2 )"0 ()Y € LPOT L (@), 72 fy  h" 7” € L(0,T; L' (w)),

A d;g N 0T L (@), b ddtg e PO.T:L (1), @=01...5 7=0,..N.i=123,

B 0% B 0

d d
/13/4 gN(} e L(0,T: L (), " —=Ne g LZ(OTLM(}/I)) p£=0,L.2, r=0,.,N,,

and wy, € VIS([O) s Wy € V]\?(w) > é_;NgO € 1715;4(60) ) é_;/vgl € VA?:(C‘)) ) 5}\/92 € V}\ZZ(C‘)) ) éjN€3 € V]\Z (@), then

the two-dimensional initial-boundary value problem (12)-(14) possesses a unique solution.

Bull. Georg. Natl. Acad. Sci., vol. 18, no. 3, 2024
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So, we have constructed an algorithm of approximation of the three-dimensional model with three
phase-lags for thermoelastic plates with variable thickness by two-dimensional initial-boundary value
problems. In the following theorem we give the results on the convergence of the algorithm, where we

assume, that the functions 4" and %~ , which define the upper and the lower surfaces of the plate, and their

derivatives up the fourth order are Lipschtiz continuous on the domain @ R, i.e. 4* € C*'(@), and we
use the following anisotropic weighted Sobolev spaces

HS;O"" Q) ={;h"ove ’(Q),0<k<s}, seN,
H;"L’””S(Q) ={v; hk’m@;"’"@;‘ 8? ...a;;v eL’(Q), m<k<s, 1,1y,.r, =0,1,i,0)....i, =1,2,3}, s >m,meN,
which are Hilbert spaces with respect to the corresponding norms.
Theorem 3. If Q c R’ is a bounded Lipschitz domain, p>0, x>0, 34+2u>0, >0, k>0, £ >0,
7,>0, 7,>0, 7,>0, feC(0,T;H’(Q), f eC(0,T];H*(Q), f"eC([0,T;H'(Q)), f"fYe
FOTEQ), 2e.e.ee"e" e LOBLT), 1 e LOTEQ),  g'g”, g" e
O, T;L7(T,), u, e (QNV(Q), u ecH'@Q)NVEQ), 6 cH QnNV(Q), 6ecH Q)N
VeQ), 6,e H(Q)NV°(Q), 6,eV’(Q) satisfy the compatibility conditions (10), (11) and the
functions w,, € V3(Q), Wy, € Vi (Q), S0 € VAZA (), &y, € V;f(Q), S, € Vlfl;z (), &y,5 € VAZ (Q),
corresponding to the initial conditions iy, €Vy (@), iy, €V (@), &y, Vi (@), &), Vi (@),
$r2 €V (@), &y, €V (@) of two dimensional problems, tend to u,, u,,6,, 6, 6, and 6, in the
spaces H*(Q), H*(Q), H*(Q), H*(Q), H*(Q) and H'(Q), respectively, and the vector-functions of
three-space variables fy € C([0,7];H} (@) and fy e L*(0,T;HY (€)) corresponding to the vector-
functions 7 = (fy) € C(I0,T]: (@) and F2 =(£2)e I(0.T;H’, (o)) are such that £ , £}, £, £
tendto f, f', f", f” in L’(0,7;L°(Q)), fy(0) tendsto £(0) in H*(Q), f{(0) tendsto £'(0) in H*(Q),
and f;,’g converges to f“ in the space I*(0,T;L*(Q)), as N, :rlrgliig{Ni,Ng} — o, then the two-
dimensional problem (12)-(14) posseses a unique solution and the sequences of vector-functions w(¢)
and functions ¢, (7) , restored from the solutions Wy (¢) and ’ v, (1) of the problem (12)-(14), tend to the

solutions u(¢) and 6(¢) of the original three-dimensional problem (7)-(9),

%(r) > ‘;::’ (t) in H'(Q), Vre[0,T],a=0,12,
wy(t) > u"(?) in L’(Q), Vvt e[0,T], as N — o,
wi —>u” in 7(0,T;H'(QY)),
w{ —>u? in (0, T;L*(Q)),
%(r)a%a) in H'(Q), Vte[0,T],8=0,1,
0> 0'(0) in 2(©Q),  Vel0,T], as N, — .
Sy, 20" in I’(0,T; H'(Q)),
V0" in I2(0,T; 1} (Q)),
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In addition, if d"w/dt" € L (0,T;(H' (Q))°), s, 25, 5, e N, r=1,2,3,4, u® e I’(0,T;(H"* (Q))"),
5524, 5,eN, d'0/dl e L(O,T;H (), 5?24, 57 eN, 7=0,1,2,3, 6 e 2(0,T; H'™ (),
723, s! eN, and u, e (H:"(Q) n(H*(Q), 5,28, u e(H(Q) n(HQ), 527,
0 € H (QNHY(Q), 5026, 6 eH> (QNH™(Q), §>5, 6,eH" (QnH*(Q),
§924, 5,,5,50.50.50 €N, 6, e HM(Q), d"f/dt’ € (0,T;(H,""(Q)), p=123, §.5,.5,>2,
§.,8,,8, €N, f(0)e(H*™(Q)', 5,24, f(0)e(H " (Q),5 23, (0)e(H *(Q), 5,22,
Sy55,,5, € N, then for appropriate initial conditions Wy,, Wy, s Ny 4 N1 4 Np2 o s v,3 and fN the

following estimate is valid

"

"ll ~—Wx "C([O,T];H'(Q)) + "ll' - w,N "C([O,T];H' ) + ”ll” ~Wx +

+[u” - w5

C([0,7T;H' () C([0,TLL7 (Q))

+u” —wZ +||u(4) -w +||9— +||¢9'— ' n
” N2 0,71 Q) N2 0,712 (@) 4"’9 (0,71 H' () gNH C([0.T];H' ()
1 SR
+er-¢n +er-¢» +|om-¢x <—o(T,Q,F,,h*,N,N
SN, CO.TEL () SN, 20.7:H' (@) Ne (L0, 7N, N,),

2(0,7;2(Q) s
( @ (N
h o . 6 .- 0 A 0 ~ ~ ~0 ~0 ~0 — — —
where s—mm{{nn}{si —1},s5,s0,1m11§{s/. —l,sf},s4,so—4,s1 -3,5, =3,8 —=2,8, —1,5,—2,5,—L35s,} and
<i< <j<3 -

o(T,Q,T,,h*,N,N,) >0, as N, —> .
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