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Constructing high-order accurate difference formulas is a crucial problem for obtaining high-
precision approximations to continuous problems in mathematical physics. The perturbation 
algorithm, which is used to implement finite-dimensional approximations of such problems, is 
designed to achieve certain level of accuracy. To formulate the algorithm in its general form, it is 
necessary to have a difference formulas in the general representation. This paper examines the 
method of undetermined coefficients, which provides difference formulas of arbitrary accuracy for 
the calculation of derivatives. A general form of the formula for multilayer schemes is presented, and 
some relationships between the coefficients of these formulas are also discussed. © 2024 Bull. Georg. 
Natl. Acad. Sci. 

difference formulas, coefficients of difference formulas, perturbation algorithm 

The Rothe method [1] (the method based on the discretization of a derivative with respect to a time variable) 
is one of the methods used to solve the Cauchy problem for an abstract evolutionary equation. In the work 
[2], the application of the perturbation algorithm to difference schemes for differential equations was 
considered. Using the perturbation algorithm, we solve the semi-discrete scheme for an approximate 
solution of the Cauchy problem for an evolutionary equation. By this algorithm, the considered scheme is 
reduced to two-layer schemes. An approximate solution to the original problem is constructed by means of 
the solutions of these schemes. Note that the first two-layer scheme gives an approximate solution to an 
accuracy of first order, whereas the solution of each subsequent scheme refines the preceding solution by 
one order. In the works [3,4] where a purely implicit three-layer [3] and four-layer [4] semi-discrete scheme 
for an evolutionary equation is reduced to two- layer [3] and three [4] two-layer schemes and the explicit 
estimates for the approximate solution error are proved in the Banach [3] and Hilbert [4] spaces under rather 
general assumptions about the problem data. An approximate solution to the original problem is constructed 
by solving these two-layer schemes. 
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The idea of generalizing the perturbation algorithm for multi-layer schemes leads us to the need to 
obtain a general form of a multi-layer difference scheme for the first derivative. 

We should agree with [5] that previously published methods to generate finite difference coefficients 
(e.g., references [6-10]) have been of considerable complexity. In the paper [5] the simple recursions are 
derived for calculating coefficients in compact finite difference formulas for any order of derivative and 
any order of accuracy on one-dimensional grids with arbitrary spacing. However, these algorithms were 
also quite complex for our purposes. 

This paper discusses one of the ways to obtain the coefficients of a multi-layer difference scheme for 
approximating the first derivative. The type of difference scheme obtained by proposed method will make 
it possible in the future to obtain a perturbation algorithm for a multi-layer semi-discrete scheme for the 
approximate the solution to the Cauchy problem for the evolution equation.  

Let us assume that ( )u t  is a sufficiently smooth function. Using the method of undetermined 

coefficients (see, e.g., [11]), we write the first derivative in the following form 

                                 ( ) ( ) ( ) ( ) ( )0 1 1 2 2 , ,
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k k k m k m k
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where ( , ) ( ) ,m
kR u Oτ τ= τ  is the grid step 1( ).k kt tτ −= −  

The coefficients kc  are to be determined from the assumption that formula (1) is exact when ( )u t is a 

polynomial of not higher than m -th degree, and this formula must be exact in each of the following cases: 
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After inserting these values of ( )u t in equation (1), we obtain a system of 1m +  linear equations with 
respect to ( )0, ,kc k m=    
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Rewrite the obtained system in the matrix-vector form 
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in which 
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It can be shown that 
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2det( ) ( ) ,
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+
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where ( ) ( ) ( )! 1 ! 2 ! 2!1!.F m m m m= − −    
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Taking into account that 1c A b−=  and view of the structure of the vector b , the formula 

                                                     2
1 , 1, , 1

det( )
k

k
A

c k m
A− = − = +                                                    (3) 

is valid, where 2kA  denote  algebraic complements of the matrix A . Note that for determining elements of 

the vector c , there is no need to determine all the elements of the adjoint matrix *A , it is enough to 
determine the values in elements of its second column. 

Further it is easy to prove that 

                                                                    
1

21 2
2

.
m

k
k

A A
+

=

= −∑                                                                  (4) 

The structure of the algebraic complements ( )2 2, , 1kA k m= +  is the same and we can show 
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From (4), (5) we have 
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Taking into account (2), (3), (5) and (6), for coefficients from (1) we obtain 
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As a result, equation (1) takes the following form 
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were ( ), , 0, , .i i i ia c u u t i mτ= = =   

As we already mentioned, having equality (8), we can formulate a perturbation algorithm for a general 
( )1m + -layer difference scheme. 

Below, we provide the Table of ia  coefficients for some l -layer schemes calculated by (7). 

At the end we prove one proposition. 
 

Proposition. Assume 0
ma  to be a coefficient of ku  (see (8)) for ( 1)m + -layer difference scheme. Then the 

equation 
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is valid. 
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Actually from (7) we have 
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If we denote 1n k= − then from (9) we have 
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It is obvious that 
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The Proposition is proved. 
 
Consequence. If 0

ma  is a coefficient of ku  (see (8)) for ( 1)m + -layer difference scheme. Then 0
ma  can be 

presented as the following sum 
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Table. The coefficients of l -layer schemes 

l-layer 𝑎𝑎0 𝑎𝑎1 𝑎𝑎2 𝑎𝑎3 𝑎𝑎4 𝑎𝑎5 𝑎𝑎6 𝑎𝑎7 𝑎𝑎8 
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მათემატიკა 

წარმოებულის გამოსათვლელი ნებისმიერი რიგის 
სიზუსტის  სხვაობიანი ფორმულების აგების ერთი 
მიდგომის შესახებ 
 

დ. გულუა 

საქართველოს ტექნიკური უნივერსიტეტი, გამოთვლითი მათემატიკის დეპარტამენტი, თბილისი, 
საქართველო 

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ) 

მაღალი რიგის სიზუსტის სხვაობიანი ფორმულების აგება მნიშვნელოვანი ამოცანაა მათემა- 
ტიკური ფიზიკის უწყვეტი ამოცანების მაღალი სიზუსტის მიახლოების მისაღებად. შეშფოთე- 
ბათა ალგორითმი, მათემატიკური ფიზიკის ამოცანების სასრულგანზომილებიანი აპროქსიმა- 
ციის რეალიზაციისათვის, გვაძლევს ამოცანის აპროქსიმაციას გარკვეული სიზუსტით. ალგო- 
რითმის ზოგადი სახით ფორმულირებისათვის საჭიროა სხვაობიანი ფორმულების წარმოდ- 
გენა ზოგადი სახით. ნაშრომში განხილულია უცნობ კოეფიციენტთა მეთოდი, რომელიც 
იძლევა წარმოებულისთვის ნებისმიერი სიზუსტის სხვაობიანი ფორმულის მიღების  საშუა- 
ლებას. მრავალშრიანი სქემისთვის ჩაწერილია ზოგადი ფორმულა, აგრეთვე მოყვანილია ზო- 
გიერთი ტოლობა ფორმულის კოეფიციენტებს შორის. 
  



On One Approach for Constructing Difference Formulas…  23 

Bull. Georg. Natl. Acad. Sci., vol. 18, no. 3, 2024 

REFERENCES 

1. Rothe E. (1931) Über die Wärmeleitungsgleichung mit nichtkonstanten Koeffizienten im räumlichen Falle. 
Math. Ann., 104(1): 340–354 (German). 

2. Agoshkov V. I., Gulua D. V. (1990) Algoritm vozmushenii dlia realizatsii konechnomernykh approksimatsii 
zadach. Preprint, 253. Akad. Nauk SSSR, otdel vychisl. mat.: 35p. (in Russian).  

3. Gulua D. V., Rogava J. L. (2016) On the perturbation algorithm for the semidiscrete scheme for the evolution 
equation and estimation of the approximate solution error using semigroups. Comput. Math. Math. Phys., 56(7): 
1269–1292. 

4. Rogava J., Gulua D. (2018) The perturbation algorithm for the realization of a four-layer semidiscrete solution 
scheme of an abstract evolutionary problem. Georgian Math. J., 25(1): 77-92. 

5. Fornberg B. (1988) Generation of finite difference Fformulas on arbitrarily spaced grids, Mathematics of 
Computation, 51(184): 699-706. 

6. Abramowitz M., Stegun I. A. (1964) Handbook of mathematical functions, National Bureau of Standards, Appl. 
Math. Series, 55: 470p. Washington, D.C.  

7. Cynar S. J. (1987) Using Gaussian elimination for computation of the central difference equation coefficients, 
Signum News (USA), 22: 12-19. 

8. Fornberg B. (1975) On a Fourier method for the integration of hyperbolic equations, SIAM J. Numer. Anal., 12: 
509-528. 

9. Keller H. B., Pereyra V. (1978) Symbolic generation of finite difference formulas, Math. Comp., 32: 955-971.  
10. Lakin W. D. (1986) Differentiating matrices for arbitrarily spaced grid points, Internat. J. Numer. Methods 

Engrg., 23: 209-218. 
11. Milne W. E. (1949) Numerical calculus. approximations, interpolation, finite differences, numerical integration, 

and curve fitting. Princeton University Press, Princeton, 408p. 

Received  August, 2024 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


