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Constructing high-order accurate difference formulas is a crucial problem for obtaining high-
precision approximations to continuous problems in mathematical physics. The perturbation
algorithm, which is used to implement finite-dimensional approximations of such problems, is
designed to achieve certain level of accuracy. To formulate the algorithm in its general form, it is
necessary to have a difference formulas in the general representation. This paper examines the
method of undetermined coefficients, which provides difference formulas of arbitrary accuracy for
the calculation of derivatives. A general form of the formula for multilayer schemes is presented, and
some relationships between the coefficients of these formulas are also discussed. © 2024 Bull. Georg.
Natl. Acad. Sci.

difference formulas, coefficients of difference formulas, perturbation algorithm

The Rothe method [1] (the method based on the discretization of a derivative with respect to a time variable)
is one of the methods used to solve the Cauchy problem for an abstract evolutionary equation. In the work
[2], the application of the perturbation algorithm to difference schemes for differential equations was
considered. Using the perturbation algorithm, we solve the semi-discrete scheme for an approximate
solution of the Cauchy problem for an evolutionary equation. By this algorithm, the considered scheme is
reduced to two-layer schemes. An approximate solution to the original problem is constructed by means of
the solutions of these schemes. Note that the first two-layer scheme gives an approximate solution to an
accuracy of first order, whereas the solution of each subsequent scheme refines the preceding solution by
one order. In the works [3,4] where a purely implicit three-layer [3] and four-layer [4] semi-discrete scheme
for an evolutionary equation is reduced to two- layer [3] and three [4] two-layer schemes and the explicit
estimates for the approximate solution error are proved in the Banach [3] and Hilbert [4] spaces under rather
general assumptions about the problem data. An approximate solution to the original problem is constructed

by solving these two-layer schemes.
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The idea of generalizing the perturbation algorithm for multi-layer schemes leads us to the need to
obtain a general form of a multi-layer difference scheme for the first derivative.

We should agree with [5] that previously published methods to generate finite difference coefficients
(e.g., references [6-10]) have been of considerable complexity. In the paper [5] the simple recursions are
derived for calculating coefficients in compact finite difference formulas for any order of derivative and
any order of accuracy on one-dimensional grids with arbitrary spacing. However, these algorithms were
also quite complex for our purposes.

This paper discusses one of the ways to obtain the coefficients of a multi-layer difference scheme for
approximating the first derivative. The type of difference scheme obtained by proposed method will make
it possible in the future to obtain a perturbation algorithm for a multi-layer semi-discrete scheme for the
approximate the solution to the Cauchy problem for the evolution equation.

Let us assume that u(¢) is a sufficiently smooth function. Using the method of undetermined

coefficients (see, e.g., [11]), we write the first derivative in the following form

du|

" =cu(t ) +eu(t, ) +eu(t,_,)+...+cu(t,_, )+ R, (.u), (1)
=t

where R, (7,u)=0(z"), T isthe grid step (r =¢, —¢,_,).
The coefficients ¢, are to be determined from the assumption that formula (1) is exact when u(¢)is a

polynomial of not higher than m -th degree, and this formula must be exact in each of the following cases:

u(t)zla M([):(l—tk), u(t):(t_tk)za u(t):(l_tk)ss cee s u(t):(t_tk)m'
After inserting these values of u(¢) in equation (1), we obtain a system of m+1 linear equations with

respect to ¢, (k=0,...,m)

l-¢g+1-¢,+1-c,+...+1-¢c, =0
O-cg+7-¢,+2r-c,+...+mr-c, =—1
O~(:0+rz~cl +(Q27)* ¢, +...+ (mr) c,=0
0-cy+7° ¢, +(27) ¢, +...+(mr) -c, =0

Rewrite the obtained system in the matrix-vector form

Ac=b,
in which
1 1 1 ... 1 C, 0
0 7 2t ... mt ¢ -1
0 2 (20)*... (mr) 0
40T e | e
0 77 Qor)...(m7) ¢, 0
0 " (20)"... (mr)" c, 0
It can be shown that
m(m+1)
det(A)y=7 2 F(m), 2)

where F(m) =m!(m—1)!(m—2)!...2!1!.
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Taking into account that ¢ = A™'» and view of the structure of the vector b, the formula

¢y = A , k=1,...,m+1 ?3)
det(4)

is valid, where 4,, denote algebraic complements of the matrix A . Note that for determining elements of
the vector ¢, there is no need to determine all the elements of the adjoint matrix A", it is enough to
determine the values in elements of its second column.

Further it is easy to prove that

m+1

A== Ay @)

k=2
The structure of the algebraic complements 4,, (k =2,...,m+1) is the same and we can show

(m+2)(mfl)
A2k:(_1)kr 2 MC}V?I k:29--'7m+19 (5)

(1) "

oo !

were C' = —>———.

LN
From (4), (5) we have

(m+2)(m-1) m+1

Ay =7 2 F(m)Z(—l)MﬁC;’I. (6)
k=2

Taking into account (2), (3), (5) and (6), for coefficients from (1) we obtain

co — T—l n (_1)k+l %C,]; ,
k=1 (7)
ck:(—l)kr’]%q’;, k=1,..,m.

As a result, equation (1) takes the following form

dul _auy +au,, tau . tau,
dt T

t=t,

+R, (r,u), ®)

were a, =7¢,,u; =u(t,),i=0,...,m.

As we already mentioned, having equality (8), we can formulate a perturbation algorithm for a general
(m+1) -layer difference scheme.

Below, we provide the Table of a, coefficients for some / -layer schemes calculated by (7).

At the end we prove one proposition.

Proposition. Assume a;' to be a coefficient of u, (see (8)) for (m +1) -layer difference scheme. Then the

equation

is valid.
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Table. The coefficients of 1 -layer schemes

I-layer a, a; a, asz a, as ag a; ag
3 3 2 1
2 2
4 11 3 3 1
6 2 3
5 25 -4 1 4 1
12 3 4
6 137 -5 5 10 5 1
60 3 4 5
7 49 -6 15 20 15 6 1
20 2 3 4 5 6
8 25929 -7 21 116667 35 21 11667 1429
10000 2 10000 4 5 10000 10000
9 27179 -8 14 186667 35 56 46667 11429 1
10000 10000 2 5 10000 10000 8
Actually from (7) we have
m+1 N 1 m N 1
at —ay =3 (1)t Y (-1) =k
= k = k
) R e (1) ©
k=1 k m+1
- k1 k-1 m2 1 w k1 -1
= -1) —=C 7 +(-1 —=> (-1) —=C .
If we denote n = k —1then from (9) we have
" —al =Y (-1 ——cr. (10)
=0 n+l1
It is obvious that
l 1
= J.x”dx.
n+l g
Then from (10) we have
m 1 m 1 1

a(')”+l —aq) = Z(—l)"C;J‘x"dx =

n=0 0

(—l)n C'x"dx = j(l —x)m dx=——
=0

n

oY S

The Proposition is proved.

Consequence. If a; is a coefficient of u, (see (8)) for (m +1)-layer difference scheme. Then a; can be

presented as the following sum
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0505000 M0l LOBMUEHOL Lb3sMdOBO BMMIMmYdOL 53985 86083690rmg560 58mEsbss dsogds-
3039960 30H0o3ol MFy39E 0 53mEs6900L 5o LoBlG oL dosbErmgdol dolswmgdsw. dgdxmog-
3505 5¢aMmMHomdo, 3507795¢039M0 oo 3ol 58m3sbgdols LsliGeemysbBmInmgdosbo s3Gmdlods-
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309600 GHMEMdS Mol 32980309639l FmMob.
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