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A goodness-of-fit test is constructed based on projection type estimates of distribution density. The
limiting power of the constructed goodness-of-fit test is stated for Pitman types of “close”
alternatives. © 2024 Bull. Georg. Natl. Acad. Sci.
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Let x(@ =(X1(i) ..... X(‘)), i=1...,p,beindependent samples of size n,n,,...,n,, from p (p=2)

general populations with distribution densities f,(x),..., f,(x). Let, further, L,(r) be the space of

functions with square-integrable measure 4, dx =r(x)dx and {(pi (x)} be complete orthonormal system
in this space.
Suppose that the desired density f; (X)L, (r), i=1..., p. Based on independent samples X,
i=1...,p, construct projection estimates for unknowns f, (%)
. 4 () _ L )
fi(x)= 2 5 (o (0. a5 (1)=—> e (X)),
j=1 i k=1 @
a;(x)=p;(x)r(x), 4(n)=o0(n;), i=1...,p.
Projection estimate of distribution density (1) was first introduced and studied by Chencov N. N. [1].
In the present paper, we consider the problem of testing the simple hypothesis, according to which

Hot fi(x)=fa(x)=-="f,(x)=fo(x),

(f, (x) is a given density function) against Pitman type “close” alternatives:

Hy: i (%)= fo (x)+a(no)yi (x),, )
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a(ny) =0, nO:min(n1 ..... np — o, J.y/, x) dx =0,
pi(x)el,(r), i=1..,p.

For testing this hypothesis, we consider criterion of testing hypothesis based on statistic [2]:

nl, o ) ZNJ[ %Zp:Njfj(x)] r(x)dx,

Ni=—, i=1....,p, N=Nj+-+N,

®)

describing the mutual deviation of estimates ﬂ (x) i=1...,p, from each other. In particular case, when
p =2 the statistic T takes more explicit form

T(nl,nz):%j[ﬁ(x)_ ()] r(xax.

This particular case was considered in [3].

Let us consider the question about the limiting law of the distribution of statistic (3) for the hypo-
thesis H;, when n; tends to infinity so that n; =nk;, where n—o and k; are constants. Let

Jy =2y =-=2,=4(n), where A(n)—>o0 as n— .

Assumptions: r(X)e; (X), j=1,2,..., have bounded variations V<o, r(x)f,(x), r(x)w;(x)

are bounded, and r( ) is integrable.

Notations:

n
:anaf X)dx, 4, =A(n),

1=

: f0>=%§§(f (), () oK)

i=1 j=1
n
Ko (x¥)= D 0 (x)o; (y)r(y).
i=1
p
dy =Y Vi, @ =suplp (x),
= X
= J' J.K it ) Ky (ttg )+ Koy () o (1) Fo (0 )1 (1)1 () iy -ty
The following is true.
Theorem. Let An(f0)=y(f0)+0(l;]/2), Gﬁ(f0)=0'2(f0)+0(/1{]/2) as n —oo and forall m =3,

Qu(m)=A4"'s, (m)=0(1), n—>ox..
Then if there is such a 0 < ¢, <1 that

n¥d,Inn—0, a,dZ >0 (o, =a(ny))
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for 4, =n°, 0<5<6, and &, =n®2/*  then for the alternative H,
a2 (Ty = 10)— > N(A(y),08),

where

d denotes the convergence in distribution and N (a,bz) — normally distributed random variable with

mathematical expectation a and variance b?.

Corollary 1. Let

>
—_

fo)=u(fo)+0(4¥2),

2(f0)+o(/1n‘]/2) as n— oo,

q
=AN)
—~
—h
o
~
Il
Q

and forall m>3

Qn (m) = ﬂnm_lsn (m) = O(l).

d,Inn
Jn

then random variable 1%2 (T, — ) for the hypothesis H, has normal distribution N (0,05) [2].

— 0,

Based on corollary, we can construct criterion for testing hypothesis H,. Critical domain for testing

this hypothesis can be established by the inequality

T,>d,(a), 4)
where d,, (@)= uo + 4200, €, €, isthe quantile of the level 1~ (0<a <1) of astandard normal
distribution ®(x) .

a !

Corollary 2. Under conditions of theorem local behavior of the power P (Tn >d, (a)) is as follows

Py, (T, = d, (a))—)l—cb[ga _%‘:)j,

where

Aly)= ikij‘[l//i (X)_kizp;,kj‘/’j (X)} r(x)dx,

K=k +ky+--+kp, p=2.
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It should be noted that criterion (4) for testing hypothesis H, against alternatives type (2) is
asymptotically strictly unbiased, since A(y)>0, and is equal to 0 if and only if

va(X) =y (x) = =wp ().

Example. Let —7 < Xl(i) <z i=l..,p and ¢;(x), j=12,..., —system of trigonometric functions on

-1/2+65/4

; . d,Inn
[-7,7]. Itiseasy tosee d, =O(/1nz). The conditions —"— — 0, «,d? —»0 for 4, =n°, @, =n

Jn
. 2
aremetif 0<d<dy=—
17
Further, assuming that f;(x) is bounded and use the method of proving of Theorem 3.9 from [4: 151],

we get

f¢ (x) dx+0 ( J

|Qq (m |<%( 2)' m2

and L, O 477%1n A, — Lebesgue constant [4]. In this case critical domain (4) will be

z y2
z(p—l).iJr[Z(p—l)]l/2 £, Y2 [%I f () dx] :

-
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