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We consider some path-dependent Brownian functionals and derive constructive formulas for the
stochastic integral representation. The class of functionals under consideration is not stochastically
(in Malliavin sense) smooth, and both the well-known Clark-Ocone formula (1984) and its genera-
lization, the Glonti-Purtukhia formula (2017), are inapplicable to them. Here, we use a certain modi-
fication of the earlier generalization of the Clark-Ocone formula by Jaoshvili-Purtukhia (2005) and
derive a stochastic integral representation with an explicit form of the integrands. © 2025 Bull. Georg.
Natl. Acad. Sci.

Brownian functional, Malliavin derivative, stochastic integral representation, martingale representation,
Clark—Ocone formula

Auxiliary Concepts and Results

The question of representing Brownian functionals as a stochastic It6 integral with an explicit form of the
integrand is investigated. In general, the representation of one martingale as a stochastic integral with
respect to another martingale, when the martingale is adapted with respect to the natural flow of the o-
algebras of the last martingale, is called a martingale representation. The Martingale Representation
Theorem (MRT) provides a powerful framework for understanding and manipulating stochastic processes
driven by Brownian motion. It has profound implications across various fields, including finance, physics,
and engineering, by providing a deeper understanding of the relationship between martingales and the
driving Brownian motion.

On the other hand, it is known that the It6 stochastic integral as a process under certain conditions on
the integrand is a martingale with respect to the natural flow of o-algebras of Brownian motion. The

question naturally arises whether the opposite is true: can any martingale with respect to the natural flow

© 2025 Bull. Georg. Natl. Acad. Sci.
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of o-algebras of Brownian motion be represented as a stochastic It6 integral? The well-known theorem of
Clark [1] gives a positive answer to this question (which is a particular case of solving the martingale
representation problem).

It should be noted that finding an explicit expression for the integrand ¢(¢,®) is a very difficult task.
In this direction, one general result is known, called the Clark-Ocone formula [2], which is a powerful result
in stochastic calculus, giving a representation for square-integrable functionals of Brownian motion in the
form of stochastic integrals.

The Clark-Ocone representation has numerous applications in various fields: It plays a crucial role in
option pricing, hedging, and portfolio optimization; It is used to solve optimal control problems where the
underlying system is driven by Brownian motion; It can be applied to signal processing problems to derive
optimal filters for estimating signals corrupted by noise.

According to the Clark-Ocone formula ¢@(t,w)=E [D,F |3, ](a)), where D F is the so-called

stochastic Malliavin derivative of the functional F under consideration. The Malliavin derivative is a
concept from Malliavin calculus, which is a differential calculus on Wiener space. It provides a way to

differentiate functionals of Brownian motion.
Let a Brownian Motion B =(B,), t<[0,T] be given on a probability space (Q,J,P), and let

3, =3/ =0{B, :0<u<t}. The stochastic derivative (derivative in the Malliavin sense) of a smooth

random variable F = f (B,l »B, ... B, )( feCr, t e[0T ]) is defined as a random process D,F" defined
by the relation (see, [3])

D,F = Zn“g(B B,...B, )I[O,ti](t) .

Ho 0
= ox;

D is closable as an operator from L, () to L, (Q; L, ([0, T])) . Denote its domain of definition by D, ,.

This means that D, , is equal to the closure of the class of smooth random variables in the norm

12
| F [l 2= {E[F2]+E[H DF qu([oﬂ)J}

Theorem 1 (see [2]). If F' is differentiable in the sense of Malliavin, F € D,,, then the following

stochastic integral representation holds

F= E[F]+IOTE[D,F 15,]dB, (P -as.).

Shiryaev and Yor [4] and Graversen, Shiryaev and Yor [5] proposed another method for finding the
integrand based on the It6 formula and Levy’s theorem for the Levy martingale M, = E [F | St] associated

with the considered functional F (as F they considered the so-called “maximal” type functionals of
Brownian Motion).

Later, using the Clark-Ocone formula, Renaud and Remillard [6] established an explicit martingale
representation for Brownian functionals, which also depend on the trajectory (in particular, here F is a
continuously differentiable function of three smooth quantities: from the Brownian Motion with drift and
processes of its maximum and minimum).

Further, it turned out that the requirement for the smoothness of a functional can be weakened by the

requirement for the smoothness of only its conditional mathematical expectation. It is known that if a
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random variable is stochastically differentiable in the sense of Malliavin, then its conditional mathematical
expectation is also differentiable.

Glonti and Purtukhia (2017) generalized the Clark-Ocone formula to the case when the functional is not
stochastically smooth, but its conditional mathematical expectation is stochastically differentiable, and
proposed a method for finding the integrand.

Theorem 2 (see [7]). Assume that g, = F [F | St] is a Malliavin differentiable functional ( g()eD, )

for almost all ¢ [O,T ) . Then the following stochastic integral representation is valid:
T
g =F= E[F]+j0 v,dB, (P-as.),

where

v, =1tiTr}1E[Dug, |3,] in L, ([0,T]xQ).

Here we consider some path-dependent Brownian functionals and derive constructive formulas for the
stochastic integral representation. The considered class of functionals is not stochastically smooth, and both
the well-known Clark-Ocone formula (1984) and its generalization, the Glonti-Purtukhia formula (2017),
are not applicable to them. Here we use a certain modification of the earlier Jaoshvili-Purtukhia (2005)

generalization of the Clark-Ocone formula, according to which the following result is valid.

Theorem 3 (see [8]). Let f and its generalized derivative df be a square-integrable functions with weight

2
function exp {—x—} and & € D, ,, then the following stochastic integral representation is valid:
2 ’

(&)= E[f(g)}tj'oTE[af(f)D,é |3, ]dB, (P -as.).

In addition, we needed two technical results about ordinary integrals, which are obviously moments of
the standard normal distribution in the case of a complete space (a = —oo).

Proposition 1. For any real number a and non-negative integer n >0 we have

NS e 2n—1 %1,
%J‘xhexp{—?}dx:(o(a);ﬁ +(2n-1)[1-D(a)],

where @ is the standard normal distribution function and ¢ is 1its density function,
(2n—1)!!:= 1~3---(2n—1), (-pn=1.
Proof. To verify the proposition, we will use the method of mathematical induction. For n =1, using the

formula of integration by parts, it is obvious that

ﬁ +fx2exp{—§}dx=— Nerd) j xd(exp{_éﬂz

= —%exp {—%} [ +ﬁ J. exp {—%}dx =ap(a)+1-D(a).

Now suppose that this relation is true for 72 and check that it is also true for 7+ 1. Again, thanks to

the integration by parts formula, it is easy to see that

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 1, 2025
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+00

2 0 2
;”J' 2(n+1) exp{—?}dx—— J‘xznﬂd[exp{_%}j:
N P a P12 \/27Z P12

8’; 3” T @n-nN[1- CD(a)]}

+(2n+ 1){(o(a)z

n+l 2 1
=p(a )ZEZZJFSH T+ @2+ DI[1- ().

By that, the proof of proposition is complete.
In the same way, the validity of the following proposition is verified.

Proposition 2. For any real number @ and natural n we have

=L (2n=2)!!

1 + an 2k
Nral exp{‘—}d =@ e

where (2n)!!'=2-4---(2n), (0)!1:=1.
Stochastic integral representation. For any non-negative integer n, consider the following path-

dependent Brownian functional:

F(n)= U BstJ ) .

Let us denote F(n)=[F(n)]" and F~(n):=[F(n)] .

Theorem 4. For any non-negative integer 7 the following stochastic integral representation is valid:

B,,

2n T
o N ek ko 20k T+
F*(n)=E[F (n)]+(2n+1)kzz(:)J0.(T NGy, o ™" I (o,n) |,7=J‘(;(T—s)d35

where

oo 2521 2]

o) (@)

ooy o 21

Proof. Using the formula for integration by parts, we can write

T T T T
[ B.ds =B, |; ~[ sdB, =TB, - [ sdB, = [(T ~s)dB, .
0 0 0 0

Hence, it’s obvious that
T
jT s)dB, ~ N(0.T%3)
0

and

JC(T—s)dBS ~ N(O,(T—t)3/3):= N(0.07).
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Explicit Stochastic Integral Representation of Path-Dependent ... 11

According to Theorem 3, using the well-known properties of the Malliavin derivative (see [9]), it is not
difficult to see that

T T 2n T
go*(t,a)):E{aF"(n)D,(J.Bsds)S,}:E 1|T (2n+1)[J‘Bsds] -J.I[O,S](t)ds|5t =
0 0

0 J'BAdsJ >0
0

[(r=s)dB,>0
0

=(2n+1)(T -1)E I{, }(!(T—s)st} |3, |=(2n+1)(T -1)x

xE| I,
{J’ (T—s)dB, +j(T 5)dB, >0}

|-

2n
[(T sdB+jT sdB] K

Further, thanks to the well-known properties of conditional mathematical expectation, using the Newton
binomial formula and the values of the moments of the normal distribution, it is not difficult to establish
that

¢ (t,w)=(2n+1)(T—t)E [{}(T_lv)dgﬁ_y}G(T—s)de+yJ2" |} 1 =

t

(2”+1)( ) o [ X2 ~
7o rz;'czny '[ ,x P T 20? d |_V:J.(1(T—s)dBj -

-y

=(2n+1)(T-1) ZC;,, 1 ( ”"’y)‘,r

b
y= O(T—s)dBj

where

+00 2
I, (r,O',y)I=ﬁ I x’ exp{—%}dx.

-ylo

On the other hand, from Proposition 1 and 2, for any natural » we have

+ — 1 2r-1 x’ _
]2»1(2”_1’O'J)-—E j b exp{—?}dx_

()5 ) R )

and

Using similar arguments, the following result is proven.
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Theorem 5. For any non-negative integer n the following stochastic integral representation is valid:

F(n)= E[F~ ()]~ @0+ ) (T -0)Chio* v I (o,

k=0 ¢

L, (o,y)= [ ]kzi 2(1«21)?'”(;] ,
I (o.y)=(2k —1)!{1—@(%}}%%)2 ((22/;_—11))!!!!(_921'1 .

Combining Theorems 4 and 5, we obtain the following result.

dB,,

) |y:J.;(T—s)dB\

where

Theorem 6. For any non-negative integer n the following stochastic integral representation is valid:

|F(n) = E|F (n)|+(2n+1 zzj r-0c,en" I (o) . dB,,

t
pards =[(7-s)aB,

where

Iy (0.y)= 240(%)2%(0] ’

12k(a,y):=(2k—1)!{2qn[2j 1}2;0( ji ( Z_jw.

Corollary 2.1. The following stochastic integral representation is true

:G\/%+_1‘(T—t){2®(éj:(T—s)stJ—l}dB,.

T
_[Bsds
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