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Introduction 
Rellich's classical inequality states that if 𝑢𝑢 ∈ 𝐶𝐶0∞(𝑹𝑹𝑑𝑑\{0}) and 2,d ≠  then 

𝑑𝑑2(𝑑𝑑−4)2

16 ∫ |𝑢𝑢(𝑥𝑥)|2

|𝑥𝑥|4
𝑑𝑑𝑑𝑑 ≤ ∫ |𝛥𝛥𝑢𝑢(𝑑𝑑)|2𝑑𝑑𝑑𝑑𝑹𝑹𝑑𝑑𝑅𝑅𝑑𝑑  , 

and the constant 𝑑𝑑2(𝑑𝑑 − 4)2/16 is sharp. This inequality was announced by Rellich in 1954 [1]. When 
2d =  the inequality still holds but only for a restricted class of functions [2]. 

For further progress regarding Rellich-type inequalities in the classical Lebesgue spaces we refer e.g., 
to [2-4], and references cited therein. 

In [5], the authors established the one-dimensional multilinear Rellich inequality: 

�∫ 𝑤𝑤�𝛿𝛿(𝑑𝑑)�|∏ 𝑢𝑢𝑘𝑘(𝑑𝑑)𝑚𝑚
𝑘𝑘=1 |𝑞𝑞𝑑𝑑𝑑𝑑𝑏𝑏

𝑎𝑎 �
1
𝑞𝑞 ≤ 𝐶𝐶 ∏ ‖𝑢𝑢𝑘𝑘″‖𝐿𝐿𝑝𝑝𝑘𝑘(𝑎𝑎,𝑏𝑏)

𝑚𝑚
𝑘𝑘=1 , 𝑢𝑢𝑘𝑘 ∈ 𝐶𝐶02(𝑎𝑎, 𝑏𝑏),  𝑘𝑘 = 1, … ,𝑚𝑚, 

with a positive function w  on (0, 𝑏𝑏 − 𝑎𝑎), m  is a positive integer, 𝛿𝛿(𝑑𝑑) = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑑𝑑 − 𝑎𝑎, 𝑏𝑏 − 𝑑𝑑} is the distance 
function on (𝑎𝑎, 𝑏𝑏). 

Our aim is to establish weighted higher-dimensional Rellich and Hardy differential inequalities:  

�� 𝑣𝑣(𝑑𝑑) ��𝑢𝑢𝑘𝑘(𝑑𝑑)
𝑚𝑚

𝑘𝑘=1

�
𝑞𝑞

𝑑𝑑𝑑𝑑
𝐺𝐺

�

1
𝑞𝑞

≤ 𝐶𝐶� ��𝑤𝑤𝑘𝑘(𝑑𝑑)�𝛥𝛥𝐺𝐺𝑢𝑢𝑘𝑘�
𝑝𝑝𝑘𝑘𝑑𝑑𝑑𝑑

𝐺𝐺
�

1
𝑝𝑝𝑘𝑘 

𝑚𝑚

𝑘𝑘=1
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and 

�� 𝑣𝑣(𝑑𝑑) ��𝑢𝑢𝑘𝑘(𝑑𝑑)
𝑚𝑚

𝑘𝑘=1

�
𝑞𝑞

𝑑𝑑𝑑𝑑
𝐺𝐺

�

1
𝑞𝑞

≤ 𝐶𝐶���𝑤𝑤𝑘𝑘(𝑑𝑑)|𝛻𝛻𝐺𝐺𝑢𝑢𝑘𝑘|𝑝𝑝𝑘𝑘𝑑𝑑𝑑𝑑
𝐺𝐺

�

1
𝑝𝑝𝑘𝑘

𝑚𝑚

𝑘𝑘=1

, 

where 𝑣𝑣 is a general weight, and 𝑤𝑤𝑘𝑘 are power-type weights.  
The problem is studied on nilpotent Lie groups but the results are new even for the Abelian (Euclidean) 

case, and the Heisenberg groups 𝐺𝐺 = 𝑯𝑯𝑛𝑛.  
Now we recall definitions and some of the main properties of (stratified) homogeneous groups [6-10]. 
 

Definition 1.1. A Lie group (on 𝑹𝑹𝑑𝑑) 𝐺𝐺 is said to be homogeneous if there is a dilation 𝐷𝐷𝜆𝜆(𝑑𝑑) such that 

𝐷𝐷𝜆𝜆(𝑑𝑑): = (𝜆𝜆𝜐𝜐1𝑑𝑑1, … , 𝜆𝜆𝜐𝜐𝑑𝑑𝑑𝑑𝑑𝑑), 𝜐𝜐1, … , 𝜐𝜐𝑑𝑑 > 0, 𝐷𝐷𝜆𝜆:𝑹𝑹𝑑𝑑 → 𝑹𝑹𝑑𝑑, 

which is an automorphism of the group 𝐺𝐺 for each 𝜆𝜆 > 0. Throughout this paper we use the notation xλ  
for the dilation 𝐷𝐷𝜆𝜆(𝑑𝑑). The number 𝑄𝑄: = 𝜐𝜐1 + ⋯+ 𝜐𝜐𝑑𝑑 is called the homogeneous dimension of 𝐺𝐺 (in the 
Euclidean case we have 𝑄𝑄 = 𝑑𝑑). A homogeneous quasi-norm on 𝐺𝐺 is a continuous non-negative function 
𝑟𝑟:𝐺𝐺 → [0,∞) such that 

i) 𝑟𝑟(𝑑𝑑) = 𝑟𝑟(𝑑𝑑−1) for all 𝑑𝑑 ∈ 𝐺𝐺, 
ii) 𝑟𝑟(𝜆𝜆𝑑𝑑) = 𝜆𝜆𝑟𝑟(𝑑𝑑) for all 𝑑𝑑 ∈ 𝐺𝐺 and 𝜆𝜆 > 0, 
iii) 𝑟𝑟(𝑑𝑑) = 0 if and only 𝑑𝑑 = 0. 

The quasi-ball centred at 𝑑𝑑 ∈ 𝐺𝐺 with radius 𝑅𝑅 > 0 is defined by 

𝐵𝐵(𝑑𝑑,𝑅𝑅): = {𝑦𝑦 ∈ 𝐺𝐺: 𝑟𝑟(𝑑𝑑−1𝑦𝑦) < 𝑅𝑅}. 

A homogeneous group is necessarily nilpotent, and the Haar measure on 𝐺𝐺 coincides with the Lebesgue 
measure; we will denote it by dx . If |𝐸𝐸| denotes the measure of a measurable set 𝐸𝐸 ⊂ 𝐺𝐺, then 

|𝐷𝐷𝜆𝜆(𝐸𝐸)| = 𝜆𝜆𝑄𝑄|𝐸𝐸|    and ∫ 𝑓𝑓(𝜆𝜆𝑑𝑑)𝑑𝑑𝑑𝑑𝐺𝐺 = 𝜆𝜆−𝑄𝑄 ∫ 𝑓𝑓(𝑑𝑑)𝑑𝑑𝑑𝑑𝐺𝐺 . 

Hence, we have that the Haar measure of the quasi-ball has the following property: there is a constant 
1A ≥  such that 

𝐴𝐴−1𝑅𝑅𝑄𝑄 ≤ |𝐵𝐵(𝑑𝑑,𝑅𝑅)| ≤ 𝐴𝐴𝑅𝑅𝑄𝑄. 

A homogeneous group with the quasi-norm ( )r ⋅  and Haar measure 𝑑𝑑𝑑𝑑 is an example of a quasi-metric 

measure space with a doubling measure, which is also called a space of homogeneous type (SHT briefly). 
Let us now recall the definition of a homogeneous stratified group (or homogeneous Carnot group). 

These form an important class of homogeneous groups. We refer, e.g., to [6,7,9]. 
 

Definition 1.2. A Lie group 𝐺𝐺 = (𝑹𝑹𝑑𝑑, °), is called a homogeneous stratified group if the following 
conditions hold: 

i) the decomposition 𝑹𝑹𝑑𝑑 = 𝑹𝑹𝑑𝑑1 × ⋯× 𝑹𝑹𝑑𝑑𝑠𝑠  is valid for some natural numbers 1, , sd d  with 

1 sd d d+ + = ; the dilation 𝛿𝛿𝜆𝜆:𝑹𝑹𝑑𝑑 → 𝑹𝑹𝑑𝑑 given by 

𝛿𝛿𝜆𝜆(𝑑𝑑) ≡ 𝛿𝛿𝜆𝜆�𝑑𝑑(1), … , 𝑑𝑑(𝑠𝑠)�: = �𝜆𝜆𝑑𝑑(1), … , 𝜆𝜆𝑠𝑠𝑑𝑑(𝑠𝑠)�, 𝑑𝑑(𝑘𝑘) ∈ 𝑹𝑹𝑑𝑑𝑘𝑘, 𝑘𝑘 = 1, … , 𝑠𝑠, 

is an automorphism of the group 𝐺𝐺 for every 𝜆𝜆 > 0. 
ii) If 𝑑𝑑1 is as in (a) and 𝑋𝑋1, … ,𝑋𝑋𝑑𝑑1  are the left-invariant vector fields on 𝐺𝐺 such that 𝑋𝑋𝑘𝑘(0) = 𝜕𝜕

𝜕𝜕𝑥𝑥𝑘𝑘
�
0
 for 

𝑘𝑘 = 1, … ,𝑑𝑑1, then 



Weighted Multilinear Rellich and Hardy Inequalities…  9 

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 2, 2025 

𝑟𝑟𝑎𝑎𝑚𝑚𝑘𝑘�𝐿𝐿𝑚𝑚𝐿𝐿�𝑋𝑋1, … ,𝑋𝑋𝑑𝑑1�� = 𝑑𝑑, 

for every 𝑑𝑑 ∈ 𝑹𝑹𝑑𝑑. In another words, the iterated commutators of 𝑋𝑋1, … ,𝑋𝑋𝑑𝑑1  span the Lie algebra of 𝐺𝐺. 
In the sequel, by the symbol 

𝛻𝛻𝐺𝐺: = �𝑋𝑋1, … ,𝑋𝑋𝑑𝑑1� 

we denote the horizontal gradient on 𝐺𝐺. Hence, the sub-Laplacian on (homogeneous) stratified groups is 
determined by the formula 

𝛥𝛥𝐺𝐺: = 𝛻𝛻𝐺𝐺 ⋅ 𝛻𝛻𝐺𝐺  

In general, a Lie group is called stratified if it is a connected and simply-connected Lie group whose 
Lie algebra is stratified. Any (abstract) stratified group is isomorphic to a homogeneous one. 

We will assume that G is a stratified homogeneous group. 
A locally integrable a.e. positive function on 𝐺𝐺 is called a weight. For a weight function 𝑤𝑤, we denote 

by 𝐿𝐿𝑤𝑤
𝑝𝑝 (𝐺𝐺), for 1 < 𝑝𝑝 < ∞, the weighted Lebesgue space defined with respect to the standard norm 

‖𝑓𝑓‖𝐿𝐿𝑤𝑤𝑝𝑝 (𝐺𝐺): = �∫ |𝑓𝑓(𝑑𝑑)|𝑝𝑝𝑤𝑤(𝑑𝑑)𝑑𝑑𝑑𝑑𝐺𝐺 �
1
𝑝𝑝. 

If 𝑤𝑤 is a constant, then 𝐿𝐿𝑤𝑤
𝑝𝑝 (𝐺𝐺) will be denoted by 𝐿𝐿𝑃𝑃(𝐺𝐺). 

Two-weight one-dimensional Rellich inequalities were derived in [11] in the linear case. 
In the sequel we will use the notation 

1
𝑝𝑝

: = ∑ 1
𝑝𝑝𝑘𝑘

𝑚𝑚
𝑘𝑘=1 . 

 
Main Results 

Now we formulate the main results of this note: 
 

Theorem 1. (Weighted Rellich Inequality). Let 𝐺𝐺 be a stratified homogeneous group with homogeneous 
norm 𝑟𝑟(𝑑𝑑) and homogeneous dimension 𝑄𝑄 > 2. Let 𝑄𝑄

2
< 𝑚𝑚𝑚𝑚𝑚𝑚{𝑝𝑝1 , … , 𝑝𝑝𝑚𝑚} ≤ 𝑚𝑚𝑎𝑎𝑑𝑑{𝑝𝑝1, … ,𝑝𝑝𝑚𝑚} ≤ 𝑞𝑞 < ∞. 

Suppose that 2𝑝𝑝𝑖𝑖 − 𝑄𝑄 < 𝛽𝛽𝑖𝑖 < 𝑄𝑄(𝑝𝑝𝑖𝑖 − 1), 1, ,i m=  . Let v  be a weight function on 𝐺𝐺. Then the condition 

𝑠𝑠𝑢𝑢𝑝𝑝
𝑘𝑘∈ℤ

�� 𝑣𝑣(𝑑𝑑)𝑑𝑑𝑑𝑑
𝐵𝐵�0,2𝑘𝑘+1�\𝐵𝐵�0,2𝑘𝑘�

�

1
𝑞𝑞

2
𝑘𝑘�2𝑚𝑚−𝑄𝑄𝑝𝑝−∑

𝛽𝛽𝑗𝑗
𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 �

< ∞ 

implied the following inequality 
‖∏ 𝑢𝑢𝑘𝑘𝑚𝑚

𝑘𝑘=1 ‖𝐿𝐿𝑣𝑣𝑞𝑞(𝐺𝐺) ≤ 𝐶𝐶∏ ‖𝛥𝛥𝑢𝑢𝑘𝑘‖𝐿𝐿𝑟𝑟(𝑥𝑥)
𝑝𝑝𝑘𝑘 (𝐺𝐺)

𝑚𝑚
𝑘𝑘=1 , 𝑢𝑢𝑘𝑘 ∈ 𝐶𝐶0∞(𝑹𝑹𝑑𝑑,𝑹𝑹), 𝑘𝑘 = 1, … ,𝑚𝑚, 

with the positive constant 𝐶𝐶 independent of 𝑢𝑢𝑘𝑘, 𝑘𝑘 = 1, … ,𝑚𝑚. 
 

Theorem 2. (Weighted Hardy Inequality). Let 𝐺𝐺 be a stratified homogeneous group. Let 𝑄𝑄 <
𝑚𝑚𝑚𝑚𝑚𝑚{𝑝𝑝1, … , 𝑝𝑝𝑚𝑚} ≤ 𝑚𝑚𝑎𝑎𝑑𝑑{𝑝𝑝1, … , 𝑝𝑝𝑚𝑚} ≤ 𝑞𝑞 < ∞. Suppose that 𝑝𝑝𝑖𝑖 − 𝑄𝑄 < 𝛽𝛽𝑖𝑖 < 𝑄𝑄(𝑝𝑝𝑖𝑖 − 1), 1, ,i m=  . Let v  

be a weight function on 𝐺𝐺. Then the condition 

𝑠𝑠𝑢𝑢𝑝𝑝
𝑘𝑘∈ℤ

�� 𝑣𝑣(𝑑𝑑)𝑑𝑑𝑑𝑑
𝐵𝐵�0,2𝑘𝑘+1�\𝐵𝐵�0,2𝑘𝑘�

�

1
𝑞𝑞

2
𝑘𝑘�𝑚𝑚−𝑄𝑄𝑝𝑝−∑

𝛽𝛽𝑗𝑗
𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 �

< ∞ 

implied the following inequality 
‖∏ 𝑢𝑢𝑘𝑘𝑚𝑚

𝑘𝑘=1 ‖𝐿𝐿𝑣𝑣𝑞𝑞(𝐺𝐺) ≤ 𝐶𝐶∏ ‖𝛻𝛻𝐺𝐺𝑢𝑢𝑘𝑘‖𝐿𝐿
𝑟𝑟(𝑥𝑥)𝛽𝛽𝑘𝑘
𝑝𝑝𝑘𝑘 (𝐺𝐺)

𝑚𝑚
𝑘𝑘=1 , 𝑢𝑢𝑘𝑘 ∈ 𝐶𝐶0∞(𝑹𝑹𝑑𝑑 ,𝑹𝑹), 𝑘𝑘 = 1, … ,𝑚𝑚, 



10 David E. Edmunds, Alexander Meskhi 

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 2, 2025 

with the positive constant C independent of ,  1, , .ku k m=   

As a special case we have the following statements with power weights: 
 

Theorem 3. (Weighted Rellich Inequality with power weights). Let 𝐺𝐺 be a stratified homogeneous group 
with homogeneous dimension 𝑄𝑄 > 2. Let 𝑄𝑄

2
< 𝑚𝑚𝑚𝑚𝑚𝑚{𝑝𝑝1, … , 𝑝𝑝𝑚𝑚} ≤ 𝑚𝑚𝑎𝑎𝑑𝑑{𝑝𝑝1, … , 𝑝𝑝𝑚𝑚} ≤ 𝑞𝑞 < ∞. Suppose that 

2𝑝𝑝𝑖𝑖 − 𝑄𝑄 < 𝛽𝛽𝑖𝑖 < 𝑄𝑄(𝑝𝑝𝑖𝑖 − 1), 𝑚𝑚 = 1, … ,𝑚𝑚, and that 𝛾𝛾 = 𝑞𝑞 �∑
𝛽𝛽𝑗𝑗
𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 � − 2𝑚𝑚𝑞𝑞 + 𝑞𝑞𝑄𝑄

𝑝𝑝
− 𝑄𝑄. Then there exists a 

positive constant C  such that for all 𝑢𝑢𝑘𝑘 ∈ 𝐶𝐶0∞(𝑹𝑹𝑑𝑑 ,𝑹𝑹), 1, , .k m=   the inequality 

��𝑢𝑢𝑘𝑘

𝑚𝑚

𝑘𝑘=1

�
𝐿𝐿𝑟𝑟(𝑥𝑥)𝛾𝛾
𝑞𝑞 (𝐺𝐺)

≤ 𝐶𝐶�‖𝛥𝛥𝐺𝐺  𝑢𝑢𝑘𝑘‖𝐿𝐿
𝑟𝑟(𝑥𝑥)𝛽𝛽𝑘𝑘
𝑝𝑝𝑘𝑘 (𝐺𝐺)

𝑚𝑚

𝑘𝑘=1

 

holds. 
 

Theorem 4. (Weighted Hardy Inequality with power weights). Let 𝐺𝐺 be a stratified homogeneous group. 
Let 𝑄𝑄 < 𝑚𝑚𝑚𝑚𝑚𝑚{𝑝𝑝1, … , 𝑝𝑝𝑚𝑚} ≤ 𝑚𝑚𝑎𝑎𝑑𝑑{𝑝𝑝1 , … , 𝑝𝑝𝑚𝑚} ≤ 𝑞𝑞 < ∞. Suppose that 𝑝𝑝𝑖𝑖 − 𝑄𝑄 < 𝛽𝛽𝑖𝑖 < 𝑄𝑄(𝑝𝑝𝑖𝑖 − 1), 𝑚𝑚 =
1, … ,𝑚𝑚, and that 𝛾𝛾 = 𝑞𝑞 �∑

𝛽𝛽𝑗𝑗
𝑝𝑝𝑗𝑗

𝑚𝑚
𝑗𝑗=1 � − 𝑚𝑚𝑞𝑞 + 𝑞𝑞𝑄𝑄

𝑝𝑝
− 𝑄𝑄. Then there exists a positive constant C  such that for 

all 𝑢𝑢𝑘𝑘 ∈ 𝐶𝐶0∞(𝑹𝑹𝑑𝑑 ,𝑹𝑹), 1, , .k m=   the inequality 

��𝑢𝑢𝑘𝑘

𝑚𝑚

𝑘𝑘=1

�
𝐿𝐿𝑟𝑟(𝑥𝑥)𝛾𝛾
𝑞𝑞 (𝐺𝐺)

≤ 𝐶𝐶�‖𝛻𝛻𝐺𝐺𝑢𝑢𝑘𝑘‖𝐿𝐿
𝑟𝑟(𝑥𝑥)𝛽𝛽𝑘𝑘
𝑝𝑝𝑘𝑘 (𝐺𝐺)

𝑚𝑚

𝑘𝑘=1

 

holds.  
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მათემატიკა 

წონიანი მრავალწრფივი რელიხისა და ჰარდის უტოლობები 
ერთგვაროვან ჯგუფებზე 

დ. ედმუნდსი*, ა. მესხი** 

* საქართველოს მეცნიერებათა ეროვნული აკადემიის უცხოელი წევრი, სასექსის უნივერსიტეტი, 
მათემატიკის დეპარტამენტი, ფალმერი, დიდი ბრიტანეთი 
** აკადემიის წევრი, საქართველოს მეცნიერებათა ეროვნული აკადემია; ქუთაისის საერთაშორისო 
უნივერსიტეტი, მათემატიკის ფაკულტეტი, საქართველო 

მიღებულია ორწონიანი მრავალწრფივი რელიხისა და ჰარდის დიფერენციალური უტოლო- 
ბები, ზოგადად, ნილპოტენტურ ლის ჯგუფებში G. ერთგანზომილებიანი მრავალწრფივი 
რელიხის დიფერენციალური უტოლობა დადგენილი იყო წინამდებარე ნაშრომის ავტორთა 
მიერ 2021 წელს, მაგრამ მაღალგანზომილებიან შემთხვევაში ამოცანა ღიად რჩებოდა. აქ 
მოყვანილი შედეგები ახალია როგორც აბელური (ევკლიდეს) შემთხვევისა, ისე ჰეიზენბერგის 
ჯგუფებისთვისაც  𝑮𝑮 = 𝑯𝑯𝒏𝒏. 
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