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Abstract. The quantum properties of a (1+1)-dimensional scalar theory on a cylinder with a compact spatial 
part are considered. A simple model with a quartic potential is examined, which features two distinct vacua 
separated by a potential barrier. The classical equations allow for exact finite-energy periodic field 
configurations. These field equations are explicitly solved in terms of the Jacobian elliptic function, which 
accounts for the periodicity of the solution. Such field configurations are of interest due to their relevance 
in phase transitions from classical thermal processes to quantum tunneling depending on the energy of the 
periodic instanton. Explicitly finding similar field configurations in real space-time is challenging; thus, 
simplified models hold significant interest. Additionally, the temporal fluctuations of the obtained field 
configurations are analyzed using reasonable approximations. The eigenvalues of the corresponding 
equations are discrete, and a negative eigenvalue is present among them. An explicit expression for this 
negative eigenvalue enables the calculation of the lifetime of such a quantum state. The collective 
coordinates method is applied to the Schrödinger equation to develop a perturbation theory in inverse 
powers of the coupling constant while maintaining manifest translational invariance explicitly at every 
order of the perturbation series. In the quadratic approximation for quantum fluctuations, the -matrix is 
calculated within the holomorphic representation of the Feynman path integrals. © 2025 Bull. Georg. Natl. 
Acad. Sci. 
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Introduction 

Periodic field configurations, known as periodic instantons, have been of interest to researchers for many 
years due to their important role in the process of quantum tunneling and the associated phase transitions. 
The attractiveness of such field objects lies in their ability to interpolate between the vacuum and saddle 
point states (sphalerons), depending on the total energy, and thus have the potential to be responsible for 
the phase transition from classical processes at high energies to quantum tunneling ones at low energies. 
Along with stable field configurations of finite energy more recently unstable configurations like bounces 
(Zichichi, 1979), sphalerons (Manton, 1983; Klinkhamer & Manton, 1984) and periodic instantons (Manton 
& Samols, 1988; Liang et al.,1992) have been investigated. The complexity of actual physical theories does 
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not allow for obtaining exact results. From this point of view, (1+1)-dimensional scalar theory is subjected 
to intense study, specifically the models on a compact space (Pawellek, 2009; Pawellek, 2009). In the 
present paper, we are interested in periodic classical field configurations and their quantum properties in 
two-dimensional scalar theory, the spatial part of which is a circle with the circumference . We use the 
symmetry properties of the theory and construct a perturbation theory using the collective coordinates 
method (Shurgaia et al., 2007 and references therein) around the classical field configuration.  

 
Model. Thus, we will study the quantum behaviour of the system with the  classical Lagrangian density 

                                                                                        (1)  

with the potential to satisfy the condition  The system is placed in space-time 

with the spatial coordinate  The corresponding quantum Hamiltonian is  

                                           (2) 

We will study the Schrödinger equation  

                                                                                                          (3) 

subject to the following commutation relation: [  The evolution of the system is 
subject to the conservation of momentum  

                                                     .                                                       (4) 

 
Collective coordinates. Following the collective coordinates method, we introduce the following 
transformation of the field ( )xϕ  (with 0 ( )xϕ  to be a c-number): 

                                               .                                                  (5) 

The parameter , being called a collective coordinate, together with the new field ( )xΦ  forms now a 

new set of variables (operators) for the system:   . Thereby, the phase 
space has been expanded, and in order to keep the number of independent variables unchanged, an 
additional condition must be imposed (actually, this is a gauge condition imposed in the new enlarged phase 
space): 

                                                     ,                                                           (6) 

where  is an arbitrary function. We need one more additional condition, but as will be shown below, 
this condition appears as a constraint in the extended space. One can always choose  such that the 
equality 

                                                                                                              (7) 

holds. The operator   is considered as a functional derivative  in a Hilbert space spanned by 

the vectors  and hence, should be expressed through the set of new variables. For this, we need to 

define the projection operator     with the properties 
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Now, it is easy to show that the operator  can be rewritten as follows: 

                                                                  (8) 

in which the quantities  and are defined as 

                                 (9) 

Besides, the operator  determined as 

 
satisfies the condition  

                                                                                                             (10) 

This is the constraint of the theory (we have mentioned above) to be considered as a system with 
constraints. The operators 𝑞𝑞 and 𝑝𝑝 each conjugate to each other such that . Thus, all extra degrees 
of freedom are now fixed. The operators  and  obey the following commutation relation: 

                                                            (11) 
It can be shown that the operator of total momentum of the system reduces to the operator  or . 

Expressing the Hamiltonian in terms of new set of canonical variables we will see that it depends on  but 
by changing the integration variable  the integration interval changes from to . Based 
on the Leibnitz rule it can be shown that  which means that  does not depend explicitly on . 

This allows us to factorize the wave function  as . Now we need 
to transform the wave function , indeed  

                                                                                 (12) 

No, we can make replacements in the Hamiltonian  The Hamiltonian 

will now act on the wave function   
 

Perturbation series. We have not used any approximation so far, hence the momentum conservation law 
is taken explicitly into account. At the same time, the Hamiltonian can be expanded in a series of inverse 
powers of the constant starting with :  

                                                                                                   (13) 

Expanding the energy 𝐸𝐸 and the wave function  in similar series                                         

,                (14) 

the perturbation theory can be applied to solve the Schrödinger equation as the following system of 
equations: 
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                                                                                                         (15) 

                                                                                (16) 

                                                     (17) 

     …………………………………………………………….. 
 
The leading term of the Hamiltonian does not contain field operators and therefore, the corresponding 

equation is identically obeyed if 

                            (18) 

The next approximation of the system of equations we consider is  

                                                                                                                (19) 

which is linear in field operators. The regularity of the function  requires to be identically zero. 

This is achieved by if we choose  such that 

                                                                                                  (20) 

and the equation  

                                                                                (21) 

holds. This is a pure classical equation of motion, the solution of which under periodic boundary conditions 
for the potential of interest is Jacobian elliptic function: 

,                                         (22) 

in which  is the modulus of elliptic integral. The solution is periodic with the period 

                                                                                        (23) 

with integer. There are critical values of the quantity , at which the bifurcations of the stationary points 
of the energy  occur. These solutions interpolate between the stable field configurations as  tends to 1 

(with approaching the  ) and the unstable ones (at the top of the potential barrier) for   latter 
being called sphalerons (Manton & Samols, 1988; Liang et al., 1992). 

The energy e and the momentum  take now the form: 

                                                        (24) 

.                                                        (25) 
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The expression for the energy  is consistent with that obtained in (Manton & Samols, 1988). It can 

be verified that  is the center of mass speed. In equations (22)-(25)  and  are complete elliptic 
integrals of the first and second kind respectively. 

Let us now proceed with the study of quantum correction to the ground state energy, for which the 
equation  

                                                               (26) 

has to be solved. It’s quadratic in the field operators  and  and can therefore be diagonalized and 
reduced to an infinite set of oscillators. The only problem is to take into consideration the constraints that 
are imposed on  and . We will work in the center of mass system, i.e. where  This simplifies 
the expression of  in particular                             

                           (27) 

We now consider the expansion of operators  and  in terms of functions  which are 
solutions of the equation (taking into account explicitly potential  

                              (28) 

 (29) 

in which the prime denotes that the sum does not contain the modes with zero energy (translational mode). 
This system of functions fulfills the constraint 

                                                                                                                 (30) 

and the condition of completeness: 

                                                                                 (31) 

which indicates that this system of functions does not contain the function corresponding to the zero mode. 
Here the creation and annihilation operators obey the commutation relation  with all other 

commutators to be zero. 
By introducing the notations 

                                            (32) 

the  equation (28) can be reduced to the Lame equation: 

                                          (33) 

In our case of double-well potential   Periodic solutions of the Lame equation are well studied in 
(Arscott, 1964). All the eigenvalues of the Lame equation are discrete, and corresponding solutions are 
known as  Lame polynomials. There are in general  discrete eigenvalues for given  and 5 in our 
case, one of them is zero, which is excluded from the set of functions This is also confirmed by the 



26 Avtandil Shurgaia 

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 3, 2025 

completeness condition of the functions  It is important, that among these eigenvalues only one is 

negative (let it denote by ), indeed   All other eigenvalues are 

positive. By substituting the expansions (29) into (27),  we obtain the diagonal form of 𝐻𝐻2: 

                                  .                                                       (34) 

The energy of the lowest state (which we name quantum periodic instanton)  diverges but 

this is beyond the scope of our interest, since we want to estimate the lifetime of physical system (one can 
find the details of regularization in Pawelek 2009). Obviously, the energy of the system is a complex 
quantity.  The imaginary part  of the energy   (with Γ being a decay width) is a measure for the 

lifetime 𝑡𝑡𝑙𝑙 of the system  

                                                            (35) 

In the limit  the lifetime  approaches the  as it should be for a stable field configuration. 

In the opposite limit of  lifetime   is a finite quantity. This is the lifetime of a sphaleron, a 

configuration at the top of the potential barrier.  

ფიზიკა 

ველის თეორიის ორგანზომილებიანი მოდელი პერიოდული 
კონფიგურაციით 

ა. შურღაია 

ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის სახ. მათემატიკის 
ინსტიტუტი, საქართველო 

(წარმოდგენილია აკადემიის წევრის ა. კვინიხიძის მიერ) 

შესწავლილია (1+1)-განზომილებიანი სკალარული თეორიის კვანტური თვისებები კომპაქ- 
ტური სივრცითი ნაწილის მქონე ცილინდრზე. გამოკვლეულია მარტივი მოდელი პოლინო- 
მური პოტენციალით, რომელიც შეიცავს ორ განსხვავებულ ვაკუუმს. კლასიკური განტოლე- 
ბები იძლევა ზუსტი სასრული ენერგიის პერიოდული ველის კონფიგურაციის პოვნის 
საშუალებას, კერძოდ, ის გამოისახება იაკობის ელიფსური ფუნქციით, რომელიც ითვა- 
ლისწინებს ამონახსნის პერიოდულობას. ასეთი კონფიგურაციები საინტერესოა კლასიკურ 
თერმულ და კვანტური გაჟონვის პროცესებს შორის ფაზური გადასვლების კუთხით, რაც მათ 
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ენერგიაზეა დამოკიდებული. მსგავსი ველის კონფიგურაციების პოვნა ცალსახად რეალურ 
სივრცე-დროში რთულია. ამდენად, გამარტივებული მოდელები მნიშვნელოვან ინტერესს 
იძენენ. აგრეთვე, გაანალიზებული მიღებული ველის კონფიგურაციების ფლუქტუაციები 
დროით გაანალიზებულია გარკვეული გონივრული მიახლოებით. შესაბამისი განტოლების 
საკუთარი მნიშვნელობები დისკრეტულია და მათ შორის არის უარყოფითი საკუთარი მნიშ- 
ვნელობა. ამ უარყოფითი საკუთრივ მნიშვნელობის ცხადი გამოსახულება იძლევა მდგომა- 
რეობის სიცოცხლის ხანგრძლივობის გამოთვლის საშუალებას. ნაშრომში შესწავლილია 
შრედინგერის განტოლება კოლექტიური კოორდინატების მეთოდის გამოყენებით, რომლის 
მეშვეობით შემუშავებულია ტრანსლაციურად ინვარიანტული შეშფოთების თეორია ურთი- 
ერთქმედების ბმის უკუხარიხების მიხედვით შეშფოთების თეორიის ნებისმიერ რიგში. კვან- 
ტური ფლუქტუაციები კვადრატულ მიახლოებაში გამოთვლილია 𝑺𝑺-მატრიცა ფეინმანის 
ტრაექტორიებით ინტეგრალების ჰოლომორფული წარმოდგენის ფარგლებში. 
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	 /                                                           (35)
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Introduction

Periodic field conﬁgurations, known as periodic instantons, have been of interest to researchers for many years due to their important role in the process of quantum tunneling and the associated phase transitions. The attractiveness of such field objects lies in their ability to interpolate between the vacuum and saddle point states (sphalerons), depending on the total energy, and thus have the potential to be responsible for the phase transition from classical processes at high energies to quantum tunneling ones at low energies. Along with stable ﬁeld conﬁgurations of ﬁnite energy more recently unstable conﬁgurations like bounces (Zichichi, 1979), sphalerons (Manton, 1983; Klinkhamer & Manton, 1984) and periodic instantons (Manton & Samols, 1988; Liang et al.,1992) have been investigated. The complexity of actual physical theories does not allow for obtaining exact results. From this point of view, (1+1)-dimensional scalar theory is subjected to intense study, specifically the models on a compact space (Pawellek, 2009; Pawellek, 2009). In the present paper, we are interested in periodic classical ﬁeld conﬁgurations and their quantum properties in two-dimensional scalar theory, the spatial part of which is a circle with the circumference [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:mi>L</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. We use the symmetry properties of the theory and construct a perturbation theory using the collective coordinates method (Shurgaia et al., 2007 and references therein) around the classical ﬁeld conﬁguration. 



Model. Thus, we will study the quantum behaviour of the system with the  classical Lagrangian density

                                      [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"script\">L</mml:mi><mml:mo>=</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msub><mml:mo>&#x2202;</mml:mo><mml:mi>&#x3BC;</mml:mi></mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>t</mml:mi></mml:mrow></mml:mfenced><mml:msup><mml:mo>&#x2202;</mml:mo><mml:mi>&#x3BC;</mml:mi></mml:msup><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>t</mml:mi></mml:mrow></mml:mfenced><mml:mo>-</mml:mo><mml:mi>U</mml:mi><mml:mo>(</mml:mo><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>t</mml:mi></mml:mrow></mml:mfenced><mml:mo>,</mml:mo><mml:mi>g</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                  (1) 

with the potential to satisfy the condition [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>U</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>t</mml:mi></mml:mrow></mml:mfenced><mml:mo>,</mml:mo><mml:mi>g</mml:mi></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mfrac><mml:mi>U</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>g</mml:mi><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>t</mml:mi></mml:mrow></mml:mfenced><mml:mo>,</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] The system is placed in space-time with the spatial coordinate [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mn>0</mml:mn><mml:mo>&#x2264;</mml:mo><mml:mi>x</mml:mi><mml:mo>&#x2264;</mml:mo><mml:mi>L</mml:mi><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] The corresponding quantum Hamiltonian is 

 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>H</mml:mi><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mfenced open=\"{\" close=\"}\" separators=\"|\"><mml:mrow><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msup><mml:mi>&#x3C0;</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>+</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:msup><mml:mfenced separators=\"|\"><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac></mml:mfenced><mml:mn>2</mml:mn></mml:msup><mml:mo>+</mml:mo><mml:mi>U</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi>g</mml:mi></mml:mrow></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                          (2)

We will study the Schrödinger equation 
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Collective coordinates. Following the collective coordinates method, we introduce the following transformation of the ﬁeld  (with  to be a c-number):
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The parameter [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}], being called a collective coordinate, together with the new ﬁeld  forms now a new set of variables (operators) for the system: [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>{</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#x3C0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>}</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] [image: {"mathml":"<math style=\"font-family:stix;font-size:10px;\" xmlns=\"http://www.w3.org/1998/Math/MathML\"><mstyle mathsize=\"10px\"><mo>&#x2192;</mo></mstyle></math>","origin":"MathType for Microsoft Add-in"}] [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>{</mml:mo><mml:mi>q</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>p</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>,</mml:mo><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>}</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. Thereby, the phase space has been expanded, and in order to keep the number of independent variables unchanged, an additional condition must be imposed (actually, this is a gauge condition imposed in the new enlarged phase space):

                                                     [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}],                                                           (6)

where [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>N</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] is an arbitrary function. We need one more additional condition, but as will be shown below, this condition appears as a constraint in the extended space. One can always choose [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>N</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] such that the equality

                                                     [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mo>=</mml:mo><mml:mn>1</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                         (7)

holds. The operator [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>&#x3C0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]  is considered as a functional derivative [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>-</mml:mo><mml:mi>i</mml:mi><mml:mfrac><mml:mi>&#x3B4;</mml:mi><mml:mrow><mml:mi>&#x3B4;</mml:mi><mml:mi>&#x3C6;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mrow></mml:mfrac></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] in a Hilbert space spanned by the vectors  [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>|</mml:mo><mml:mi>&#x3A8;</mml:mi><mml:mo>&gt;</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]and hence, should be expressed through the set of new variables. For this, we need to deﬁne the projection operator [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>A</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>y</mml:mi><mml:mo>)</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mo>=</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#x3B4;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mo>-</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>y</mml:mi><mml:mo>)</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mo>-</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>y</mml:mi></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]    with the properties

                                      [image: {"mathml":"<mml:math style=\"font-family:stix;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mrow><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi>A</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>y</mml:mi><mml:mo>)</mml:mo><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>y</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>y</mml:mi></mml:mrow></mml:mfrac></mml:mrow><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mi>A</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>y</mml:mi></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] 

Now, it is easy to show that the operator [image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\" xmlns=\"http://www.w3.org/1998/Math/MathML\"><mstyle mathsize=\"10px\"><mi>p</mi><mfenced><mi>x</mi></mfenced></mstyle></math>","origin":"MathType for Microsoft Add-in"}] can be rewritten as follows:

                             [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>&#x3C0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>-</mml:mo><mml:mfrac><mml:mrow><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mi>g</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mi>g</mml:mi></mml:mfrac><mml:mi>F</mml:mi></mml:mrow></mml:mfenced></mml:mrow></mml:mfrac><mml:mi>&#xA0;</mml:mi><mml:mfenced open=\"{\" close=\"}\" separators=\"|\"><mml:mrow><mml:msub><mml:mi>p</mml:mi><mml:mi>q</mml:mi></mml:msub><mml:mo>+</mml:mo><mml:mi>M</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                     (8)

in which the quantities [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>F</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] and [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>M</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:12px;\"/>","origin":"MathType for Microsoft Add-in"}]are defined as

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>F</mml:mi><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>M</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                 (9)

Besides, the operator [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>,</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] determined as

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>y</mml:mi><mml:mi>A</mml:mi><mml:mo>(</mml:mo><mml:mi>y</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>(</mml:mo><mml:mo>-</mml:mo><mml:mi>i</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#x3B4;</mml:mi><mml:mo>/</mml:mo><mml:mo>(</mml:mo><mml:mi>&#x3B4;</mml:mi><mml:mi>&#x3C6;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]

satisfies the condition 

                                                 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                            (10)

This is the constraint of the theory (we have mentioned above) to be considered as a system with constraints. The operators  and  each conjugate to each other such that [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>[</mml:mo><mml:mi>q</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>p</mml:mi><mml:mo>]</mml:mo><mml:mo>=</mml:mo><mml:mi>i</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. Thus, all extra degrees of freedom are now ﬁxed. The operators [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] and [image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:12px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:12px;\"/>","origin":"MathType for Microsoft Add-in"}] obey the following commutation relation:

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfenced open=\"[\" close=\"]\" separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mi>i</mml:mi><mml:mi>A</mml:mi><mml:mi>x</mml:mi><mml:mo>,</mml:mo><mml:mi>y</mml:mi><mml:mo>)</mml:mo><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                            (11)

It can be shown that the operator of total momentum of the system reduces to the operator [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>p</mml:mi><mml:mi>q</mml:mi></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] or [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>P</mml:mi><mml:mo>=</mml:mo><mml:msub><mml:mi>p</mml:mi><mml:mi>q</mml:mi></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. Expressing the Hamiltonian in terms of new set of canonical variables we will see that it depends on [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] but by changing the integration variable [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:mi>x</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mo>&#x2192;</mml:mo><mml:mi>x</mml:mi><mml:mo>-</mml:mo><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] the integration interval changes from [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>-</mml:mo><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:12px;\"/>","origin":"MathType for Microsoft Add-in"}]to[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>&#xA0;</mml:mi><mml:mi>L</mml:mi><mml:mo>-</mml:mo><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. Based on the Leibnitz rule it can be shown that [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfrac><mml:mrow><mml:mi>d</mml:mi><mml:mi>H</mml:mi></mml:mrow><mml:mrow><mml:mi>d</mml:mi><mml:mi>q</mml:mi></mml:mrow></mml:mfrac><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>,</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] which means that [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>H</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] does not depend explicitly on [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>q</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. This allows us to factorize the wave function [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mo>,</mml:mo><mml:mi>q</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] as [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi>q</mml:mi></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mi mathvariant=\"normal\">e</mml:mi><mml:mi mathvariant=\"normal\">x</mml:mi><mml:mi mathvariant=\"normal\">p</mml:mi><mml:mo>&#x2061;</mml:mo><mml:mo>(</mml:mo><mml:mi>i</mml:mi><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mi>I</mml:mi><mml:mi>q</mml:mi><mml:mo>)</mml:mo><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mi mathvariant=\"normal\">'</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]. Now we need to transform the wave function [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mi mathvariant=\"normal\">'</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}], indeed 

                                        [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msup><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mi mathvariant=\"normal\">'</mml:mi></mml:msup><mml:mfenced separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mi mathvariant=\"normal\">e</mml:mi><mml:mi mathvariant=\"normal\">x</mml:mi><mml:mi mathvariant=\"normal\">p</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>i</mml:mi><mml:mi>g</mml:mi><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mrow><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mi>s</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mrow></mml:mfenced><mml:mi>&#x3A8;</mml:mi><mml:mi>'</mml:mi><mml:mi>'</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                         (12)

No, we can make replacements in the Hamiltonian [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>p</mml:mi><mml:mi>q</mml:mi></mml:msub><mml:mo>&#x2192;</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mi>I</mml:mi><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>&#x2192;</mml:mo><mml:mi>g</mml:mi><mml:mi>s</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>+</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] The Hamiltonian will now act on the wave function [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mi>'</mml:mi><mml:mi>'</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] 



Perturbation series. We have not used any approximation so far, hence the momentum conservation law is taken explicitly into account. At the same time, the Hamiltonian can be expanded in a series of inverse powers of the constant starting with [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]: 

                                                 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>H</mml:mi><mml:mo>=</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msub><mml:mrow><mml:mi>g</mml:mi><mml:mi>H</mml:mi></mml:mrow><mml:mn>1</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msub><mml:mi>H</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:msup><mml:msub><mml:mi>H</mml:mi><mml:mn>3</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mo>&#x2026;</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                  (13)

Expanding the energy  and the wave function [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mi>'</mml:mi><mml:mi>'</mml:mi><mml:mo>(</mml:mo><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] in similar series                                        

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>E</mml:mi><mml:mo>=</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msub><mml:mrow><mml:mi>g</mml:mi><mml:mi>E</mml:mi></mml:mrow><mml:mn>1</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:msup><mml:msub><mml:mi>E</mml:mi><mml:mn>3</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mo>&#x2026;</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}],  [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mo>''</mml:mo><mml:mfenced><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced><mml:mi mathvariant=\"normal\">x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:msup><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:msup><mml:mi>g</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>2</mml:mn></mml:mrow></mml:msup><mml:mo>+</mml:mo><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mo>&#x2026;</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]              (14)

the perturbation theory can be applied to solve the Schrödinger equation as the following system of equations:



[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>,</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                                                                         (15)

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>1</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>,</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                                                (16)

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>1</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>+</mml:mo><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>2</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>,</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}]                                                     (17)

     ……………………………………………………………..



The leading term of the Hamiltonian does not contain ﬁeld operators and therefore, the corresponding equation [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]is identically obeyed if

   [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:msub><mml:mi>H</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:msubsup><mml:mo>&#x222B;</mml:mo><mml:mn>0</mml:mn><mml:mi>L</mml:mi></mml:msubsup><mml:mi>d</mml:mi><mml:mi>x</mml:mi><mml:mfenced open=\"{\" close=\"}\" separators=\"|\"><mml:mrow><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msup><mml:mfenced separators=\"|\"><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac></mml:mfenced><mml:mn>2</mml:mn></mml:msup><mml:mo>+</mml:mo><mml:mi>U</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:mfenced><mml:mo>+</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msup><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>s</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>-</mml:mo><mml:mi>I</mml:mi><mml:mi>N</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mrow></mml:mfenced><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                         (18)

The next approximation of the system of equations we consider is 

                                                 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>H</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>-</mml:mo><mml:msub><mml:mi>E</mml:mi><mml:mn>1</mml:mn></mml:msub></mml:mrow></mml:mfenced><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mn>0</mml:mn><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                               (19)

which is linear in ﬁeld operators. The regularity of the function [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi mathvariant=\"normal\">&#x3A8;</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] requires [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>H</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mo>,</mml:mo><mml:mi mathvariant=\"normal\">&#xA0;</mml:mi><mml:msub><mml:mi>E</mml:mi><mml:mn>1</mml:mn></mml:msub><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]to be identically zero. This is achieved by if we choose [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>s</mml:mi><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] such that

                                             [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>s</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>-</mml:mo><mml:mi>I</mml:mi><mml:mi>N</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:mo>-</mml:mo><mml:mi>v</mml:mi><mml:mfrac><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:mi>x</mml:mi></mml:mrow></mml:mfrac><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                     (20)

and the equation 

                                 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mo>-</mml:mo><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mfrac><mml:mrow><mml:msup><mml:mo>&#x2202;</mml:mo><mml:mn>2</mml:mn></mml:msup><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow><mml:mrow><mml:mo>&#x2202;</mml:mo><mml:msup><mml:mi>x</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfrac><mml:mo>+</mml:mo><mml:mi>U</mml:mi><mml:mi>'</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mn>1</mml:mn></mml:mrow></mml:mfenced><mml:mo>=</mml:mo><mml:mn>0</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                               (21)

holds. This is a pure classical equation of motion, the solution of which under periodic boundary conditions for the potential [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>U</mml:mi><mml:mfenced separators=\"|\"><mml:mrow><mml:mi>&#x3C6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>,</mml:mo><mml:mi>g</mml:mi></mml:mrow></mml:mfenced><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]of interest is Jacobian elliptic function:

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>&#x3C6;</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:msqrt><mml:mfrac><mml:mrow><mml:mn>2</mml:mn><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfrac><mml:mi mathvariant=\"bold\">s</mml:mi><mml:mi mathvariant=\"bold\">n</mml:mi></mml:msqrt><mml:mfenced separators=\"|\"><mml:mrow><mml:msqrt><mml:mfrac><mml:mn>2</mml:mn><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfrac></mml:msqrt><mml:mfrac><mml:mrow><mml:mi>&#x3BC;</mml:mi><mml:mi>x</mml:mi></mml:mrow><mml:msqrt><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:msqrt></mml:mfrac><mml:mo>,</mml:mo><mml:mi>k</mml:mi></mml:mrow></mml:mfenced><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}],                                         (22)

in which [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mn>0</mml:mn><mml:mo>&#x2264;</mml:mo><mml:mi>k</mml:mi><mml:mo>&#x2264;</mml:mo><mml:mn>1</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] is the modulus of elliptic integral. The solution is periodic with the period

                                                [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>L</mml:mi><mml:mo>=</mml:mo><mml:mn>4</mml:mn><mml:mi>n</mml:mi><mml:mi>K</mml:mi><mml:mfenced separators=\"|\"><mml:mi>k</mml:mi></mml:mfenced><mml:msqrt><mml:mfrac><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow><mml:mn>2</mml:mn></mml:mfrac></mml:msqrt><mml:mfrac><mml:msqrt><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:msqrt><mml:mi>&#x3BC;</mml:mi></mml:mfrac><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]     [image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}]                                   (23)

with [image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\" xmlns=\"http://www.w3.org/1998/Math/MathML\"><mstyle mathsize=\"10px\"><mi>n</mi><mo>&#xA0;</mo></mstyle></math>","origin":"MathType for Microsoft Add-in"}]integer. There are critical values of the quantity [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>L</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}], at which the bifurcations of the stationary points of the energy [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] occur. These solutions interpolate between the stable ﬁeld conﬁgurations as [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] tends to 1 (with [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>L</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]approaching the [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>&#x221E;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] ) and the unstable ones (at the top of the potential barrier) for [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>&#x2192;</mml:mo><mml:mn>0</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]  latter being called sphalerons (Manton & Samols, 1988; Liang et al., 1992).

The energy [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]e and the momentum [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>I</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] take now the form:

                    [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mfrac><mml:mrow><mml:mi>n</mml:mi><mml:msqrt><mml:mn>2</mml:mn></mml:msqrt><mml:mi>&#x3BC;</mml:mi><mml:mo>[</mml:mo><mml:mn>8</mml:mn><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mi>E</mml:mi><mml:mfenced separators=\"|\"><mml:mi>k</mml:mi></mml:mfenced><mml:mfenced open=\"[\" separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>5</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mo>+</mml:mo><mml:mn>3</mml:mn><mml:mo>(</mml:mo><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>)</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow><mml:mrow><mml:mn>3</mml:mn><mml:msup><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mrow><mml:mn>3</mml:mn><mml:mo>/</mml:mo><mml:mn>2</mml:mn></mml:mrow></mml:msup><mml:msqrt><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced></mml:msqrt></mml:mrow></mml:mfrac><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                    (24)

[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>I</mml:mi><mml:mo>=</mml:mo><mml:mfrac><mml:mrow><mml:mn>4</mml:mn><mml:mi>n</mml:mi><mml:msqrt><mml:mn>2</mml:mn></mml:msqrt><mml:mi>&#x3BC;</mml:mi><mml:mo>[</mml:mo><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced><mml:mi>K</mml:mi><mml:mfenced separators=\"|\"><mml:mi>k</mml:mi></mml:mfenced><mml:mo>+</mml:mo><mml:mi>E</mml:mi><mml:mo>(</mml:mo><mml:mi>k</mml:mi><mml:mo>)</mml:mo></mml:mrow><mml:mrow><mml:mn>3</mml:mn><mml:msup><mml:mrow><mml:mo>(</mml:mo><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>)</mml:mo></mml:mrow><mml:mrow><mml:mn>3</mml:mn><mml:mo>/</mml:mo><mml:mn>2</mml:mn></mml:mrow></mml:msup><mml:msqrt><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>v</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:msqrt></mml:mrow></mml:mfrac><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}].                                                        (25)

The expression for the energy [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>0</mml:mn></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] is consistent with that obtained in (Manton & Samols, 1988). It can be verified that [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>v</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] is the center of mass speed. In equations (22)-(25)  [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>K</mml:mi><mml:mo>(</mml:mo><mml:mi>k</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:12px;\"/>","origin":"MathType for Microsoft Add-in"}]and [image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\" xmlns=\"http://www.w3.org/1998/Math/MathML\"><mstyle mathsize=\"10px\"><mi>E</mi><mfenced><mi>k</mi></mfenced></mstyle></math>","origin":"MathType for Microsoft Add-in"}] are complete elliptic integrals of the first and second kind respectively.

Let us now proceed with the study of quantum correction to the ground state energy, for which the equation 
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[image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"normal\">&#x3A6;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:mi>&#xA0;</mml:mi><mml:munderover><mml:mo>&#x2211;</mml:mo><mml:mi>n</mml:mi><mml:mi>'</mml:mi></mml:munderover><mml:msqrt><mml:mfrac><mml:mn>1</mml:mn><mml:mrow><mml:mn>2</mml:mn><mml:msub><mml:mi mathvariant=\"script\">E</mml:mi><mml:mi>n</mml:mi></mml:msub></mml:mrow></mml:mfrac></mml:msqrt><mml:mfenced open=\"{\" close=\"}\" separators=\"|\"><mml:mrow><mml:msub><mml:mi>a</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:msub><mml:mi>V</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>+</mml:mo><mml:msubsup><mml:mi>a</mml:mi><mml:mi>n</mml:mi><mml:mo>+</mml:mo></mml:msubsup><mml:msubsup><mml:mi>V</mml:mi><mml:mi>n</mml:mi><mml:mi>*</mml:mi></mml:msubsup><mml:mo>(</mml:mo><mml:mi>x</mml:mi><mml:mo>)</mml:mo></mml:mrow></mml:mfenced><mml:mo>,</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi mathvariant=\"normal\">&#x3A0;</mml:mi><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>=</mml:mo><mml:mi mathvariant=\"normal\">i</mml:mi><mml:munderover><mml:mo>&#x2211;</mml:mo><mml:mi>n</mml:mi><mml:mi>'</mml:mi></mml:munderover><mml:msqrt><mml:mfrac><mml:msub><mml:mi mathvariant=\"script\">E</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mrow><mml:mn>2</mml:mn><mml:mi>&#xA0;</mml:mi></mml:mrow></mml:mfrac></mml:msqrt><mml:mfenced open=\"{\" close=\"}\" separators=\"|\"><mml:mrow><mml:msub><mml:mrow><mml:msubsup><mml:mi>a</mml:mi><mml:mi>n</mml:mi><mml:mo>+</mml:mo></mml:msubsup><mml:msubsup><mml:mi>V</mml:mi><mml:mi>n</mml:mi><mml:mi>*</mml:mi></mml:msubsup><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>+</mml:mo><mml:mi>a</mml:mi></mml:mrow><mml:mi>n</mml:mi></mml:msub><mml:msub><mml:mi>V</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced></mml:mrow></mml:mfenced><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}][image: {"mathml":"<math xmlns=\"http://www.w3.org/1998/Math/MathML\" style=\"font-family:Times New Roman;font-size:10px;\"/>","origin":"MathType for Microsoft Add-in"}] (29)

in which the prime denotes that the sum does not contain the modes with zero energy (translational mode). This system of functions fulﬁlls the constraint
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and the condition of completeness:
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By introducing the notations
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the  equation (28) can be reduced to the Lame equation:
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In our case of double-well potential [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:mi>N</mml:mi><mml:mo>=</mml:mo><mml:mn>2</mml:mn><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]  Periodic solutions of the Lame equation are well studied in (Arscott, 1964). All the eigenvalues of the Lame equation are discrete, and corresponding solutions are known as  Lame polynomials. There are in general [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mn>2</mml:mn><mml:mi>N</mml:mi><mml:mi>&#xA0;</mml:mi><mml:mo>+</mml:mo><mml:mi>&#xA0;</mml:mi><mml:mn>1</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] discrete eigenvalues for given [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>N</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] and 5 in our case, one of them is zero, which is excluded from the set of functions [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>V</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]This is also conﬁrmed by the completeness condition of the functions [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>V</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mfenced separators=\"|\"><mml:mi>x</mml:mi></mml:mfenced><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] It is important, that among these eigenvalues only one is negative (let it denote by [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:12px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"12px\"><mml:msubsup><mml:mi mathvariant=\"script\">E</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:mrow><mml:mn>2</mml:mn></mml:msubsup></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]), indeed [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msubsup><mml:mi mathvariant=\"script\">E</mml:mi><mml:mrow><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:mrow><mml:mn>2</mml:mn></mml:msubsup><mml:mo>=</mml:mo><mml:mn>2</mml:mn><mml:msup><mml:mi>&#x3BC;</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>(</mml:mo><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:mn>2</mml:mn><mml:mfrac><mml:msqrt><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mfenced separators=\"|\"><mml:mrow><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfenced></mml:msqrt><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>k</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfrac><mml:mo>&lt;</mml:mo><mml:mn>0</mml:mn><mml:mo>.</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]  All other eigenvalues are positive. By substituting the expansions (29) into (27),  we obtain the diagonal form of 

                                  [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>H</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msubsup><mml:mo>&#x2211;</mml:mo><mml:mi>n</mml:mi><mml:mi>'</mml:mi></mml:msubsup><mml:mrow><mml:msub><mml:mi mathvariant=\"script\">E</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mo>(</mml:mo><mml:msub><mml:mi>a</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:msubsup><mml:mi>a</mml:mi><mml:mi>n</mml:mi><mml:mo>+</mml:mo></mml:msubsup><mml:mo>+</mml:mo></mml:mrow><mml:msubsup><mml:mi>a</mml:mi><mml:mi>n</mml:mi><mml:mo>+</mml:mo></mml:msubsup><mml:msub><mml:mi>a</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}].                                                       (34)

The energy of the lowest state (which we name quantum periodic instanton) [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>E</mml:mi><mml:mn>2</mml:mn></mml:msub><mml:mo>=</mml:mo><mml:mfrac><mml:mn>1</mml:mn><mml:mn>2</mml:mn></mml:mfrac><mml:msubsup><mml:mo>&#x2211;</mml:mo><mml:mi>n</mml:mi><mml:mi>'</mml:mi></mml:msubsup><mml:msub><mml:mi mathvariant=\"script\">E</mml:mi><mml:mi>n</mml:mi></mml:msub><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] diverges but this is beyond the scope of our interest, since we want to estimate the lifetime of physical system (one can ﬁnd the details of regularization in Pawelek 2009). Obviously, the energy of the system is a complex quantity.  The imaginary part  of the energy [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi mathvariant=\"fraktur\">I</mml:mi><mml:mi>E</mml:mi><mml:mo>=</mml:mo><mml:mfrac><mml:mi mathvariant=\"normal\">&#x393;</mml:mi><mml:mn>2</mml:mn></mml:mfrac></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]  (with  being a decay width) is a measure for the lifetime  of the system 

 [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>t</mml:mi><mml:mi>l</mml:mi></mml:msub><mml:mo>=</mml:mo><mml:mfrac><mml:mn>2</mml:mn><mml:mi mathvariant=\"normal\">&#x393;</mml:mi></mml:mfrac><mml:mo>=</mml:mo><mml:mfrac><mml:msqrt><mml:mn>2</mml:mn></mml:msqrt><mml:mrow><mml:mi>&#x3BC;</mml:mi><mml:msqrt><mml:mfrac><mml:mrow><mml:mn>2</mml:mn><mml:msqrt><mml:mo>(</mml:mo><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>&#x3BA;</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>(</mml:mo><mml:mn>1</mml:mn><mml:mo>-</mml:mo><mml:msup><mml:mi>&#x3BA;</mml:mi><mml:mn>2</mml:mn></mml:msup><mml:mo>)</mml:mo></mml:msqrt></mml:mrow><mml:mrow><mml:mn>1</mml:mn><mml:mo>+</mml:mo><mml:msup><mml:mi>&#x3BA;</mml:mi><mml:mn>2</mml:mn></mml:msup></mml:mrow></mml:mfrac><mml:mo>-</mml:mo><mml:mn>1</mml:mn></mml:msqrt></mml:mrow></mml:mfrac><mml:mo>.</mml:mo><mml:mi>&#xA0;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}]                                                           (35)

In the limit [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>k</mml:mi><mml:mo>&#x2192;</mml:mo><mml:mn>1</mml:mn><mml:mi>&#xA0;</mml:mi><mml:mo>(</mml:mo><mml:mi>L</mml:mi><mml:mo>&#x2192;</mml:mo><mml:mi>&#x221E;</mml:mi><mml:mo>)</mml:mo></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] the lifetime [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:msub><mml:mi>t</mml:mi><mml:mi>l</mml:mi></mml:msub></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] approaches the [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>&#x221E;</mml:mi></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] as it should be for a stable ﬁeld conﬁguration. In the opposite limit of [image: {"mathml":"<mml:math style=\"font-family:Times New Roman;font-size:10px;\" xmlns:m=\"http://schemas.openxmlformats.org/officeDocument/2006/math\" xmlns:mml=\"http://www.w3.org/1998/Math/MathML\"><mml:mstyle mathsize=\"10px\"><mml:mi>k</mml:mi><mml:mo>&#x2192;</mml:mo><mml:mn>0</mml:mn></mml:mstyle></mml:math>","origin":"MathType for Microsoft Add-in"}] lifetime [image: {"mathml":"<math style=\"font-family:Times New Roman;font-size:10px;\" xmlns=\"http://www.w3.org/1998/Math/MathML\"><mstyle mathsize=\"10px\"><msub><mi>t</mi><mi>l</mi></msub><mo>=</mo><mfrac><msqrt><mn>2</mn></msqrt><mi>k</mi></mfrac></mstyle></math>","origin":"MathType for Microsoft Add-in"}]  is a ﬁnite quantity. This is the lifetime of a sphaleron, a conﬁguration at the top of the potential barrier. 

ფიზიკა

ველის თეორიის ორგანზომილებიანი მოდელი პერიოდული კონფიგურაციით

ა. შურღაია

ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის სახ. მათემატიკის ინსტიტუტი, საქართველო

(წარმოდგენილია აკადემიის წევრის ა. კვინიხიძის მიერ)

შესწავლილია (1+1)-განზომილებიანი სკალარული თეორიის კვანტური თვისებები კომპაქ-
ტური სივრცითი ნაწილის მქონე ცილინდრზე. გამოკვლეულია მარტივი მოდელი პოლინო-
მური პოტენციალით, რომელიც შეიცავს ორ განსხვავებულ ვაკუუმს. კლასიკური განტოლე-
ბები იძლევა ზუსტი სასრული ენერგიის პერიოდული ველის კონფიგურაციის პოვნის საშუალებას, კერძოდ, ის გამოისახება იაკობის ელიფსური ფუნქციით, რომელიც ითვა-
ლისწინებს ამონახსნის პერიოდულობას. ასეთი კონფიგურაციები საინტერესოა კლასიკურ თერმულ და კვანტური გაჟონვის პროცესებს შორის ფაზური გადასვლების კუთხით, რაც მათ ენერგიაზეა დამოკიდებული. მსგავსი ველის კონფიგურაციების პოვნა ცალსახად რეალურ სივრცე-დროში რთულია. ამდენად, გამარტივებული მოდელები მნიშვნელოვან ინტერესს იძენენ. აგრეთვე, გაანალიზებული მიღებული ველის კონფიგურაციების ფლუქტუაციები დროით გაანალიზებულია გარკვეული გონივრული მიახლოებით. შესაბამისი განტოლების საკუთარი მნიშვნელობები დისკრეტულია და მათ შორის არის უარყოფითი საკუთარი მნიშ-
ვნელობა. ამ უარყოფითი საკუთრივ მნიშვნელობის ცხადი გამოსახულება იძლევა მდგომა-
რეობის სიცოცხლის ხანგრძლივობის გამოთვლის საშუალებას. ნაშრომში შესწავლილია შრედინგერის განტოლება კოლექტიური კოორდინატების მეთოდის გამოყენებით, რომლის მეშვეობით შემუშავებულია ტრანსლაციურად ინვარიანტული შეშფოთების თეორია ურთი-
ერთქმედების ბმის უკუხარიხების მიხედვით შეშფოთების თეორიის ნებისმიერ რიგში. კვან-
ტური ფლუქტუაციები კვადრატულ მიახლოებაში გამოთვლილია-მატრიცა ფეინმანის ტრაექტორიებით ინტეგრალების ჰოლომორფული წარმოდგენის ფარგლებში.

References

[bookmark: _Hlk210226018]Arscott, F. M. (1964). Periodic Differential Equations: An Introduction to Mathieu, Lamé, and Allied Functions. Pergamon.

Klinkhamer, F.  Manton, N. S. (1984). A saddle-point solution in the Weinberg-Salam theory Phys. Rev. D30, 2212-2220.  https://doi.org/10.1103/PhysRevD.30.2212

Liang, Jiu-Qing., M¨uller-Kirsten, H. J. W., Tchrakian, D. H. (1992). Solitons, bounces and sphalerons on a circle, Phys. Lett. B282, (1), 105-110. DOI: 10.1016/0370-2693(92)90486-N. 

Manton, N. S. (1983). Topology in the Weinberg-Salam theory. Phesical Revew. D28, (8), 2019-2026. https://doi.org/10.1103/PhysRevD.28.2019

[bookmark: _Hlk210225477][bookmark: _Hlk210225120]Manton, N. S., Samols, T. M. (1988). Phys. Lett. B 207, 179-184. DOI:  https://doi.org/10.1016/0370-2693(88)91412-8. 

Pawellek, M. (2009). Quantum mass correction for the twisted kink. Journal of Phys. A: Math. Theor. 42, 045404-045424. https://doi.org/10.1088/1751-8113/42/0454

Pawellek, M. (2009). Quantization of sine-Gordon solitons on the circle: Semiclassical vs. exact results Nucl. Phys. B810, 527-541. DOI: 10.1016/j.nuclphysb.2008.10.001.

[bookmark: _Hlk210225382]Shurgaia, A. V., Müller-Kirsten, H. J. W. (2007). Space symmetries and quantum behavior of finite energy configurations in SU(2)-Gauge Theory. Int. J. Mod. Phys. A22, (21), 3655-3667. https://doi.org/10.1142/S0217751X07037020

Zichichi, A. (Ed.). (1979). The Ways of Subnuclear Physics. Plenum, 805-916. https://doi.org/10.1007/978-1-4684-0991-8_1



Received  January, 2025



© 2025  Bull. Georg. Natl. Acad. Sci.

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 3, 2025

Bull. Georg. Natl. Acad. Sci., vol. 19(193), no. 3, 2025

image84.png







image85.png







image86.png

H —
( 2 Ez)llf0=0






image87.png







image88.png







image89.png

= farl 303 S5 4o - o).






image90.png







image91.png

Ul 1)






image92.png







image93.png

D)= 3 ; fa,v,(9+a2V'(9), )= IZ { v+ v, ),

n n






image94.png

JanGv (=0






image95.png

2(V @V +V (Vi) =Alx.y)

*
n






image96.png







image97.png

\/1+k2.






image98.png

+[A +N(N + 1)k2sn(z,k) V"(z) =0.






image99.png







image100.png







image101.png







image102.png







image103.png







image104.png







image105.png







image106.png







image107.png







image108.png

2
r

_ :!2
{ (=2 )
24 (1 (1 ) -1

u
1+x2

{






image109.png

k=1 (L= 00






image110.png







image111.png







image112.png







image2.png







image3.png

1

L=— 0 9(x,1) 94p(x,1) = Ulgp(x.1),8)






image4.png

Ulg(x,1),8) = = Ulge(x,0),1).






image5.png







image6.png







image7.png

(H—E)®(p(x), m(x)=0






image8.png

o(x), m(y)=id(x—vy).






image9.png

~['a

a(p(x)
Ox

7(x)






image10.wmf

()


x


j




oleObject1.bin



image11.wmf

0


()


x


j




oleObject2.bin



image12.png

p(x) =8¢ (x—¢q) +P(x—gq)






image13.png







image14.wmf

()


x


F




oleObject3.bin



image15.png

{ o(x), m(x)}






image16.png







image17.png

{g, p, P(x),(x)}






image18.png

L
[ avwat =o.






image19.png

N(x)






image20.png

dxN(x)

a(p (x)

0

Ox







image21.png

TT(x)






image22.png







image23.png

| >






image24.png

Alx,y) = ox —y) —

Jg (x)

N(y)






image25.png

L
L 9 (¥) _/ dAN(x) A(x, y) =0.
/ dxA(x, y) F) -

y )
0






image26.png

p(x)






image27.png

1) =10 = g fp, + (@) I0)),
s(1+=F)






image28.png







image29.png

M(D(x),I(x))






image30.png







image31.png

0d(x)
Oox ’

M(@().nG) = [*ax

0

F= f deN(x)
0







image32.png

I(x),






image33.png

()= [ dyaly, x)(=i 8/ (6(x)
0






image34.png

dxTI(x)

a(p (x)

0

Ox







image35.png







image36.png

d(x)






image37.png

[1(x)






image38.png

[D(x), TI(x)]=iAx,y).






image39.png







image40.png







image41.png







image42.png







image43.png







image44.png







image45.png







image46.png

P(Dd(x),q)






image47.png

P(D(x),q) =explig?lg)T'(d(x))






image48.png

T'(D(x))






image49.png

L
w5 (@(x)) =exp[ig I dx.v(x)(l)(x))?l-""(d)(x).
0






image50.png

P, = g7, H(x) = gs(x)+ I(x).






image51.png

T Dd(x).






image52.png







image53.png

=2 -
H=g’H +gH +H +g H +..






image54.png

T Dd(x)






image55.png

“lE +..
+g N

z E +E,

E=g E0+g ;






image56.png

P''(Dd(x)) =1150+g_11151 +g-2+ur2+...






image57.png

(

H —E

O)wo =0,






image58.png

(HO - Eo)qu + (H] - El)wo =0,






image59.png

(HO - EO)IIF2 + (H] —El)wo + (Hz - Ez)wo =0,






image60.png







image61.png

(

H —E

o)lpo =0






image62.png

U@, 1)+ ()~ V)R]






image63.png

(

H —E

])zlfO:O.






image1.png







image64.png







image65.png







image66.png

s(x)






image67.png

Jg (x)
s(x)—IN(x) = —v







image68.png







image69.png

Ulp(x),2)






image70.png

2k

) 2 ux x
p (X)= sn ,
Yo 1+k2 1+k2 [1=,2







image71.png







image72.png

1+k2 1{1—v

L = 4nK(k)






image73.png







image74.png







image75.png







image76.png

kZ






image77.png







image78.png







image79.png

k2= ()






image80.png







image81.png

5 n\/—u[S L+ KY)E(R)[1=k3)(5+K2) +3(1 = k2?2

(1+k )3/2 (l—vz)






image82.png

= 4nyf2ul(1 = K2)K(k) + E(k)

3(1+k932f1-2






image83.png








<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



