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Abstract. Many processes are described by nonlinear integro-differential models. The initial-boundary
value problem for the fourth-order nonlinear parabolic integro-differential equation is considered. It is well-
known that the essential difficulties arise in the processes of constructing, investigating and implementing
the numerical algorithms for the considered model. The goal of this paper is to study the problem under
consideration using machine learning methods. © 2025 Bull. Natl. Acad. Sci. Georg.
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Many processes are described by nonlinear integro-differential models (Friedman, 1964; Ladyzhenskaya
et al., 1968; Lions, 1969; Lakshmikantham et al., 1995). In (Gordeziani et al., 1983), the reduction of the
well-known Maxwell system (Landau et al., 1960) of differential equations to the form of integro-

differential equations was performed. The mentioned reduced model has the following form:
H t
a—:—rol‘ aJ.|roz‘H|2 drt |rotH |, (1)
ot 0

where H is the vector of the magnetic field. Some qualitative and structural properties of solutions of (1)
type systems are established in many works (see, e.g., Gordeziani et al., 1983; Jangveladze, 1983;
Jangveladze, 1985; Laptev, 1988; Lin et al., 1992; Jangveladze, 1997; Jangveladze, 1998; Jangveladze et
al., 2002; Dzhangveladze et al., 2007; Dzhangveladze et al., 2008; Jangveladze et al., 2008; Aptsiauri et
al., 2012; Jangveladze et al., 2013; Hecht, et al., 2018; Chkhikvadze, 2021; Jangveladze et al., 2024). For
more detail information see (Jangveladze et al., 2015; Jangveladze, 2019) and references therein.

© 2025 Bull. Natl. Acad. Sci. Georg.
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The present work discusses a natural mathematical generalization of the scalar analog of the integro-
differential model (1). In particular, the corresponding fourth-order integro-differential equation is
investigated and some properties of the posed initial-boundary value problems are studied.

The computer implementations were carried out using both iterative methods (Jangveladze et al., 2015;
Jangveladze, 2019) and deep neural networks (Blechschmidt et al., 2021; Raissi et al., 2017; Raissi et al.,
2017; Raissi et al., 2019). Numerical experiments were conducted, and the obtained results were compared.

Nonlinear integro-differential equations arise in various physical and engineering contexts, including
the theory of heat conduction in materials with memory, viscoelasticity, electrodynamics, and other fields.
In particular, the reduction of Maxwell equations to a form of integro-differential models has motivated a
deeper investigation of their scalar and vector analogues. These models often exhibit complex behaviors
due to their nonlinear and nonlocal nature.

In this study, we consider a fourth-order parabolic-type integro-differential equation as a scalar analogue
of the system derived from Maxwell equations. Such models are relevant for describing long-term evolution
in physical systems where both diffusion and memory effects play significant roles.

The present work aims to formulate the problem rigorously, discuss the analytical challenges, and
provide computational strategies based exclusively on deep learning methods, particularly, fully connected
feedforward neural networks, for its approximate solution.

We consider the following nonlinear integro-differential equation of parabolic type:

ou & oY | |0
—+—3| 1+ || — | dr |— = ,t), 2
at axl [ J‘(ale T] ax2} f(x ) ( )

0
where u(x,t) is a function defined on the domain [0,1]x[0,T], and T is a positive constant. The equation

characterizes processes with spatial diffusion and hereditary (memory) effects.

The boundary and initial conditions are:

u(O,t)zu(l,t)zO, 3)
Ou Ou

a(o,t)=a(l,t)=0, @)

u(x,O):uo (x) 5)

In equation (2) and in the initial condition (5), f and u, are given functions of their arguments.

Our objective is to approximate the solution using a deep learning-based approach. Specifically, we
employ a fully connected feedforward neural network (FNN) as a function approximator, trained to
minimize the residuals of the integro-differential equation and satisfy the initial and boundary conditions.

It is possible to prove that the solution of the problem (2)-(5) is stable with respect to the right-hand side
/ and the initial condition u, .

o =< [ ) e+
0

where |||| denotes the norm of the space L, (0, 1). It is also possible to prove the uniqueness of the solution

of the problem (2)-(5) (see, e.g. Chkhikvadze, 2021).
Below we describe the structure of the neural network, the loss function formulation, and the training
methodology applied to solve the problem (2)-(5).

Bull. Natl. Acad. Sci. Georg., vol. 19(193), no. 4, 2025



10 Temur Jangveladze, Besiki Tabatadze, Teimuraz Chkhikvadze...

Deep learning is a subset of machine learning that uses artificial neural networks with multiple layers
to model complex patterns in data. Unlike traditional machine learning algorithms, deep learning methods
can automatically learn representations from data through hierarchical feature extraction.

One of the most fundamental architectures in deep learning is the fully connected FNN. An FNN
consists of an input layer, one or more hidden layers, and an output layer. Each neuron in a given layer is
connected to every neuron in the subsequent layer. The nonlinear activation functions are applied to the
weighted sums of neuron inputs, enabling the network to approximate highly complex functions.

In this study, we use the FNN as a function approximator for the solution of the integro-differential
equation. The network is trained to minimize a loss function that includes the residual of the governing
equation, as well as the discrepancy from the initial and boundary conditions. This framework allows the
solution to satisfy both the equation and its associated constraints in a data-driven manner.

This approach is particularly suitable for the integro-differential equation considered in this paper,
which contains nonlocal and nonlinear terms that are difficult to handle using classical numerical schemes.
The flexibility and approximation power of FNN allow us to encode both the equation and its initial-
boundary conditions into a unified loss function. This enables the neural network to learn the solution over
the entire spatio-temporal domain without requiring mesh generation or explicit discretization of the
integral term.

To train the neural network for approximating the solution of the integro-differential equation, we define
a total loss function that guides the learning process. This loss function combines multiple components: one
that measures how well the neural network satisfies the integro-differential equation, and others that ensure
the network respects the initial and boundary conditions.

During training, sample points are selected throughout the spatial and temporal domain. The loss is
computed by evaluating how much the neural network’s output deviates from the governing equation and
prescribed conditions at those points. The network parameters are updated iteratively to minimize this total
loss.

This approach allows the neural network to learn a solution that is consistent across the entire domain
without relying on traditional grid-based discretization. The training is performed using optimization
algorithms such as stochastic gradient descent or the Adam optimizer, often relying on automatic
differentiation to compute necessary gradients.

To evaluate the effectiveness of the proposed deep learning approach, we conducted numerical
experiments on the model equation. The spatial domain and time interval were discretized by uniformly
sampling collocation points. The neural network was trained using the Adam optimizer, with the learning
rate adjusted through scheduling.

The loss function convergence during training showed a steady decrease, indicating successful learning.
After training, the network output was compared to known benchmark solutions or numerical
approximations obtained using traditional methods, where available. The comparison demonstrated that the
deep learning model accurately captured both the transient and steady-state behaviors of the solution.

Additionally, the learned solution maintained stability and smoothness across the domain. In particular,
the nonlocal memory effect embedded in the integral operator was effectively handled by the neural
architecture without explicit discretization of the integral term.

These results support the feasibility of using neural networks to approximate complex nonlinear integro-

differential problems, offering an alternative to classical mesh-based methods.

Bull. Natl. Acad. Sci. Georg., vol. 19(193), no. 4, 2025
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In our experiment in problem (2)-(5), we have chosen the exact solution with the corresponding right-
hand side function f (x,t) . In this experiment the exact solution has the following form:

U(x,t)=x’ (l—x)2 e,

with appropriate initial condition.

The neural network model used for the numerical simulation was implemented using the TensorFlow
framework. To build and train such a model, one typically needs a Python programming environment with
libraries such as TensorFlow or PyTorch, along with tools for scientific computing (NumPy, SciPy) and
visualization (Matplotlib). Training can be done on a standard personal computer; however, for larger
problems or faster training, a machine with a GPU (graphics processing unit) is recommended.

A suitable platform for developing these models includes Jupyter Notebook at Google Colab, which
offers interactive environments with access to computational resources. Google Colab is particularly useful
as it provides free access to GPUs and supports all necessary Python libraries for deep learning
development.

To further illustrate the accuracy of the model, Table 1 presents numerical values comparing the exact
and predicted solutions for selected values of x and ¢ .

Table 1. Comparison between exact and predicted solutions

X t Exact U(x,0) Predicted U(x,t) Absolute Error
0.2 0.7 0.012713 0.013150 0.000438
0.4 0.7 0.028603 0.029312 0.000708
0.6 0.7 0.028603 0.029312 0.000708
0.8 0.7 0.012713 0.013150 0.000438
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Fig. 1. Approximate solutions. Fig. 2. Exact solutions.

To visually assess the quality of the neural network’s prediction, Fig. 1 displays the approximate
solutions and Fig. 2 shows exact solutions as 3D surface plots. These plots clearly demonstrate that the
neural network’s approximation closely follows the true solution profile across the spatio-temporal domain.
Minor deviations are visible but remain within acceptable bounds, confirming the model's robustness and
reliability.

Bull. Natl. Acad. Sci. Georg., vol. 19(193), no. 4, 2025
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Fig. 3. Difference between exact and approximate solutions.

For further validation of the accuracy of the neural network model, Fig. 3 illustrates the distribution of
the absolute error between the exact and predicted solutions over the spatio-temporal domain. The error
remains small and smooth across the entire domain, indicating the model's high level of precision and its
ability to generalize the solution structure effectively.

This study presents a deep learning-based approach for solving a class of fourth-order nonlinear
parabolic-type integro-differential equations. The proposed method utilizes a fully connected feedforward
neural network to approximate the solution, incorporating the governing equation, initial, and boundary
conditions into a unified loss function.

The numerical experiments demonstrate that the neural network model accurately captures the behavior
of the exact solution, with low approximation error and good generalization across the domain. Both
visualization and quantitative analysis confirm the reliability and effectiveness of the approach.

Overall, the results support the potential of deep learning methods as a viable and powerful alternative
to classical mesh-based numerical schemes, especially for solving complex integro-differential problems
involving nonlocal and nonlinear phenomena.
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	Overall, the results support the potential of deep learning methods as a viable and powerful alternative to classical mesh-based numerical schemes, especially for solving complex integro-differential problems involving nonlocal and nonlinear phenomena.
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Many processes are described by nonlinear integro-differential models (Friedman, 1964; Ladyzhenskaya et al., 1968; Lions, 1969; Lakshmikantham et al., 1995). In (Gordeziani et al., 1983), the reduction of the well-known Maxwell system (Landau et al., 1960) of differential equations to the form of integro-differential equations was performed. The mentioned reduced model has the following form:



                                                       (1)



[bookmark: _Hlk202641390]where  is the vector of the magnetic field. Some qualitative and structural properties of solutions of (1) type systems are established in many works (see,  e.g., Gordeziani et al., 1983; Jangveladze, 1983; Jangveladze, 1985; Laptev, 1988; Lin et al., 1992; Jangveladze, 1997; Jangveladze, 1998; Jangveladze et al., 2002; Dzhangveladze et al., 2007; Dzhangveladze et al., 2008; Jangveladze et al., 2008; Aptsiauri et al., 2012; Jangveladze et al., 2013; Hecht, et al., 2018; Chkhikvadze, 2021; Jangveladze et al., 2024). For more detail information see (Jangveladze et al., 2015; Jangveladze, 2019) and references therein.

The present work discusses a natural mathematical generalization of the scalar analog of the integro-differential model (1). In particular, the corresponding fourth-order integro-differential equation is investigated and  some properties of the posed initial-boundary value problems are studied.

The computer implementations were carried out using both iterative methods (Jangveladze et al., 2015; Jangveladze, 2019) and deep neural networks (Blechschmidt et al., 2021; Raissi et al., 2017; Raissi et al., 2017; Raissi et al., 2019). Numerical experiments were conducted, and the obtained results were compared.

Nonlinear integro-differential equations arise in various physical and engineering contexts, including the theory of heat conduction in materials with memory, viscoelasticity, electrodynamics, and other fields. In particular, the reduction of Maxwell equations to a form of integro-differential models has motivated a deeper investigation of their scalar and vector analogues. These models often exhibit complex behaviors due to their nonlinear and nonlocal nature.

In this study, we consider a fourth-order parabolic-type integro-differential equation as a scalar analogue of the system derived from Maxwell equations. Such models are relevant for describing long-term evolution in physical systems where both diffusion and memory effects play significant roles.

The present work aims to formulate the problem rigorously, discuss the analytical challenges, and provide computational strategies based exclusively on deep learning methods, particularly, fully connected feedforward neural networks, for its approximate solution.

We consider the following nonlinear integro-differential equation of parabolic type:



                                              (2)







where  is a function defined on the domain  and   is a positive constant. The equation characterizes processes with spatial diffusion and hereditary (memory) effects.

The boundary and initial conditions are:



                                                                   (3)



                                                                 (4)



                                                                     (5)





In equation (2) and in the initial condition (5),   and are given functions of their arguments.

Our objective is to approximate the solution using a deep learning-based approach. Specifically, we employ a fully connected feedforward neural network (FNN) as a function approximator, trained to minimize the residuals of the integro-differential equation and satisfy the initial and boundary conditions.





It is possible to prove that the solution of the problem (2)-(5) is stable with respect to the right-hand side and the initial condition .







where  denotes the norm of the space  It is also possible to prove the uniqueness of the solution of the problem (2)-(5) (see, e.g. Chkhikvadze, 2021).

Below we describe the structure of the neural network, the loss function formulation, and the training methodology applied to solve the problem (2)-(5).

Deep learning is a subset of machine learning that uses artificial neural networks with multiple layers to model complex patterns in data. Unlike traditional machine learning algorithms, deep learning methods can automatically learn representations from data through hierarchical feature extraction.

One of the most fundamental architectures in deep learning is the fully connected FNN. An FNN consists of an input layer, one or more hidden layers, and an output layer. Each neuron in a given layer is connected to every neuron in the subsequent layer. The nonlinear activation functions are applied to the weighted sums of neuron inputs, enabling the network to approximate highly complex functions.

In this study, we use the FNN as a function approximator for the solution of the integro-differential equation. The network is trained to minimize a loss function that includes the residual of the governing equation, as well as the discrepancy from the initial and boundary conditions. This framework allows the solution to satisfy both the equation and its associated constraints in a data-driven manner.

This approach is particularly suitable for the integro-differential equation considered in this paper, which contains nonlocal and nonlinear terms that are difficult to handle using classical numerical schemes. The flexibility and approximation power of FNN allow us to encode both the equation and its initial-boundary conditions into a unified loss function. This enables the neural network to learn the solution over the entire spatio-temporal domain without requiring mesh generation or explicit discretization of the integral term.

To train the neural network for approximating the solution of the integro-differential equation, we define a total loss function that guides the learning process. This loss function combines multiple components: one that measures how well the neural network satisfies the integro-differential equation, and others that ensure the network respects the initial and boundary conditions.

During training, sample points are selected throughout the spatial and temporal domain. The loss is computed by evaluating how much the neural network’s output deviates from the governing equation and prescribed conditions at those points. The network parameters are updated iteratively to minimize this total loss.

This approach allows the neural network to learn a solution that is consistent across the entire domain without relying on traditional grid-based discretization. The training is performed using optimization algorithms such as stochastic gradient descent or the Adam optimizer, often relying on automatic differentiation to compute necessary gradients.

To evaluate the effectiveness of the proposed deep learning approach, we conducted numerical experiments on the model equation. The spatial domain and time interval were discretized by uniformly sampling collocation points. The neural network was trained using the Adam optimizer, with the  learning rate adjusted through scheduling.

The loss function convergence during training showed a steady decrease, indicating successful learning. After training, the network output was compared to known benchmark solutions or numerical approximations obtained using traditional methods, where available. The comparison demonstrated that the deep learning model accurately captured both the transient and steady-state behaviors of the solution.

Additionally, the learned solution maintained stability and smoothness across the domain. In particular, the nonlocal memory effect embedded in the integral operator was effectively handled by the neural architecture without explicit discretization of the integral term.

These results support the feasibility of using neural networks to approximate complex nonlinear integro-differential problems, offering an alternative to classical mesh-based methods.



In our experiment in problem (2)-(5), we have chosen the exact solution with the corresponding right-hand side function . In this experiment the exact solution has the following form:





with appropriate initial condition. 

The neural network model used for the numerical simulation was implemented using the TensorFlow framework. To build and train such a model, one typically needs a Python programming environment with libraries such as TensorFlow or PyTorch, along with tools for scientific computing (NumPy, SciPy) and visualization (Matplotlib). Training can be done on a standard personal computer; however, for larger problems or faster training, a machine with a GPU (graphics processing unit) is recommended.

A suitable platform for developing these models includes Jupyter Notebook at Google Colab, which offers interactive environments with access to computational resources. Google Colab is particularly useful as it provides free access to GPUs and supports all necessary Python libraries for deep learning development.



To further illustrate the accuracy of the model, Table 1 presents numerical values comparing the exact and predicted solutions for selected values of x and .



Table 1. Comparison between exact and predicted solutions

		x

		t

		Exact U(x,t)

		Predicted U(x,t)

		Absolute Error



		0.2

		0.7

		0.012713

		0.013150

		0.000438



		0.4

		0.7

		0.028603

		0.029312

		0.000708



		0.6

		0.7

		0.028603

		0.029312

		0.000708



		0.8

		0.7

		0.012713

		0.013150

		0.000438







		[image: ]

		[image: ]



		Fig. 1. Approximate solutions.

		Fig. 2. Exact solutions.







To visually assess the quality of the neural network’s prediction, Fig. 1 displays the approximate solutions and Fig. 2 shows exact solutions as 3D surface plots. These plots clearly demonstrate that the neural network’s approximation closely follows the true solution profile across the spatio-temporal domain. Minor deviations are visible but remain within acceptable bounds, confirming the model's robustness and reliability.

[image: ]

Fig. 3. Difference between exact and approximate solutions.



For further validation of the accuracy of the neural network model, Fig. 3 illustrates the distribution of the absolute error between the exact and predicted solutions over the spatio-temporal domain. The error remains small and smooth across the entire domain, indicating the model's high level of precision and its ability to generalize the solution structure effectively.

This study presents a deep learning-based approach for solving a class of fourth-order nonlinear parabolic-type integro-differential equations. The proposed method utilizes a fully connected feedforward neural network to approximate the solution, incorporating the governing equation, initial, and boundary conditions into a unified loss function.

The numerical experiments demonstrate that the neural network model accurately captures the behavior of the exact solution, with low approximation error and good generalization across the domain. Both visualization and quantitative analysis confirm the reliability and effectiveness of the approach.

Overall, the results support the potential of deep learning methods as a viable and powerful alternative to classical mesh-based numerical schemes, especially for solving complex integro-differential problems involving nonlocal and nonlinear phenomena.
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