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Introduction 

The purpose of this paper is to present a survey of results on group actions in homological algebra, with a 
focus on Γ-equivariant homology and cohomology of Γ-groups and related algebraic structures. These 
constructions extend classical homological methods by incorporating compatible actions of a fixed group 
Γ on groups, rings, and chain complexes, leading to a framework that has become known as Γ-homological 
algebra. 

The basic idea is to equip classical chain complexes computing homology of groups or rings with natural 
Γ-actions induced by the given actions on the underlying algebraic objects. Passing to homology then 
produces Γ-equivariant homology and cohomology groups, which generalize classical invariants and 
provide tools for studying extensions, derived functors, and related structures in an equivariant setting.  

Equivariant approaches to extensions and homology have their origins in the work of Whitehead 
(Whitehead, 1950) and have subsequently appeared in various contexts in homotopy theory, algebraic 𝐾𝐾-
theory, and the theory of crossed modules (Carlsson, 2001; Fiedorowicz et al., 1982; Kuku, 1984; Phillips, 
1987). Over the past years a number of results have been obtained concerning Γ-equivariant extensions of 
groups, obstruction theory, homology of crossed Γ-modules, and equivariant Hochschild homology. The 
aim of this article is to bring these developments together and present them in a unified and streamlined 
form.  
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We review extensions of Γ-groups with Γ-section maps and their relation to equivariant cohomology, 
as well as extensions of crossed Γ-modules, which generalize relative extensions of group epimorphisms in 
the sense of Loday (Loday, 1978). We also discuss the construction of Γ-equivariant Hochschild homology 
and its connections with cyclic homology and equivariant group homology. Particular attention is given to 
examples and computations, including the rational Γ-equivariant (co)homology of finite cyclic Γ-groups. 

 
Notations. Throughout the paper, the following notation will be used. For a Γ-group 𝐺𝐺, [Γ𝐺𝐺] denotes the 

set of elements 𝑔𝑔
γ
𝑔𝑔−1 and Γ𝐺𝐺 the normal subgroup generated by it; 𝐺𝐺Γ = 𝐺𝐺/Γ𝐺𝐺. The subgroup [𝐺𝐺,𝐺𝐺]Γ 

generated by the commutator subgroup and the elements 𝑔𝑔
γ
𝑔𝑔−1 is called the Γ-commutant of 𝐺𝐺, and 𝐺𝐺Γ𝑎𝑎𝑎𝑎 

denotes the abelianization of 𝐺𝐺Γ. 
 
Preliminaries. In this section, we recall basic definitions and results from (Cegarra et al., 2002) which will 
be used later. We also indicate how equivariant analogues of classical homological properties of groups 
arise within this framework. 

Let 𝑮𝑮Γ be the category whose objects are groups equipped with an action of a fixed group Γ (called Γ-
groups) and whose morphisms are homomorphisms compatible with the Γ-action. 

Any exact sequence of Γ-groups 

1 → 𝐴𝐴 → 𝐵𝐵
𝜏𝜏
→ 𝐺𝐺 → 1     (1)  

is called a Γ-extension of 𝐺𝐺 by 𝐴𝐴. It is said to have a Γ-section if there exists a map β: 𝐺𝐺 → 𝐵𝐵 such that 
τβ = 1𝐺𝐺 and β� 𝑔𝑔𝛾𝛾 � = βγ (𝑔𝑔). If β is a homomorphism, the extension is split. 

 
Definition 1. (i) A Γ-equivariant 𝐺𝐺-module 𝐴𝐴 is a 𝐺𝐺-module equipped with a Γ-module structure such that 

( 𝑎𝑎
𝑔𝑔 )σ

= 𝑔𝑔σ ( 𝑎𝑎𝜎𝜎 ), 

for all 𝑔𝑔 ∈ 𝐺𝐺, σ ∈ Γ, and 𝑎𝑎 ∈ 𝐴𝐴. The category of Γ-equivariant 𝐺𝐺-modules is equivalent to the category of 
modules over the semidirect product 𝐺𝐺 ⋊ Γ (Janelidze, 1982). 

An extension with Γ-section map is called a Γ-equivariant extension if the kernel is a Γ-equivariant 𝐺𝐺-
module.  

(ii) A Γ-equivariant 𝐺𝐺-module is relatively free if it is a free 𝐺𝐺-module with basis a Γ-set, and relatively 
projective if it is a retract of a relatively free module. 

The class 𝒫𝒫 of relatively projective Γ-equivariant 𝐺𝐺-modules forms a projective class with respect to 
proper sequences. 

 
Definition 2. The Γ-equivariant homology and cohomology of a Γ-group 𝐺𝐺 with coefficients in 𝐴𝐴 are 
defined by 

𝐻𝐻𝑛𝑛Γ(𝐺𝐺,𝐴𝐴) = 𝑇𝑇𝑇𝑇𝑟𝑟𝑛𝑛𝒫𝒫(ℤ,𝐴𝐴),  𝐻𝐻 (𝐺𝐺,𝐴𝐴)Γ
𝑛𝑛 = 𝐸𝐸𝐸𝐸𝑡𝑡𝒫𝒫𝑛𝑛(ℤ,𝐴𝐴), 𝑛𝑛 ≥ 0, 

where tensor products and 𝐻𝐻𝐻𝐻𝐻𝐻 are taken over ℤ(𝐺𝐺 ⋊ Γ) and ℤ has trivial 𝐺𝐺 and Γ action. 
These groups can be computed using the Γ-equivariant bar resolution of ℤ. The action of Γ on 𝐺𝐺 induces 

an action on the classical bar resolution, giving isomorphisms 

𝐻𝐻𝑛𝑛Γ(𝐺𝐺,𝐴𝐴) ≅ 𝐻𝐻𝑛𝑛(𝐵𝐵∗ ⊗𝐺𝐺⋊Γ 𝐴𝐴),    𝐻𝐻Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) ≅ 𝐻𝐻𝑛𝑛�𝐻𝐻𝐻𝐻𝐻𝐻 (𝐵𝐵∗,𝐴𝐴)𝐺𝐺⋊Γ �. 
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An equivalent description of cohomology is obtained via Γ-cochains 𝐶𝐶Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) consisting of Γ-maps 
𝐺𝐺𝑛𝑛 → 𝐴𝐴. The resulting cochain complex computes 𝐻𝐻Γ𝑛𝑛(𝐺𝐺,𝐴𝐴); in particular ker δ1 = 𝐷𝐷𝐷𝐷𝑟𝑟Γ(𝐺𝐺,𝐴𝐴). 

Two Γ-equivariant extensions are equivalent if there exists a morphism inducing the identity on 𝐺𝐺 and 
𝐴𝐴. Denote the set of equivalence classes by 𝐸𝐸Γ1(𝐺𝐺,𝐴𝐴). 

 
Theorem 3. There is a bijection 

𝐸𝐸Γ1(𝐺𝐺,𝐴𝐴) ≅ 𝐻𝐻Γ2(𝐺𝐺,𝐴𝐴). 

 
Remark 4. With the Baer sum, 𝐸𝐸Γ1(𝐺𝐺,𝐴𝐴) becomes an abelian group and the above bijection is an 
isomorphism. Higher-dimensional analogues are obtained using 𝑛𝑛-fold Γ-equivariant extensions. 

 
Definition 5. A Γ-group is called Γ-free if it is a free group with basis a Γ-set. 

 
Let 𝔽𝔽 be the projective class of Γ-free groups in 𝐺𝐺Γ. 
 

Theorem 6. For 𝑛𝑛 ≥ 2 there are isomorphisms 

𝐻𝐻𝑛𝑛Γ(𝐺𝐺,𝐴𝐴) ≅ 𝐿𝐿𝑛𝑛−1𝔽𝔽 (𝐼𝐼(𝐺𝐺) ⊗𝐺𝐺⋊Γ 𝐴𝐴),  𝐻𝐻Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) ≅ 𝑅𝑅𝔽𝔽𝑛𝑛−1𝐷𝐷𝐷𝐷𝑟𝑟Γ(𝐺𝐺,𝐴𝐴). 

 
We also recall several results on Γ-equivariant integral homology 𝐻𝐻𝑛𝑛Γ(𝐺𝐺). 
 

Theorem 7. (i) 𝐿𝐿 �𝐺𝐺Γ𝑎𝑎𝑎𝑎�𝑛𝑛
𝔽𝔽 ≅ 𝐻𝐻𝑛𝑛+1Γ (𝐺𝐺). 

(ii) There are exact sequences relating classical and Γ-equivariant homology, involving the functor 

𝑈𝑈(𝐺𝐺) = [𝐺𝐺,𝐺𝐺]Γ/[𝐺𝐺,𝐺𝐺]. 

 
Theorem 8. If α: 𝑃𝑃 → 𝐺𝐺 is a Γ-projective presentation, then 

𝐻𝐻2Γ(𝐺𝐺) ≅ (𝑅𝑅 ∩ [𝑃𝑃,𝑃𝑃]Γ)/[𝑃𝑃,𝑅𝑅]Γ, 

where 𝑅𝑅 = ker𝛼𝛼. 
 

Definition 9. A Γ-subgroup 𝐿𝐿 of a Γ -group 𝐺𝐺 is a retract if there exists a Γ-homomorphism 𝐺𝐺 → 𝐿𝐿 restricting 
to the identity on 𝐿𝐿. 

 
Theorem 10. If 𝐿𝐿 is a retract of a Γ-free group, then for any Γ-equivariant module 𝐴𝐴: 

𝐻𝐻𝑛𝑛Γ(𝐿𝐿,𝐴𝐴) = 0,  𝐻𝐻Γ𝑛𝑛(𝐿𝐿,𝐴𝐴) = 0,  𝑛𝑛 > 1. 

The Nielsen–Schreier theorem does not extend in general to Γ-free groups; nevertheless, various 
sufficient conditions ensure that \Gamma-subgroups of Γ-free groups are again Γ-free (Zavalo, 1964). 

Finally, there is a connection with equivariant cohomology of spaces. 
 

Theorem 11. Let G act properly on a space X with a compatible Γ-action. If X is acyclic with trivial Γ-
action or is Γ-contractible, then 

𝐻𝐻Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) ≅ 𝐻𝐻Γ𝑛𝑛(𝑋𝑋/𝐺𝐺,𝐴𝐴). 
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Extensions of 𝚪𝚪-groups. We introduce an internal property of Γ-group extensions possessing a Γ-section 
map that will be used throughout the paper. 

 
Definition 12. Sequence (1) of Γ-groups is said to possess the Γ-property if the restriction of τ to the subset 
[Γ𝐵𝐵] of 𝐵𝐵 is injective. 
 
Theorem 13. Sequence (1) possesses the Γ-property if and only if it has a Γ-section map and Γ-acts trivially 
on ker 𝜏𝜏. 
 
Corollary 14. The sequence 𝐸𝐸Γ possesses the Γ-property and every section map is a Γ-section map. 
 
Definition 15. A Γ-group 𝐺𝐺 is called Γ-perfect if 𝐺𝐺 = [𝐺𝐺,𝐺𝐺]Γ, or equivalently if 𝐻𝐻1Γ(𝐺𝐺) = 0 (Loday, 1978; 
Cegarra et al., 2002). 
 
Example 16. Let 𝐹𝐹(𝐺𝐺) be the Γ-free group generated by the Γ-group 𝐺𝐺. The natural short exact sequence 

1 → 𝑅𝑅 → 𝐹𝐹(𝐺𝐺)  
𝜏𝜏
→  𝐺𝐺 → 1 

admits a Γ-section map. The induced central Γ-equivariant extension 

0 → 𝑅𝑅/[𝐹𝐹(𝐺𝐺),𝑅𝑅]Γ → 𝐹𝐹(𝐺𝐺)/[𝐹𝐹(𝐺𝐺),𝑅𝑅]Γ → 𝐺𝐺 → 1 

has the Γ-property. 
If 𝐺𝐺 is Γ-perfect, one obtains the universal central Γ-equivariant extension 

0 → 𝑅𝑅 ∩ [𝐹𝐹(𝐺𝐺),𝐹𝐹(𝐺𝐺)]Γ/[𝐹𝐹(𝐺𝐺),𝑅𝑅]Γ → [𝐹𝐹(𝐺𝐺),𝐹𝐹(𝐺𝐺)]Γ/[𝐹𝐹(𝐺𝐺),𝑅𝑅]Γ → 𝐺𝐺 → 1, 

whose kernel is isomorphic to 𝐻𝐻2Γ(𝐺𝐺) (Cegarra et al., 2002). 
We now consider non-abelian extensions. Let 

1 → 𝐽𝐽 → 𝑋𝑋 → 𝐺𝐺 → 1 

be an extension of Γ-groups with the Γ-property. Then Γ acts trivially on 𝐽𝐽, and conjugation induces a Γ-
homomorphism 

ψ:𝐺𝐺 → 𝐴𝐴𝐴𝐴𝐴𝐴(𝐽𝐽)/𝐼𝐼𝐼𝐼𝐼𝐼(𝐽𝐽). 

Definition 17. The triple (𝐺𝐺, 𝐽𝐽,ψ) is called the abstract kernel of the extension. 
 

Theorem 18. (i) For any abstract kernel (𝐺𝐺, 𝐽𝐽,ψ) there exists an obstruction 

𝑂𝑂𝑂𝑂𝑂𝑂(𝐺𝐺, 𝐽𝐽,ψ) ∈ 𝐻𝐻Γ3(𝐺𝐺,𝐶𝐶), 

where 𝐶𝐶 is the center of 𝐽𝐽. The kernel admits an extension if and only if the obstruction vanishes. 
(ii) If an extension exists, equivalence classes of extensions with Γ-property are in bijection with 

𝐻𝐻Γ2(𝐺𝐺,𝐶𝐶). 

The construction of extensions follows the classical case using factor systems and semi-direct product 
Γ-extensions; details are analogous and therefore omitted. 

To extend the correspondence between extensions and cohomology to higher dimensions, we introduce 
𝑛𝑛-fold Γ-equivariant extensions. 

An 𝑛𝑛-fold Γ-equivariant extension of 𝐺𝐺 by 𝐴𝐴 is a long exact sequence 
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0 → 𝐴𝐴 → 𝐵𝐵1 → ⋯ → 𝐵𝐵𝑛𝑛 → 𝐺𝐺 → 1, 

in which the intermediate short sequences are proper sequences of Γ-equivariant modules and the last term 
is a Γ-equivariant extension. 

Let 𝐸𝐸Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) denote the set of equivalence classes of such extensions; it becomes an abelian group via 
the Baer sum. 

 
Theorem 19. For 𝑛𝑛 ≥ 1 there is an isomorphism 

𝐸𝐸Γ𝑛𝑛(𝐺𝐺,𝐴𝐴) ≅ 𝐻𝐻Γ𝑛𝑛+1(𝐺𝐺,𝐴𝐴). 

The proof follows from the theory of relative derived functors and the universality of the functor 𝐸𝐸𝐸𝐸𝑡𝑡Γ∗ 
with respect to the projective class of proper sequences of Γ-equivariant modules; the argument parallels 
the classical case and is omitted. 

 
Some computations. It is natural to ask for explicit computations of the Γ-equivariant (co)homology of 
groups introduced in (Cegarra et al., 2002). As noted earlier, these groups vanish in degrees n > 1 for retracts 
of Γ-free groups. Here we consider the case of finite cyclic Γ-groups. 

For the computation of the classical (co)homology of a finite cyclic group ℤ𝑚𝑚 with generator 𝑡𝑡, one uses 
the well-known free resolution 

⋯  
𝐷𝐷
→  ℤ(ℤ𝑚𝑚)  

𝑁𝑁
→  ℤ(ℤ𝑚𝑚)  

𝐷𝐷
→  ℤ(ℤ𝑚𝑚)  

𝜀𝜀
→ ℤ → 0, 

where 𝐷𝐷 = 𝑡𝑡 − 1 and 𝑁𝑁 = 1 + 𝑡𝑡 + ⋯+ 𝑡𝑡𝑚𝑚−1.  

If Γ acts nontrivially on ℤ𝑚𝑚, this resolution is generally not compatible with the action and therefore is 
not suitable for computing Γ-equivariant (co)homology. 

To obtain computable formulas, we work rationally. Let 𝐵𝐵∗ ⊗  ℚ →  ℚ be the bar resolution tensored 
with ℚ. 

 
Definition 20. The rational homology and cohomology of a group 𝐺𝐺 with coefficients in a ℤ(𝐺𝐺)-module 𝐴𝐴 
are defined by 

𝐻𝐻𝑛𝑛(𝐺𝐺,𝐴𝐴)ℚ = 𝐻𝐻𝑛𝑛 �(𝐵𝐵∗ ⊗ℚ) ⊗ℤ(𝐺𝐺) 𝐴𝐴�, 

𝐻𝐻𝑛𝑛(𝐺𝐺,𝐴𝐴)ℚ = 𝐻𝐻𝑛𝑛 �Homℤ(𝐺𝐺)(𝐵𝐵∗ ⊗ℚ,𝐴𝐴)�. 

 
These groups are independent of the chosen projective resolution and satisfy 

𝐻𝐻𝑛𝑛(𝐺𝐺,𝐴𝐴)ℚ  ≅  𝐻𝐻𝑛𝑛�𝐺𝐺, (𝐴𝐴 ⊗ℚ)�, Hn(G, A)ℚ = Hn�G, Hom(ℚ, A)�. 

 
Definition 21. Let Γ act on 𝐺𝐺 and trivially on ℚ. The rational Γ-equivariant homology and cohomology of 
𝐺𝐺 with coefficients in a Γ-equivariant module 𝐴𝐴 are defined by 

𝐻𝐻nΓ(𝐺𝐺,𝐴𝐴)ℚ = 𝐻𝐻𝑛𝑛 �(𝐵𝐵∗ ⊗ ℚ) ⊗ℤ(𝐺𝐺⋊Γ) 𝐴𝐴�, 

𝐻𝐻Γn(𝐺𝐺,𝐴𝐴)ℚ = 𝐻𝐻𝑛𝑛 �Homℤ(𝐺𝐺⋊Γ)(𝐵𝐵∗ ⊗ℚ,𝐴𝐴)�. 

Assume Γ acts nontrivially on ℤ𝑚𝑚, so that 𝑡𝑡
γ

= 𝑡𝑡𝑘𝑘 for some 𝑘𝑘 coprime to 𝑚𝑚. Consider the sequence 

of free ℚ(ℤ𝑚𝑚) -modules 

⋯  
𝐷𝐷
→  ℚ(ℤ𝑚𝑚)  

𝑁𝑁
→  ℚ(ℤ𝑚𝑚)  

𝐷𝐷
→  ℚ(ℤ𝑚𝑚)  

𝜀𝜀
→ ℚ → 0, 
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where 

𝐷𝐷 = 𝑡𝑡𝑚𝑚−1 + 𝑡𝑡𝑚𝑚−2 + ⋯+ 𝑡𝑡 − (𝑚𝑚 − 1), 𝑁𝑁 = 1 + 𝑡𝑡 + ⋯+ 𝑡𝑡𝑚𝑚−1. 

One verifies that this sequence is exact, compatible with the Γ-action, and consists of relatively 
projective Γ-equivariant modules. Hence it is a projective resolution of ℚ in the category of Γ-equivariant 
modules. 

Applying −⊗ℤ(ℤ𝑚𝑚⋊Γ) 𝐴𝐴 gives a chain complex computing the rational Γ-equivariant homology of ℤ𝑚𝑚. 
 

Theorem 22. Let Γ act nontrivially on the finite cyclic group ℤ𝑚𝑚. Then for any Γ-equivariant ℤ(ℤ𝑚𝑚 ⋊ Γ)-
module 𝐴𝐴, 

𝐻𝐻0Γℚ (ℤ𝑚𝑚,𝐴𝐴) =  ℚ⊗ 𝐴𝐴Γ, 

𝐻𝐻2n−1Γ
ℚ (ℤ𝑚𝑚,𝐴𝐴) =  ker 𝑁𝑁∗/ 𝐼𝐼𝐼𝐼 𝐷𝐷∗, 

𝐻𝐻2nΓℚ (ℤ𝑚𝑚 ,𝐴𝐴) =  ker 𝐷𝐷∗ / 𝐼𝐼𝐼𝐼 𝑁𝑁∗, 𝑛𝑛 >  0. 

where 𝐷𝐷∗ and 𝑁𝑁∗ are induced by 𝐷𝐷 and 𝑁𝑁. 
For cohomology we apply 𝐻𝐻𝐻𝐻𝐻𝐻ℤ(ℤ𝑚𝑚⋊Γ)(−,𝐴𝐴) to the resolution above. 
 

Theorem 23. Let Γ act nontrivially on ℤ𝑚𝑚. Then, for any Γ-equivariant module 𝐴𝐴, 

𝐻𝐻Γ0ℚ (ℤ𝑚𝑚,𝐴𝐴) =  𝐻𝐻𝐻𝐻𝐻𝐻(ℚ,𝐴𝐴Γ), 

𝐻𝐻Γ2𝑛𝑛−1ℚ (ℤ𝑚𝑚,𝐴𝐴) =  ker 𝑁𝑁∗/ 𝐼𝐼𝐼𝐼 𝐷𝐷∗, 

𝐻𝐻Γ2𝑛𝑛ℚ (ℤ𝑚𝑚,𝐴𝐴) =  ker 𝐷𝐷∗/ 𝐼𝐼𝐼𝐼 𝑁𝑁∗, 𝑛𝑛 >  0. 

Thus, the rational Γ-equivariant (co)homology of finite cyclic Γ-groups is periodic, with period two in 
positive degrees. 

 
𝚪𝚪-derived functors and 𝚪𝚪-equivariant Hochschild homology. Let Γ be a group acting on a unital ring 

Λ. A left Λ -module 𝐴𝐴 equipped with an action of Γ satisfying 

(𝜆𝜆𝜆𝜆)𝛾𝛾 =  𝜆𝜆𝛾𝛾 𝑎𝑎𝛾𝛾  

is called a Γ-equivariant left Λ-module.  
Denote by Γ𝐴𝐴 the Λ-submodule generated by elements 𝑎𝑎𝛾𝛾 − 𝑎𝑎, and by 𝐴𝐴Γ the quotient 𝐴𝐴/Γ𝐴𝐴. 
 

Definition 24. A group Γ is said to act on a chain complex  

⋯ → 𝐿𝐿𝑛𝑛
𝛿𝛿𝑛𝑛�� 𝐿𝐿𝑛𝑛−1 →  ⋯ 

of Λ-modules if each 𝐿𝐿𝑛𝑛 is a Γ-equivariant module and 

δ𝑛𝑛� 𝑙𝑙 −  𝑙𝑙𝛾𝛾 � ∈ Γ𝐿𝐿𝑛𝑛−1. 

The homology of the quotient complex 𝐿𝐿∗Γ = (𝐿𝐿∗)Γ is called the Γ-equivariant homology of 𝐿𝐿∗ and is 
denoted 𝐻𝐻𝑛𝑛Γ(𝐿𝐿∗). 

 
Relation with cyclic homology. Let 𝐴𝐴 be a unital κ-algebra and 𝑀𝑀 a Γ-equivariant 𝐴𝐴-bimodule. The 
Hochschild complex 

𝐶𝐶∗(𝐴𝐴,𝑀𝑀) = ⋯ → 𝑀𝑀⊗ 𝐴𝐴⊗𝑛𝑛 → ⋯ → 𝑀𝑀 
inherits a natural Γ-action. 
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Definition 25. The homology 𝐻𝐻∗Γ�𝐶𝐶∗(𝐴𝐴,𝑀𝑀)� is called the Γ-equivariant Hochschild homology of 𝐴𝐴 with 
coefficients in 𝑀𝑀, denoted 𝐻𝐻∗Γ(𝐴𝐴,𝑀𝑀). For 𝑀𝑀 = 𝐴𝐴 we write 𝐻𝐻𝐻𝐻∗Γ(𝐴𝐴). 

When the cyclic group ℤ acts by cyclic permutations on 𝐶𝐶∗(𝐴𝐴,𝐴𝐴), the quotient complex coincides with 
the Connes complex. Hence cyclic homology over a field containing ℚ appears as a special case of Γ-
equivariant Hochschild homology. 

 
Relation with Γ-equivariant homology of groups. Let G be a Γ-group and 𝐶𝐶∗(𝐺𝐺) the standard chain 
complex computing integral homology. The induced action of Γ on generators gives a chain complex whose 
Γ-equivariant homology coincides with 𝐻𝐻𝑛𝑛Γ(𝐺𝐺).  

In particular, when 𝐴𝐴 =  ℤ(𝐺𝐺) with the induced action of Γ, one has natural isomorphisms 

𝐻𝐻𝑛𝑛Γ�𝐶𝐶∗(𝐴𝐴,𝐴𝐴)� ≅ 𝐻𝐻𝑛𝑛Γ(𝐺𝐺). 

Thus Γ-equivariant Hochschild homology contains both cyclic homology and Γ-equivariant group 
homology as special cases. 

 
𝚪𝚪-derived functors. Let 𝔸𝔸Λ

Γ  denote the category of Γ-equivariant left Λ-modules. A relatively free module 
is a free Λ-module with basis a Γ-set; a retract of such a module is called relatively projective.  

A Γ-projective resolution of 𝑀𝑀 is a complex 

⋯ → 𝑃𝑃𝑛𝑛 → ⋯ → 𝑃𝑃0 → 𝑀𝑀 → 0 

with each 𝑃𝑃𝑛𝑛 relatively projective and all short exact sequences admitting Γ-sections. 
 

Definition 26. For an additive functor 𝑇𝑇:𝔸𝔸ΛΓ → 𝔸𝔸𝑍𝑍Γ , the left Γ-derived functors are defined by 

𝐿𝐿𝑛𝑛Γ 𝑇𝑇(𝑀𝑀) = 𝐻𝐻𝑛𝑛Γ�𝑇𝑇𝑃𝑃∗(𝑀𝑀)�. 

In particular, derived functors of the tensor product yield functors 𝑇𝑇𝑇𝑇𝑟𝑟𝑛𝑛
Λ,Γ(−, 𝐿𝐿), recovering Γ-

equivariant group homology in the case Λ =  ℤ(𝐺𝐺). 
 

𝚪𝚪-equivariant Hochschild homology. For a κ-algebra A with Γ-action, define the Γ-additive commutator 

[𝐴𝐴,𝐴𝐴]Γ =  ⟨ 𝑎𝑎𝛾𝛾 − 𝑎𝑎,𝑎𝑎𝑎𝑎′ − 𝑎𝑎′𝑎𝑎 ⟩. 

If 𝐴𝐴 is commutative, let Ω1(𝐴𝐴) be the module of Kähler differentials with the induced Γ-action, and 
define 

ΩΓ1(𝐴𝐴) = �Ω1(𝐴𝐴)�
Γ
. 

 
Theorem 27. Let Γ act on a unital κ-algebra A and an A-bimodule M. Then: 

(a) 𝐻𝐻𝐻𝐻0Γ(𝐴𝐴) = 𝐴𝐴/[𝐴𝐴,𝐴𝐴]Γ; 
(b) If 𝐴𝐴 is commutative, then 𝐻𝐻𝐻𝐻1Γ(𝐴𝐴) ≅ ΩΓ1(𝐴𝐴); 
(c) If 𝐴𝐴 is relatively projective as a Γ-equivariant κ-module, then  

𝐻𝐻𝑛𝑛Γ(𝐴𝐴,𝑀𝑀) ≅ 𝑇𝑇𝑇𝑇𝑟𝑟𝑛𝑛
𝐴𝐴𝑒𝑒,Γ(𝐴𝐴,𝑀𝑀); 

(d) (Morita invariance) For all 𝑟𝑟 ≥ 1, then 
𝐻𝐻𝑛𝑛Γ(𝐴𝐴,𝑀𝑀) ≅ 𝐻𝐻𝑛𝑛Γ�𝑀𝑀𝑟𝑟(𝐴𝐴),𝑀𝑀𝑟𝑟(𝑀𝑀)�. 

 
Right derived functors. Right derived functors 𝐸𝐸𝐸𝐸𝑡𝑡Λ,Γ

𝑛𝑛  of 𝐻𝐻𝐻𝐻𝑚𝑚Λ
Γ(−,𝑀𝑀) are defined analogously. In 

particular, when Λ =  ℤ(𝐺𝐺) one recovers 
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𝐸𝐸𝐸𝐸𝐸𝐸ℤ(𝐺𝐺),Γ 
𝑛𝑛 (ℤ, 𝐿𝐿 )  ≅ 𝐻𝐻Γ𝑛𝑛(𝐺𝐺, 𝐿𝐿). 

 
Remark 28. If Γ acts on a κ-algebra 𝐴𝐴, the combined action of ℤ × Γ on the Hochschild complex yields a 
notion of Γ-equivariant cyclic homology when ℚ ⊂ κ. 
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მათემატიკა 

𝚪𝚪-ჯგუფების (კო)ჰომოლოგია და 𝚪𝚪-ეკვივარიანტული 
ჰომოლოგია-I 

ხ. ინასარიძე 

აკადემიის წევრი, ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის 
მათემატიკის ინსტიტუტი; თბილისის მათემატიკის მეცნიერების ცენტრი, საქართველო 

ნაშრომში მოცემულია 𝚪𝚪42T-ჯგუფების 𝚪𝚪42T-ეკვივარიანტული ჰომოლოგიისა და კოჰომოლოგიის 
თეორია და მათთან დაკავშირებული სტრუქტურები, რომლებიც ერთიანდება 𝚪𝚪42T-ჰომოლო- 
გიური ალგებრის ჩარჩოში. განვიხილავთ ეკვივარიანტული ჯაჭვური კომპლექსების აგებას, 
𝚪𝚪42T-ჯგუფების გაფართოებების ინტერპრეტაციას კოჰომოლოგიის ტერმინებში, აგრეთვე 
აბსტრაქტული ბირთვების და დაბრკოლებათა თეორიის როლს. ასევე განვიხილავთ სასრულ 
ციკლურ 𝚪𝚪42T-ჯგუფებისთვის რაციონალურ გამოთვლებს და წარმოვაჩენთ 𝚪𝚪-ეკვივარიანტული 
ჰოხშილდის ჰომოლოგიისა და წარმოებული ფუნქტორების თეორიას. 
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	Introduction
	The purpose of this paper is to present a survey of results on group actions in homological algebra, with a focus on Γ-equivariant homology and cohomology of Γ-groups and related algebraic structures. These constructions extend classical homological methods by incorporating compatible actions of a fixed group Γ on groups, rings, and chain complexes, leading to a framework that has become known as Γ-homological algebra.
	The basic idea is to equip classical chain complexes computing homology of groups or rings with natural Γ-actions induced by the given actions on the underlying algebraic objects. Passing to homology then produces Γ-equivariant homology and cohomology groups, which generalize classical invariants and provide tools for studying extensions, derived functors, and related structures in an equivariant setting. 
	Equivariant approaches to extensions and homology have their origins in the work of Whitehead (Whitehead, 1950) and have subsequently appeared in various contexts in homotopy theory, algebraic 𝐾-theory, and the theory of crossed modules (Carlsson, 2001; Fiedorowicz et al., 1982; Kuku, 1984; Phillips, 1987). Over the past years a number of results have been obtained concerning Γ-equivariant extensions of groups, obstruction theory, homology of crossed Γ-modules, and equivariant Hochschild homology. The aim of this article is to bring these developments together and present them in a unified and streamlined form. 
	We review extensions of Γ-groups with Γ-section maps and their relation to equivariant cohomology, as well as extensions of crossed Γ-modules, which generalize relative extensions of group epimorphisms in the sense of Loday (Loday, 1978). We also discuss the construction of Γ-equivariant Hochschild homology and its connections with cyclic homology and equivariant group homology. Particular attention is given to examples and computations, including the rational Γ-equivariant (co)homology of finite cyclic Γ-groups.
	Notations. Throughout the paper, the following notation will be used. For a Γ-group 𝐺, Γ𝐺 denotes the set of elements γ𝑔𝑔−1 and Γ𝐺 the normal subgroup generated by it; 𝐺Γ=𝐺/Γ𝐺. The subgroup 𝐺,𝐺Γ generated by the commutator subgroup and the elements γ𝑔𝑔−1 is called the Γ-commutant of 𝐺, and 𝐺Γ𝑎𝑏 denotes the abelianization of 𝐺Γ.
	Preliminaries. In this section, we recall basic definitions and results from (Cegarra et al., 2002) which will be used later. We also indicate how equivariant analogues of classical homological properties of groups arise within this framework.
	Let 𝑮Γ be the category whose objects are groups equipped with an action of a fixed group Γ (called Γ-groups) and whose morphisms are homomorphisms compatible with the Γ-action.
	Any exact sequence of Γ-groups
	1→𝐴→𝐵𝜏𝐺→1     (1) 
	is called a Γ-extension of 𝐺 by 𝐴. It is said to have a Γ-section if there exists a map β: 𝐺→𝐵 such that τβ=1𝐺 and β𝛾𝑔=γβ𝑔. If β is a homomorphism, the extension is split.
	Definition 1. (i) A Γ-equivariant 𝐺-module 𝐴 is a 𝐺-module equipped with a Γ-module structure such that
	σ𝑔𝑎=σ𝑔𝜎𝑎,
	for all 𝑔∈𝐺, σ∈Γ, and 𝑎∈𝐴. The category of Γ-equivariant 𝐺-modules is equivalent to the category of modules over the semidirect product 𝐺 ⋊Γ (Janelidze, 1982).
	An extension with Γ-section map is called a Γ-equivariant extension if the kernel is a Γ-equivariant 𝐺-module. 
	(ii) A Γ-equivariant 𝐺-module is relatively free if it is a free 𝐺-module with basis a Γ-set, and relatively projective if it is a retract of a relatively free module.
	The class 𝒫 of relatively projective Γ-equivariant 𝐺-modules forms a projective class with respect to proper sequences.
	Definition 2. The Γ-equivariant homology and cohomology of a Γ-group 𝐺 with coefficients in 𝐴 are defined by
	𝐻𝑛Γ𝐺,𝐴=𝑇𝑜𝑟𝑛𝒫ℤ,𝐴,  𝐻Γ𝑛𝐺,𝐴=𝐸𝑥𝑡𝒫𝑛ℤ,𝐴, 𝑛≥0,
	where tensor products and 𝐻𝑜𝑚 are taken over ℤ𝐺⋊Γ and ℤ has trivial 𝐺 and Γ action.
	These groups can be computed using the Γ-equivariant bar resolution of ℤ. The action of Γ on 𝐺 induces an action on the classical bar resolution, giving isomorphisms
	𝐻𝑛Γ𝐺,𝐴≅𝐻𝑛𝐵∗⊗𝐺⋊Γ𝐴,    𝐻Γ𝑛𝐺,𝐴≅𝐻𝑛𝐻𝑜𝑚𝐺⋊Γ𝐵∗,𝐴.
	An equivalent description of cohomology is obtained via Γ-cochains 𝐶Γ𝑛𝐺,𝐴 consisting of Γ-maps 𝐺𝑛→𝐴. The resulting cochain complex computes 𝐻Γ𝑛𝐺,𝐴; in particular kerδ1=𝐷𝑒𝑟Γ𝐺,𝐴.
	Two Γ-equivariant extensions are equivalent if there exists a morphism inducing the identity on 𝐺 and 𝐴. Denote the set of equivalence classes by 𝐸Γ1𝐺,𝐴.
	Theorem 3. There is a bijection
	𝐸Γ1𝐺,𝐴≅𝐻Γ2𝐺,𝐴.
	Remark 4. With the Baer sum, 𝐸Γ1𝐺,𝐴 becomes an abelian group and the above bijection is an isomorphism. Higher-dimensional analogues are obtained using 𝑛-fold Γ-equivariant extensions.
	Definition 5. A Γ-group is called Γ-free if it is a free group with basis a Γ-set.
	Let 𝔽 be the projective class of Γ-free groups in 𝐺Γ.
	Theorem 6. For 𝑛≥2 there are isomorphisms
	𝐻𝑛Γ𝐺,𝐴≅𝐿𝑛−1𝔽𝐼𝐺⊗𝐺⋊Γ𝐴,  𝐻Γ𝑛𝐺,𝐴≅𝑅𝔽𝑛−1𝐷𝑒𝑟Γ𝐺,𝐴.
	We also recall several results on Γ-equivariant integral homology 𝐻𝑛Γ𝐺.
	Theorem 7. (i) 𝐿𝑛𝔽𝐺Γ𝑎𝑏≅𝐻𝑛+1Γ𝐺.
	(ii) There are exact sequences relating classical and Γ-equivariant homology, involving the functor
	𝑈𝐺=𝐺,𝐺Γ/𝐺,𝐺.
	Theorem 8. If α: 𝑃→𝐺 is a Γ-projective presentation, then
	𝐻2Γ𝐺≅𝑅∩𝑃,𝑃Γ/𝑃,𝑅Γ,
	where 𝑅=ker𝛼.
	Definition 9. A Γ-subgroup 𝐿 of a Γ -group 𝐺 is a retract if there exists a Γ-homomorphism 𝐺→𝐿 restricting to the identity on 𝐿.
	Theorem 10. If 𝐿 is a retract of a Γ-free group, then for any Γ-equivariant module 𝐴:
	𝐻𝑛Γ𝐿,𝐴=0,  𝐻Γ𝑛𝐿,𝐴=0,  𝑛>1.
	The Nielsen–Schreier theorem does not extend in general to Γ-free groups; nevertheless, various sufficient conditions ensure that \Gamma-subgroups of Γ-free groups are again Γ-free (Zavalo, 1964).
	Finally, there is a connection with equivariant cohomology of spaces.
	Theorem 11. Let G act properly on a space X with a compatible Γ-action. If X is acyclic with trivial Γ-action or is Γ-contractible, then
	𝐻Γ𝑛𝐺,𝐴≅𝐻Γ𝑛𝑋/𝐺,𝐴.
	Extensions of 𝚪-groups. We introduce an internal property of Γ-group extensions possessing a Γ-section map that will be used throughout the paper.
	Definition 12. Sequence (1) of Γ-groups is said to possess the Γ-property if the restriction of τ to the subset Γ𝐵 of 𝐵 is injective.
	Theorem 13. Sequence (1) possesses the Γ-property if and only if it has a Γ-section map and Γ-acts trivially on ker 𝜏.
	Corollary 14. The sequence 𝐸Γ possesses the Γ-property and every section map is a Γ-section map.
	Definition 15. A Γ-group 𝐺 is called Γ-perfect if 𝐺=𝐺,𝐺Γ, or equivalently if 𝐻1Γ𝐺=0 (Loday, 1978; Cegarra et al., 2002).
	Example 16. Let 𝐹(𝐺) be the Γ-free group generated by the Γ-group 𝐺. The natural short exact sequence
	1→𝑅→𝐹𝐺 𝜏 𝐺→1
	admits a Γ-section map. The induced central Γ-equivariant extension
	0→𝑅/𝐹𝐺,𝑅Γ→𝐹𝐺/𝐹𝐺,𝑅Γ→𝐺→1
	has the Γ-property.
	If 𝐺 is Γ-perfect, one obtains the universal central Γ-equivariant extension
	0→𝑅∩𝐹𝐺,𝐹𝐺Γ/𝐹𝐺,𝑅Γ→𝐹𝐺,𝐹𝐺Γ/𝐹𝐺,𝑅Γ→𝐺→1,
	whose kernel is isomorphic to 𝐻2Γ𝐺 (Cegarra et al., 2002).
	We now consider non-abelian extensions. Let
	1 →𝐽 →𝑋 →𝐺 →1
	be an extension of Γ-groups with the Γ-property. Then Γ acts trivially on 𝐽, and conjugation induces a Γ-homomorphism
	ψ:𝐺→𝐴𝑢𝑡𝐽/𝐼𝑛𝑛𝐽.
	Definition 17. The triple 𝐺,𝐽,ψ is called the abstract kernel of the extension.
	Theorem 18. (i) For any abstract kernel 𝐺,𝐽,ψ there exists an obstruction
	𝑂𝑏𝑠𝐺,𝐽,ψ∈𝐻Γ3𝐺,𝐶,
	where 𝐶 is the center of 𝐽. The kernel admits an extension if and only if the obstruction vanishes.
	(ii) If an extension exists, equivalence classes of extensions with Γ-property are in bijection with
	𝐻Γ2𝐺,𝐶.
	The construction of extensions follows the classical case using factor systems and semi-direct product Γ-extensions; details are analogous and therefore omitted.
	To extend the correspondence between extensions and cohomology to higher dimensions, we introduce 𝑛-fold Γ-equivariant extensions.
	An 𝑛-fold Γ-equivariant extension of 𝐺 by 𝐴 is a long exact sequence
	0→𝐴→𝐵1→⋯→𝐵𝑛→𝐺→1,
	in which the intermediate short sequences are proper sequences of Γ-equivariant modules and the last term is a Γ-equivariant extension.
	Let 𝐸Γ𝑛𝐺,𝐴 denote the set of equivalence classes of such extensions; it becomes an abelian group via the Baer sum.
	Theorem 19. For 𝑛≥1 there is an isomorphism
	𝐸Γ𝑛𝐺,𝐴≅𝐻Γ𝑛+1𝐺,𝐴.
	The proof follows from the theory of relative derived functors and the universality of the functor 𝐸𝑥𝑡Γ∗ with respect to the projective class of proper sequences of Γ-equivariant modules; the argument parallels the classical case and is omitted.
	Some computations. It is natural to ask for explicit computations of the Γ-equivariant (co)homology of groups introduced in (Cegarra et al., 2002). As noted earlier, these groups vanish in degrees n > 1 for retracts of Γ-free groups. Here we consider the case of finite cyclic Γ-groups.
	For the computation of the classical (co)homology of a finite cyclic group ℤ𝑚 with generator 𝑡, one uses the well-known free resolution
	⋯ 𝐷 ℤℤ𝑚 𝑁 ℤℤ𝑚 𝐷 ℤℤ𝑚 𝜀ℤ →0,
	where 𝐷=𝑡−1 and 𝑁=1+𝑡+⋯+𝑡𝑚−1. 
	If Γ acts nontrivially on ℤ𝑚, this resolution is generally not compatible with the action and therefore is not suitable for computing Γ-equivariant (co)homology.
	To obtain computable formulas, we work rationally. Let 𝐵∗⊗ ℚ→ ℚ be the bar resolution tensored with ℚ.
	Definition 20. The rational homology and cohomology of a group 𝐺 with coefficients in a ℤ(𝐺)-module 𝐴 are defined by
	ℚ𝐻𝑛(𝐺,𝐴)=𝐻𝑛𝐵∗⊗ℚ⊗ℤ(𝐺)𝐴,
	ℚ𝐻𝑛𝐺,𝐴=𝐻𝑛Homℤ(𝐺)𝐵∗⊗ℚ,𝐴.
	These groups are independent of the chosen projective resolution and satisfy
	ℚ𝐻𝑛(𝐺,𝐴) ≅ 𝐻𝑛𝐺, 𝐴⊗ℚ, ℚHnG,A=HnG, Homℚ,A.
	Definition 21. Let Γ act on 𝐺 and trivially on ℚ. The rational Γ-equivariant homology and cohomology of 𝐺 with coefficients in a Γ-equivariant module 𝐴 are defined by
	ℚ𝐻nΓ(𝐺,𝐴)=𝐻𝑛𝐵∗⊗ℚ⊗ℤ(𝐺⋊Γ)𝐴,
	ℚ𝐻Γn𝐺,𝐴=𝐻𝑛Homℤ(𝐺⋊Γ)𝐵∗⊗ℚ,𝐴.
	Assume Γ acts nontrivially on ℤ𝑚, so that γ𝑡=𝑡𝑘 for some 𝑘 coprime to 𝑚. Consider the sequence of free ℚℤ𝑚 -modules
	⋯ 𝐷 ℚℤ𝑚 𝑁 ℚℤ𝑚 𝐷 ℚℤ𝑚 𝜀ℚ →0,
	where
	𝐷=𝑡𝑚−1+𝑡𝑚−2+⋯+𝑡−𝑚−1, 𝑁=1+𝑡+⋯+𝑡𝑚−1.
	One verifies that this sequence is exact, compatible with the Γ-action, and consists of relatively projective Γ-equivariant modules. Hence it is a projective resolution of ℚ in the category of Γ-equivariant modules.
	Applying −⊗ℤℤ𝑚⋊Γ𝐴 gives a chain complex computing the rational Γ-equivariant homology of ℤ𝑚.
	Theorem 22. Let Γ act nontrivially on the finite cyclic group ℤ𝑚. Then for any Γ-equivariant ℤℤ𝑚⋊Γ-module 𝐴,
	ℚ𝐻0Γℤ𝑚, 𝐴= ℚ⊗𝐴Γ,
	ℚ𝐻2n−1Γℤ𝑚, 𝐴= ker 𝑁∗/ 𝐼𝑚 𝐷∗,
	ℚ𝐻2nΓℤ𝑚, 𝐴= ker 𝐷∗ / 𝐼𝑚 𝑁∗, 𝑛 > 0.
	where 𝐷∗ and 𝑁∗ are induced by 𝐷 and 𝑁.
	For cohomology we apply 𝐻𝑜𝑚ℤℤ𝑚⋊Γ−, 𝐴 to the resolution above.
	Theorem 23. Let Γ act nontrivially on ℤ𝑚. Then, for any Γ-equivariant module 𝐴,
	ℚ𝐻Γ0ℤ𝑚, 𝐴= 𝐻𝑜𝑚ℚ, 𝐴Γ,
	ℚ𝐻Γ2𝑛−1ℤ𝑚, 𝐴= ker 𝑁∗/ 𝐼𝑚 𝐷∗,
	ℚ𝐻Γ2𝑛ℤ𝑚, 𝐴= ker 𝐷∗/ 𝐼𝑚 𝑁∗, 𝑛 > 0.
	Thus, the rational Γ-equivariant (co)homology of finite cyclic Γ-groups is periodic, with period two in positive degrees.
	𝚪-derived functors and 𝚪-equivariant Hochschild homology. Let Γ be a group acting on a unital ring Λ. A left Λ -module 𝐴 equipped with an action of Γ satisfying
	𝛾𝜆𝑎= 𝛾𝜆𝛾𝑎
	is called a Γ-equivariant left Λ-module. 
	Denote by Γ𝐴 the Λ-submodule generated by elements 𝛾𝑎−𝑎, and by 𝐴Γ the quotient 𝐴/Γ𝐴.
	Definition 24. A group Γ is said to act on a chain complex 
	⋯→𝐿𝑛𝛿𝑛𝐿𝑛−1→ ⋯
	of Λ-modules if each 𝐿𝑛 is a Γ-equivariant module and
	δ𝑛𝛾𝑙 − 𝑙∈Γ𝐿𝑛−1.
	The homology of the quotient complex 𝐿∗Γ=𝐿∗Γ is called the Γ-equivariant homology of 𝐿∗ and is denoted 𝐻𝑛Γ𝐿∗.
	Relation with cyclic homology. Let 𝐴 be a unital κ-algebra and 𝑀 a Γ-equivariant 𝐴-bimodule. The Hochschild complex
	𝐶∗𝐴,𝑀=⋯→𝑀⊗𝐴⊗𝑛→⋯→𝑀
	inherits a natural Γ-action.
	Definition 25. The homology 𝐻∗Γ𝐶∗𝐴,𝑀 is called the Γ-equivariant Hochschild homology of 𝐴 with coefficients in 𝑀, denoted 𝐻∗Γ𝐴,𝑀. For 𝑀=𝐴 we write 𝐻𝐻∗Γ𝐴.
	When the cyclic group ℤ acts by cyclic permutations on 𝐶∗𝐴,𝐴, the quotient complex coincides with the Connes complex. Hence cyclic homology over a field containing ℚ appears as a special case of Γ-equivariant Hochschild homology.
	Relation with Γ-equivariant homology of groups. Let G be a Γ-group and 𝐶∗𝐺 the standard chain complex computing integral homology. The induced action of Γ on generators gives a chain complex whose Γ-equivariant homology coincides with 𝐻𝑛Γ𝐺. 
	In particular, when 𝐴 = ℤ(𝐺) with the induced action of Γ, one has natural isomorphisms
	𝐻𝑛Γ𝐶∗𝐴,𝐴≅𝐻𝑛Γ𝐺.
	Thus Γ-equivariant Hochschild homology contains both cyclic homology and Γ-equivariant group homology as special cases.
	𝚪-derived functors. Let 𝔸ΛΓ denote the category of Γ-equivariant left Λ-modules. A relatively free module is a free Λ-module with basis a Γ-set; a retract of such a module is called relatively projective. 
	A Γ-projective resolution of 𝑀 is a complex
	⋯→𝑃𝑛→⋯→𝑃0→𝑀→0
	with each 𝑃𝑛 relatively projective and all short exact sequences admitting Γ-sections.
	Definition 26. For an additive functor 𝑇:𝔸ΛΓ→𝔸𝑍Γ, the left Γ-derived functors are defined by
	𝐿𝑛Γ𝑇𝑀=𝐻𝑛Γ𝑇𝑃∗𝑀.
	In particular, derived functors of the tensor product yield functors 𝑇𝑜𝑟𝑛Λ,Γ−,𝐿, recovering Γ-equivariant group homology in the case Λ= ℤ(𝐺).
	𝚪-equivariant Hochschild homology. For a κ-algebra A with Γ-action, define the Γ-additive commutator
	[𝐴,𝐴]Γ= ⟨𝛾𝑎−𝑎, 𝑎𝑎′−𝑎′𝑎 ⟩.
	If 𝐴 is commutative, let Ω1𝐴 be the module of Kähler differentials with the induced Γ-action, and define
	ΩΓ1𝐴=Ω1𝐴Γ.
	Theorem 27. Let Γ act on a unital κ-algebra A and an A-bimodule M. Then:
	(a) 𝐻𝐻0Γ𝐴=𝐴/𝐴,𝐴Γ;
	(b) If 𝐴 is commutative, then 𝐻𝐻1Γ𝐴≅ΩΓ1𝐴;
	(c) If 𝐴 is relatively projective as a Γ-equivariant κ-module, then 
	𝐻𝑛Γ𝐴,𝑀≅𝑇𝑜𝑟𝑛𝐴𝑒,Γ𝐴,𝑀;
	(d) (Morita invariance) For all 𝑟 ≥1, then
	𝐻𝑛Γ𝐴,𝑀≅𝐻𝑛Γ𝑀𝑟𝐴,𝑀𝑟𝑀.
	Right derived functors. Right derived functors 𝐸𝑥𝑡Λ,Γ𝑛 of 𝐻𝑜𝑚ΛΓ−,𝑀 are defined analogously. In particular, when Λ= ℤ(𝐺) one recovers
	𝐸𝑥𝑡ℤ(𝐺),Γ 𝑛ℤ, 𝐿  ≅𝐻Γ𝑛(𝐺, 𝐿).
	Remark 28. If Γ acts on a κ-algebra 𝐴, the combined action of ℤ×Γ on the Hochschild complex yields a notion of Γ-equivariant cyclic homology when ℚ⊂κ.
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Introduction

The purpose of this paper is to present a survey of results on group actions in homological algebra, with a focus on -equivariant homology and cohomology of -groups and related algebraic structures. These constructions extend classical homological methods by incorporating compatible actions of a fixed group  on groups, rings, and chain complexes, leading to a framework that has become known as -homological algebra.

The basic idea is to equip classical chain complexes computing homology of groups or rings with natural -actions induced by the given actions on the underlying algebraic objects. Passing to homology then produces -equivariant homology and cohomology groups, which generalize classical invariants and provide tools for studying extensions, derived functors, and related structures in an equivariant setting. 

Equivariant approaches to extensions and homology have their origins in the work of Whitehead (Whitehead, 1950) and have subsequently appeared in various contexts in homotopy theory, algebraic -theory, and the theory of crossed modules (Carlsson, 2001; Fiedorowicz et al., 1982; Kuku, 1984; Phillips, 1987). Over the past years a number of results have been obtained concerning -equivariant extensions of groups, obstruction theory, homology of crossed -modules, and equivariant Hochschild homology. The aim of this article is to bring these developments together and present them in a unified and streamlined form. 

We review extensions of -groups with -section maps and their relation to equivariant cohomology, as well as extensions of crossed -modules, which generalize relative extensions of group epimorphisms in the sense of Loday (Loday, 1978). We also discuss the construction of -equivariant Hochschild homology and its connections with cyclic homology and equivariant group homology. Particular attention is given to examples and computations, including the rational -equivariant (co)homology of finite cyclic -groups.



Notations. Throughout the paper, the following notation will be used. For a -group ,  denotes the set of elements  and  the normal subgroup generated by it; . The subgroup  generated by the commutator subgroup and the elements  is called the -commutant of , and  denotes the abelianization of .



Preliminaries. In this section, we recall basic definitions and results from (Cegarra et al., 2002) which will be used later. We also indicate how equivariant analogues of classical homological properties of groups arise within this framework.

Let  be the category whose objects are groups equipped with an action of a fixed group  (called -groups) and whose morphisms are homomorphisms compatible with the -action.

Any exact sequence of -groups

					(1) 

is called a -extension of  by . It is said to have a -section if there exists a map  such that  and . If  is a homomorphism, the extension is split.



Definition 1. (i) A -equivariant -module  is a -module equipped with a -module structure such that

,

for all , , and . The category of -equivariant -modules is equivalent to the category of modules over the semidirect product  (Janelidze, 1982).

An extension with -section map is called a -equivariant extension if the kernel is a -equivariant -module. 

(ii) A -equivariant -module is relatively free if it is a free -module with basis a -set, and relatively projective if it is a retract of a relatively free module.

The class  of relatively projective -equivariant -modules forms a projective class with respect to proper sequences.



Definition 2. The -equivariant homology and cohomology of a -group  with coefficients in  are defined by

, 	,	,

where tensor products and  are taken over  and  has trivial  and  action.

These groups can be computed using the -equivariant bar resolution of . The action of  on  induces an action on the classical bar resolution, giving isomorphisms

,    .

An equivalent description of cohomology is obtained via -cochains  consisting of -maps . The resulting cochain complex computes ; in particular .

Two -equivariant extensions are equivalent if there exists a morphism inducing the identity on  and . Denote the set of equivalence classes by .



Theorem 3. There is a bijection

.



Remark 4. With the Baer sum,  becomes an abelian group and the above bijection is an isomorphism. Higher-dimensional analogues are obtained using -fold -equivariant extensions.



Definition 5. A -group is called -free if it is a free group with basis a -set.



Let  be the projective class of -free groups in .



Theorem 6. For  there are isomorphisms

, 	.



We also recall several results on -equivariant integral homology .



Theorem 7. (i) .

(ii) There are exact sequences relating classical and -equivariant homology, involving the functor

.



Theorem 8. If  is a -projective presentation, then

,

where .



Definition 9. A -subgroup  of a  -group  is a retract if there exists a -homomorphism  restricting to the identity on .



Theorem 10. If  is a retract of a -free group, then for any -equivariant module :

,	 , 	.

The Nielsen–Schreier theorem does not extend in general to -free groups; nevertheless, various sufficient conditions ensure that \Gamma-subgroups of -free groups are again -free (Zavalo, 1964).

Finally, there is a connection with equivariant cohomology of spaces.



Theorem 11. Let G act properly on a space X with a compatible -action. If X is acyclic with trivial -action or is -contractible, then

.

Extensions of -groups. We introduce an internal property of -group extensions possessing a -section map that will be used throughout the paper.



Definition 12. Sequence (1) of -groups is said to possess the -property if the restriction of  to the subset  of  is injective.



Theorem 13. Sequence (1) possesses the -property if and only if it has a -section map and -acts trivially on .



Corollary 14. The sequence  possesses the -property and every section map is a -section map.



Definition 15. A -group  is called -perfect if , or equivalently if  (Loday, 1978; Cegarra et al., 2002).



Example 16. Let  be the -free group generated by the -group . The natural short exact sequence



admits a -section map. The induced central -equivariant extension



has the -property.

If  is -perfect, one obtains the universal central -equivariant extension

,

whose kernel is isomorphic to  (Cegarra et al., 2002).

We now consider non-abelian extensions. Let



be an extension of -groups with the -property. Then  acts trivially on , and conjugation induces a -homomorphism

.

Definition 17. The triple  is called the abstract kernel of the extension.



Theorem 18. (i) For any abstract kernel  there exists an obstruction

,

where  is the center of . The kernel admits an extension if and only if the obstruction vanishes.

(ii) If an extension exists, equivalence classes of extensions with -property are in bijection with

.

The construction of extensions follows the classical case using factor systems and semi-direct product -extensions; details are analogous and therefore omitted.

To extend the correspondence between extensions and cohomology to higher dimensions, we introduce -fold -equivariant extensions.

An -fold -equivariant extension of  by  is a long exact sequence

,

in which the intermediate short sequences are proper sequences of -equivariant modules and the last term is a -equivariant extension.

Let  denote the set of equivalence classes of such extensions; it becomes an abelian group via the Baer sum.



Theorem 19. For  there is an isomorphism

.

The proof follows from the theory of relative derived functors and the universality of the functor  with respect to the projective class of proper sequences of -equivariant modules; the argument parallels the classical case and is omitted.



Some computations. It is natural to ask for explicit computations of the -equivariant (co)homology of groups introduced in (Cegarra et al., 2002). As noted earlier, these groups vanish in degrees n > 1 for retracts of -free groups. Here we consider the case of finite cyclic -groups.

For the computation of the classical (co)homology of a finite cyclic group  with generator , one uses the well-known free resolution

,

where  and . 

If  acts nontrivially on , this resolution is generally not compatible with the action and therefore is not suitable for computing -equivariant (co)homology.

To obtain computable formulas, we work rationally. Let  be the bar resolution tensored with .



Definition 20. The rational homology and cohomology of a group  with coefficients in a -module  are defined by

,





These groups are independent of the chosen projective resolution and satisfy

, .



Definition 21. Let  act on  and trivially on . The rational -equivariant homology and cohomology of  with coefficients in a -equivariant module  are defined by

,



Assume  acts nontrivially on , so that  for some  coprime to . Consider the sequence of free  -modules

,

where

,	.

One verifies that this sequence is exact, compatible with the -action, and consists of relatively projective -equivariant modules. Hence it is a projective resolution of  in the category of -equivariant modules.

Applying  gives a chain complex computing the rational -equivariant homology of .



Theorem 22. Let  act nontrivially on the finite cyclic group . Then for any -equivariant -module ,

,

,

, .

where  and  are induced by  and .

For cohomology we apply  to the resolution above.



Theorem 23. Let  act nontrivially on . Then, for any -equivariant module ,

,

,

, .

Thus, the rational -equivariant (co)homology of finite cyclic -groups is periodic, with period two in positive degrees.



-derived functors and -equivariant Hochschild homology. Let  be a group acting on a unital ring . A left  -module  equipped with an action of  satisfying



is called a -equivariant left -module. 

Denote by  the -submodule generated by elements , and by  the quotient .



Definition 24. A group  is said to act on a chain complex 



of -modules if each  is a -equivariant module and

.

The homology of the quotient complex  is called the -equivariant homology of  and is denoted .



Relation with cyclic homology. Let  be a unital -algebra and  a -equivariant -bimodule. The Hochschild complex



inherits a natural -action.



Definition 25. The homology  is called the -equivariant Hochschild homology of  with coefficients in , denoted . For  we write .

When the cyclic group  acts by cyclic permutations on , the quotient complex coincides with the Connes complex. Hence cyclic homology over a field containing  appears as a special case of -equivariant Hochschild homology.



Relation with -equivariant homology of groups. Let G be a -group and  the standard chain complex computing integral homology. The induced action of  on generators gives a chain complex whose -equivariant homology coincides with . 

In particular, when  with the induced action of , one has natural isomorphisms

.

Thus -equivariant Hochschild homology contains both cyclic homology and -equivariant group homology as special cases.



-derived functors. Let  denote the category of -equivariant left -modules. A relatively free module is a free -module with basis a -set; a retract of such a module is called relatively projective. 

A -projective resolution of  is a complex



with each  relatively projective and all short exact sequences admitting -sections.



Definition 26. For an additive functor , the left -derived functors are defined by

.

In particular, derived functors of the tensor product yield functors , recovering -equivariant group homology in the case .



-equivariant Hochschild homology. For a -algebra A with -action, define the -additive commutator

.

If  is commutative, let  be the module of Kähler differentials with the induced -action, and define

.



Theorem 27. Let  act on a unital -algebra A and an A-bimodule M. Then:

(a) ;

(b) If  is commutative, then ;

(c) If  is relatively projective as a -equivariant -module, then 

;

(d) (Morita invariance) For all , then

.



Right derived functors. Right derived functors  of  are defined analogously. In particular, when  one recovers

.



Remark 28. If  acts on a -algebra , the combined action of  on the Hochschild complex yields a notion of -equivariant cyclic homology when .
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მათემატიკა

-ჯგუფების (კო)ჰომოლოგია და -ეკვივარიანტული ჰომოლოგია-I

ხ. ინასარიძე

აკადემიის წევრი, ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის მათემატიკის ინსტიტუტი; თბილისის მათემატიკის მეცნიერების ცენტრი, საქართველო

ნაშრომში მოცემულია -ჯგუფების -ეკვივარიანტული ჰომოლოგიისა და კოჰომოლოგიის თეორია და მათთან დაკავშირებული სტრუქტურები, რომლებიც ერთიანდება -ჰომოლო-
გიური ალგებრის ჩარჩოში. განვიხილავთ ეკვივარიანტული ჯაჭვური კომპლექსების აგებას, -ჯგუფების გაფართოებების ინტერპრეტაციას კოჰომოლოგიის ტერმინებში, აგრეთვე აბსტრაქტული ბირთვების და დაბრკოლებათა თეორიის როლს. ასევე განვიხილავთ სასრულ ციკლურ -ჯგუფებისთვის რაციონალურ გამოთვლებს და წარმოვაჩენთ -ეკვივარიანტული ჰოხშილდის ჰომოლოგიისა და წარმოებული ფუნქტორების თეორიას.




References

Carlsson, G. (2001). Equivariant stable homotopy theory and related areas. Homology, Homotopy Appl., 3. 

Cegarra, A.M., Garcia-Calcines, J.M., & Ortega, J.A. (2002). Cohomology of groups with operators. Homology, Homotopy Appl., 4, 1-23.

Fiedorowicz, Z., Hauschild, H., & May, P. (1982). Equivariant K-theory. Lecture Notes in Mathematics, 23-80.

Inassaridze, H. (2005). Equivariant homology and cohomology of groups. Topology Appl., 153, 66-89.

Janelidze, G. (1982.) On abelian extensions of commutative rings. Bull. Georg. Acad. Sci., 108, 477-480.

Kuku, A. (1984) Equivariant K-theory and the cohomology of profinite groups. Semigroup Forum, 342, 235-244.

Loday, J.L. (1978). Cohomologie et groupe de Steinberg relatifs. J. Algebra, 54, 178-202. 

Phillips, N.C. (1987). Equivariant K-theory and freeness of group actions on -algebras. Lecture Notes in Mathematics, 1274, 219-228.

Whitehead, J.H.C. (1950). On group extensions with operators. Quart. J. Math., 1, 219-228. Oxford.

Zavalo, S.T. (1964). S-free operator groups I, II. Ukr. Mat. Zh., 16, 593-602, 730-751.

Received  March, 2026

© 2025  Bull. Georg. Natl. Acad. Sci.

Bull. Natl. Acad. Sci. Georg., vol. 20(194), no. 2, 2026

Bull. Natl. Acad. Sci. Georg., vol. 20(194), no. 2, 2026


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



