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Abstract. In this paper, a high-order time differential approximation of the three-phase-lag dynamic three-
dimensional model of thermoelastic solids is considered. The initial-boundary value problem with mixed
boundary conditions corresponding to the nonclassical model with three phase-lag parameters is studied,
where on certain parts of the boundary displacement and temperature vanish, and on the corresponding
remaining parts of the boundary the densities of surface force and heat flux along the outward normal vector
are given. A variational formulation of the initial-boundary value problem is obtained, and the existence
and uniqueness result as well as continuous dependence of the solution on the given data in suitable spaces
of vector-valued distributions are proved. © 2026 Bull. Georg. Natl. Acad. Sci.

Keywords: phase-lag thermoelasticity, initial-boundary value problem, existence, uniqueness, continuous

Introduction

The three-phase-lag model was proposed by S.K. Roy Choudhuri (2007) using the nonclassical models of
thermoelastic bodies constructed by A.E. Green and P.M. Naghdi (1991) that depend not only on
temperature but also on thermal displacement. Roy Choudhuri introduced three phase lags for the heat flux
vector, the temperature gradient, and the thermal displacement gradient, and, instead of the classical Fourier
law, proposed a time-delayed constitutive equation, which is a generalisation of the Tzou dual-phase-lag
model (Tzou, 1995). In Dreher et al. (2009), it was proved that the delay equation corresponding to the Roy
Choudhuri law of heat conduction is ill-posed. Hence, Taylor series approximations of this law are used
instead of the Fourier law in the energy balance equation. In the paper (Roy Choudhuri, 2007), Roy
Choudhuri considered two particular approximations of the three-phase-lag model and constructed the
corresponding models for thermoelastic bodies. The well-posedness and exponential stability results were
obtained for particular and some high-order approximations of Roy Choudhuri's three-phase-lag heat
conduction equation in (Borgmeyer et al., 2014). The compatibility of a particular approximation of Roy

Choudhuri heat conduction model with thermodynamical principles and continuous dependence results in
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spaces of sufficiently smooth functions was studied by Chirita et al. (2016). For one approximation of the
Roy Choudhuri nonclassical model with three phase-lags for thermoelastic bodies, the domain of influence
result was obtained in (Zampoli & Landi, 2017). The uniqueness and continuous dependence results in the
spaces of classical smooth enough functions for the heat conduction equation with the high-order
approximations of Roy Choudhuri's three-phase-lag model were proved in (Chirita, 2018). The initial-
boundary value problem corresponding to one of Roy Choudhuri's three-dimensional models of
thermoelastic solids consisting of anisotropic homogeneous material with general mixed boundary
conditions was studied by Avalishvili & Avalishvili (2023) and an approximation algorithm of the three-
dimensional problem for thermoelastic plates by two-dimensional problems was constructed and
investigated in (Avalishvili et al., 2024). Numerous publications have been devoted to the study of
thermoelastic waves, stability of solutions, numerical and analytical methods of solution and related topics
for the three-phase-lag models of thermoelastic solids (see Quintanilla & Racke, 2008; Kumar &
Mukhopadhyay, 2010; Shakeriaski et al., 2021; Chiritad & Ciarletta, 2025 and the references given therein).

The present paper is devoted to the investigation of the nonclassical model of thermoelastic solids with
three phase-lags, which is a generalisation of the Roy Choudhuri model (Roy Choudhuri, 2007), where the
classical Fourier law of heat conduction is replaced by an approximation of Roy Choudhuri's three-phase-
lag heat conduction law in which the lagged heat flux, temperature and thermal displacement gradients are
substituted with high degree partial sums of the corresponding Taylor expansions with respect to the time
variable. We consider the linear three-dimensional initial-boundary value problem corresponding to the
nonclassical model of thermoelastic solids, with general mixed boundary conditions, where, on certain parts
of the boundary, the densities of surface force and heat flux along the outward normal vector are given,
and, on the corresponding remaining parts of the boundary, the displacement and temperature vanish. We
obtain integral relations, which are equivalent to the original differential equations in the spaces of smooth
enough functions, and, based on the integral relations, we consider the variational formulation in suitable
spaces of vector-valued distributions with respect to the time variable with values in the Sobolev spaces of
the three-dimensional initial-boundary value problem. Finally, we investigate the existence, uniqueness and

continuous dependence of the solution on the given data in suitable function spaces.

Well-posedness of the time differential three-phase-lag model. We denote by
w"*(D)y=H"(D) and H' (), r,feR, r>0, 0<7<1, the Sobolev spaces of orders r,7 based on the
spaces H’(D)=1*(D) and H°(I") = I*(I") of square-integrable functions, respectively, where D  R?,
peN, is a bounded Lipschitz domain (McLean, 2000) and I' < 8D is a Lipschitz surface. We denote by
H'(D)=[H"(D)]’, W (D)=[H (D], L’(D)=[(D)]', L@ =L@, r=0, 0<7<1, s>1,
r,7,s € R, the corresponding spaces of vector-valued functions. The trace operators are denoted by
. :H'(D) > H" (@) and tr. :H' (D) - H"*(I"). For any meNU{0}, we denote by C™'(D) the
space of functions whose all partial derivatives up to the order m are Lipschitz continuous on D (Ciarlet,
2013). For a Banach space X , we denote by C([0,7]; X) the space of continuous functions on [0,7] with

values in X. L(0,T;X), 1<qg<o, is the space of such measurable functions g:(0,7) — X that
|| g(t)" . € L(0,T) and the generalised first, second and arbitrary k -th order derivatives of g are denoted
by g'=dg/dt, g"=d’g/dt’ and g¥ =d*g/dt", ke NU{0}, g =g (Dautray & Lions, 2000).
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Let us consider a thermoelastic body with an initial configuration Q — R*, which consists of an
anisotropic inhomogeneous thermoelastic material. The body is clamped along a part I";, of the Lipschitz

boundary I'=0Q and, on the remaining part I', =I'\I",, a surface force with density g=(g,): T, x
(0,7) — R’ is given, where I' =T, UT, is a Lipschitz dissection (McLean, 2000) of T ; the temperature
@ vanishes along a part T, — T of the boundary and the heat flux along the outward normal vector of ',
with density §°:T7 x(0,7) — R, is given on the remaining part T =T \T of the boundary, where
=T UTI? is a Lipschitz dissection of T'. The body is subjected to an applied body force with density
f=(f):Qx(0,T) > R* and a heat source with density f’:Qx(0,7) — R . The nonclassical dynamic
linear three-dimensional model of stress-strain state of the thermoelastic body Q, in which the classical
Fourier law of heat conduction is replaced with the high-order approximation

&7, 0'q,(x,1) 3 0 [ 0°6(x,1) S 0 (&t 00 (x,0) .
— = l —_— _—— i > = 17 2737
Z atr ; g axj Z ats z ij a Z !

=0 }"! $=0 S! 5=0 S af)

of the three-phase-lag law of heat conduction proposed by Roy Choudhuri (Roy Choudhuri, 2007), where
G=(q,)., is the heat flux vector, ' : Qx[0,7]— R is the thermal displacement such that 96 /o1 = 6
and 6:Qx[0,7]— R is the temperature distribution, is given by the following initial-boundary value

problem in differential form:

(Z Hijpy€,, (W) +17,0 ] fi mQx(0,T), i=1,2,3, )
/ p.q=1
&g 0770 K0 0 (& oo L0 (= 0 (&t 000
- = =4 —> + = —| A= > = -
Z,Z:(; rl ot l; ox, |7 ox, SZ:(; s! o ,Z::, ox | Vox, (Istor )
3 n " ar+2u nopr arH]B
-0 e | YL = in Qx(0,7),
3 3
u=0 on I,x(0,7), Z(z Ly @0y (W) +17; 9]‘/ =g, on I x(0,T), i=1,2,3, 3)
J=1\ p.q=1

0=0 on I')x(0,7),

n TS 65“6 3 a ny TS asg 1y Z_r ar+1g~_6 (4)
_Z T ox. (os_l' at»v+lJ“"‘Z%,E( Bl JV =2 on Ty x(0,7),

r+l
i,j=l1 r:Or! at

u(x,0) = u, (%), a—?(x, 0) = u, (x),
o1g xeQ, 5)

S (020, ()

0(x,0) = 6, (x), %(x,0)=¢91(x), o

ov, ov, | .. . . . .
where e, (V) =—| ——+—= |, i,/ =1,2,3, v=(v,)_, : Q — R’, is the linearized strain tensor, v=(v,),
u /i ili=
2\ ox; Ox
is the unit outward normal to T', u=(x,)],:Qx[0,7]— R’ is the displacement vector-function of the
thermoelastic body, u, = (u,,);_, and u, = (u,,);, are the initial displacement and velocity vector-functions,
and ¢, is the initial distribution of temperature, 6, is the rate of change of temperature, and 6,
k=2,..,n,+1, are the k -th order derivatives of temperature with respect to the time variable at the initial

moment, p is the mass density in the reference configuration, ( ﬂwq) is the elasticity tensor, (77, )}

i,j,p.q=1 i,j=1

is the stress-temperature tensor, y > 0 is the volumetric heat capacity, (4; )? _, is the thermal conductivity

i,j=1
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tensor and (/1 )} _ is the Green-Naghdi thermal conductivity rate tensor included in the Green-Naghdi

P>q=1
models (Green & Naghdi, 1991) to consider the dependence on thermal displacement gradient, ®, > 0 is

the temperature of the thermoelastic body in the natural state of no deformation, which is considered as a
reference temperature, 7, >0, 7, 20 and 7, >0 stand for the heat flux, temperature gradient and thermal

displacement gradient phase-lags, respectively. Note that the considered model is a generalisation of the
Roy Choudhuri three-phase-lag model and coincides with it in the case of n, =2 and n, =n, =1 (Roy

Choudhuri, 2007; Avalishvili & Avalishvili, 2023), the Lord-Shulman model (Lord & Shulman, 1967,
Avalishvili & Avalishvili, 2014) is a particular case of this model for n, =1, n =0 and ﬁ_,pq =0

p-q =1,2,3, the high-order time differential dual-phase-lag models (Avalishvili & Avalishvili, 2025) are
particular cases of this model for qu =0, p,g=1,2,3, and in the case of 7, =7, =0 and qu =

p-q=1,2,3, the nonclassical three-phase-lag model (1)-(5) reduces to the classical linear three-

dimensional model of thermoelastic solids.

We assume that the elasticity tensor ( ﬂ,,,,,,) the stress-temperature tensor (7, ), _,, the thermal

i,j,p.q=1"° i,j=12

conductivity tensor (4, )} _, and the thermal conductivity rate tensor (/1 )} satisfy the following

i,j=1 p.q=1

symmetry conditions:

Hijpg = Hijgp = Hiipg > 771'/’ = 77/'1" ﬂ’pq = ﬂ’qﬂ’ ﬂ’[ ﬂ']}” i’j’p’q =1,2,3. (6)

If u=(y,);, and @ are smooth enough, then by multiplying equations (1) by arbitrary continuously
differentiable functions v, :Q >R (i=1,2,3), which vanish on T, and equation (2) by a continuously
differentiable function ¢:Q — R, such that =0 on T'Y, by integrating on Q, by using the Green

identity (McLean, 2000), and taking into account the symmetry properties (6) and the boundary conditions
(3), (4), we obtain the following integral relations:

ZJP

“vide+ Z I,u,,pqepq(u)e,](v)dx—i- ZJ- 1;;0¢; (V)dx = ZIﬁV,dX-i-nglv ar, (1)

i=l O i,j,p,q=1Q i,j=1 i=l O tlrl

ny 41 s As+l
(S e Sl S o A S35 e
Q rOr at i,j=10 X st ot i,j=10 X S at X

_@OZJ% j{z 0 ‘Z:lz ]q)dx jf odx— jg odT, ®)

i,j=1Q 1"9

n roAr+l 76 n roArtl ~0
here £’ = ZU:T—O o f ‘= ZOZT—O 0’8 Therefore, if u=(u,)’, and @ are solutions of equations
w =2 8 Tl i =), u qu

(1), (2) and satisfy boundary conditions (3), (4), then u = (x,);_, and @ are solutions of (7), (8). Conversely,
if u=(u,), and @ are smooth enough solutions of equations (7), (8), then by using the Green identity
and density arguments, we obtain that u = («,);, and @ satisfy equations (1), (2) and boundary conditions
(3), (4). So, the initial-boundary value problem (1)-(5) corresponding to the nonclassical dynamic three-
dimensional model of thermoelastic solids with three phase-lags is equivalent to equations (7), (8), together

with initial conditions (5) in the spaces of smooth enough functions.
We identify the unknown vector-function u and the function @ with vector-functions defined on [0,7’]

taking values in suitable function spaces defined on Q . By applying the integral relations (7) and (8) in the
caseof n, =n, +1, n, <n, —1 , we obtain the following variational formulation of the initial-boundary value

problem (1)-(5) in the spaces of vector-valued distributions: Find the unknown vector-function
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w ', u" e C(0,TEV(Q),  u™™? eL”(0,T;V(Q), u™™V el (0,T;L(Q), 6.0,...0" ¢
C(0,TL:V%(Q)), 8" e L (0,T;V°(Q)), 8™ e L*(0,T;L*(2)), which satisfy the following equations
in the sense of distributions on (0,7,

(pu’, Yz T4 V) +b6(0,v) = (£, V)2 ) +(8,trr, (v))LZ(Fl)’ VveV(Q), 9

Ny z_r - Z_ - ny T.\' . Ny z_f .
O P L P E R b
r= . LZ(Q) . . r= .

s=0 s=0

_ (0 0 0
=)y~ (&t (@) e VOV, (10)
together with the initial conditions

u(0)=u,, wO)=u, 60)=6, 6O)=6, . . . .0""0)=4,.. (11)

where V(Q)={ve H'(Q);tr.(v)=0 onT,}, V' (Q)={pe H (Q);tr(p)=0 onT}},

a(v,v) = '[ Z L€,y (Ve (V)dx, Vv,V e H'(Q),

Qij,p.q=1
3
b(e,v)=b"(v.0) = [0 mye,(V)dx, Ve (Q),veH (Q),
Q i,j=1
@ O0p .
a ($.9) = jZ o —dx & (¢, ) = jz l,a a_dx Vo.pe H'(Q),
Qi,j=1

Qi,j=1
)i s G)pgs (), and (.,.)Lz(rg) are scalar products in the spaces L7(Q), L*(Q), L’(T')) and
L’ (T'?), respectively.
For problem (9)-(11), which is equivalent to the initial-boundary value problem (1)-(5) in the spaces of
smooth enough functions, the following theorem is valid.

Theorem. Suppose that Q is a bounded Lipschitz domain, n, =n,+1, n, <n,-1, peC (),
Hyy €CMQ), 7, €CUNQ) A2 € CNQ), 2 e (@) 1,pg =123, px)> ¢, = const >0,

ij 2
x(x)>c, =const >0, for almost all x €2, and the symmetry conditions (6) and the following positive

definiteness conditions are valid

3 3
2 . .
Z Ly (X)E €, ZcﬂZ(gi/.) , Ve, eR,¢,=¢,,1,j=123, ¢, =const >0, xeQ,

i,j,p,q=1 ij=1

3 3
Z Ay (X)E, €, 2 CIZ(SP)Z, Z ﬂpqugq > 2(5 ), Ve, eR, p=12,3, ¢;,¢c; =const >0, xeQ,
Pq=1 p=l Pq=1

and 7,>0, 7,>0. If f¥ eC([0,T;H*"*(Q)), k=0,..,n,, £ " e }(0,T;L*(Q)), g¥ e

2O, k=0,m+3, ff ePO.T;EQ) g°¢”.g" e FO,T;L7(T?), and the
initial conditions u, e H*(Q)NV(Q), u, e H*?*(Q)NV(Q), 6, € H 2R Q) AVQ), k=0,..., n,
0

ny+1

eV (Q), satisfy the following compatibility conditions

3 3
g ) =m [Z(Z Hipg pq(uk)m,jek]v/), i=1,2,3, k=0,1,2,..,n +1,

ge(O):—trrf,[z Vo (271 0“]1/] (ZZ %(236?) J

j=1
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where v=(v,);, is the unit outward normal vector to T,
_1iy0 (k-2) - -
== Z@x Z,uypqepq(uk Dm0, [+ 170 |, i=1,2,3, k=23,.,n,+],
p.q=1

then the initial-boundary value problem (9)-(11) possesses a unique solution, which continuously depends
on the given data, i.e. the mapping

(g, (B (F P £ ()22, 7, g%, g™ ) = () u D (0P )0 )

k=0

is linear and continuous from space

ny+1

H"2(Q)xH"" (Q)x ] [H""™ () x H C([0,T]; H" * (Q))x L2 (0, T; 1> (Q)) x

k=0 k=0
x(L2(0,T; L (T, )))”"” x L2 (0,T; L (Q))x L2 (0,T; L*(T?)) x L (0,T; L** (I'"))
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(CO. T V()" xC0, TELA Q) x(C([0.TL: V(@) xC([0,TT: (@),
and the following energy equality is valid:
E()=EQ0)+L(u,0,f, f°,8,¢°)t),  Vte[0,T1],
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	Introduction
	The three-phase-lag model was proposed by S.K. Roy Choudhuri (2007) using the nonclassical models of thermoelastic bodies constructed by A.E. Green and P.M. Naghdi (1991) that depend not only on temperature but also on thermal displacement. Roy Choudhuri introduced three phase lags for the heat flux vector, the temperature gradient, and the thermal displacement gradient, and, instead of the classical Fourier law, proposed a time-delayed constitutive equation, which is a generalisation of the Tzou dual-phase-lag model (Tzou, 1995). In Dreher et al. (2009), it was proved that the delay equation corresponding to the Roy Choudhuri law of heat conduction is ill-posed. Hence, Taylor series approximations of this law are used instead of the Fourier law in the energy balance equation. In the paper (Roy Choudhuri, 2007), Roy Choudhuri considered two particular approximations of the three-phase-lag model and constructed the corresponding models for thermoelastic bodies. The well-posedness and exponential stability results were obtained for particular and some high-order approximations of Roy Choudhuri's three-phase-lag heat conduction equation in (Borgmeyer et al., 2014). The compatibility of a particular approximation of Roy Choudhuri heat conduction model with thermodynamical principles and continuous dependence results in spaces of sufficiently smooth functions was studied by Chiriţă et al. (2016). For one approximation of the Roy Choudhuri nonclassical model with three phase-lags for thermoelastic bodies, the domain of influence result was obtained in (Zampoli & Landi, 2017). The uniqueness and continuous dependence results in the spaces of classical smooth enough functions for the heat conduction equation with the high-order approximations of Roy Choudhuri's three-phase-lag model were proved in (Chiriţă, 2018). The initial-boundary value problem corresponding to one of Roy Choudhuri's three-dimensional models of thermoelastic solids consisting of anisotropic homogeneous material with general mixed boundary conditions was studied by Avalishvili & Avalishvili (2023) and an approximation algorithm of the three-dimensional problem for thermoelastic plates by two-dimensional problems was constructed and investigated in (Avalishvili et al., 2024). Numerous publications have been devoted to the study of thermoelastic waves, stability of solutions, numerical and analytical methods of solution and related topics for the three-phase-lag models of thermoelastic solids (see Quintanilla & Racke, 2008; Kumar & Mukhopadhyay, 2010; Shakeriaski et al., 2021; Chiriţă & Ciarletta, 2025 and the references given therein).
	 The present paper is devoted to the investigation of the nonclassical model of thermoelastic solids with three phase-lags, which is a generalisation of the Roy Choudhuri model (Roy Choudhuri, 2007), where the classical Fourier law of heat conduction is replaced by an approximation of Roy Choudhuri's three-phase-lag heat conduction law in which the lagged heat flux, temperature and thermal displacement gradients are substituted with high degree partial sums of the corresponding Taylor expansions with respect to the time variable. We consider the linear three-dimensional initial-boundary value problem corresponding to the nonclassical model of thermoelastic solids, with general mixed boundary conditions, where, on certain parts of the boundary, the densities of surface force and heat flux along the outward normal vector are given, and, on the corresponding remaining parts of the boundary, the displacement and temperature vanish. We obtain integral relations, which are equivalent to the original differential equations in the spaces of smooth enough functions, and, based on the integral relations, we consider the variational formulation in suitable spaces of vector-valued distributions with respect to the time variable with values in the Sobolev spaces of the three-dimensional initial-boundary value problem. Finally, we investigate the existence, uniqueness and continuous dependence of the solution on the given data in suitable function spaces.  
	Well-posedness of the time differential three-phase-lag model. We denote by  and  , , , the Sobolev spaces of orders  based on the spaces  and  of square-integrable functions, respectively, where  , is a bounded Lipschitz domain (McLean, 2000) and  is a Lipschitz surface. We denote by    , , , , , the corresponding spaces of vector-valued functions. The trace operators are denoted by  and . For any , we denote by  the space of functions whose all partial derivatives up to the order  are Lipschitz continuous on  (Ciarlet, 2013). For a Banach space , we denote by  the space of continuous functions on  with values in . , , is the space of such measurable functions  that  and the generalised first, second and arbitrary -th order derivatives of  are denoted by ,  and ,    (Dautray & Lions, 2000). 
	 Let us consider a thermoelastic body with an initial configuration , which consists of an anisotropic inhomogeneous thermoelastic material. The body is clamped along a part  of the Lipschitz boundary  and, on the remaining part , a surface force with density  is given, where  is a Lipschitz dissection (McLean, 2000) of ; the temperature  vanishes along a part  of the boundary and the heat flux along the outward normal vector of , with density , is given on the remaining part  of the boundary, where  is a Lipschitz dissection of . The body is subjected to an applied body force with density  and a heat source with density . The nonclassical dynamic linear three-dimensional model of stress-strain state of the thermoelastic body , in which the classical Fourier law of heat conduction is replaced with the high-order approximation
	of the three-phase-lag law of heat conduction proposed by Roy Choudhuri (Roy Choudhuri, 2007), where  is the heat flux vector,  is the thermal displacement such that  and  is the temperature distribution, is given by the following initial-boundary value problem in differential form:
	                    (1) 
	          (2)
	          (3)
	          (4)
	            (5)
	where , , , is the linearized strain tensor,  is the unit outward normal to ,  is the displacement vector-function of the thermoelastic body,  and  are the initial displacement and velocity vector-functions, and  is the initial distribution of temperature,  is the rate of change of temperature, and   are the -th order derivatives of temperature with respect to the time variable at the initial moment,  is the mass density in the reference configuration,  is the elasticity tensor,  is the stress-temperature tensor,  is the volumetric heat capacity,  is the thermal conductivity tensor and  is the Green-Naghdi thermal conductivity rate tensor included in the Green-Naghdi models (Green & Naghdi, 1991) to consider the dependence on thermal displacement gradient,  is the temperature of the thermoelastic body in the natural state of no deformation, which is considered as a reference temperature, ,  and stand for the heat flux, temperature gradient and thermal displacement gradient phase-lags, respectively. Note that the considered model is a generalisation of the Roy Choudhuri three-phase-lag model and coincides with it in the case of  and  (Roy Choudhuri, 2007; Avalishvili & Avalishvili, 2023), the Lord-Shulman model (Lord & Shulman, 1967; Avalishvili & Avalishvili, 2014) is a particular case of this model for ,  and , , the high-order time differential dual-phase-lag models (Avalishvili & Avalishvili, 2025) are particular cases of this model for , , and in the case of  and , , the nonclassical three-phase-lag model (1)-(5) reduces to the classical linear three-dimensional model of thermoelastic solids.
	 We assume that the elasticity tensor , the stress-temperature tensor , the thermal conductivity tensor  and the thermal conductivity rate tensor   satisfy the following symmetry conditions:
	                          (6)
	 If  and  are smooth enough, then by multiplying equations (1) by arbitrary continuously differentiable functions  , which vanish on , and equation (2) by a continuously differentiable function , such that  on , by integrating on , by using the Green identity (McLean, 2000), and taking into account the symmetry properties (6) and the boundary conditions (3), (4), we obtain the following integral relations:
	   (7)
	                          (8)
	where , . Therefore, if  and  are solutions of equations (1), (2) and satisfy boundary conditions (3), (4), then and  are solutions of (7), (8). Conversely, if  and   are smooth enough solutions of equations (7), (8), then by using the Green identity and density arguments, we obtain that  and  satisfy equations (1), (2) and boundary conditions (3), (4). So, the initial-boundary value problem (1)-(5) corresponding to the nonclassical dynamic three-dimensional model of thermoelastic solids with three phase-lags is equivalent to equations (7), (8), together with initial conditions (5) in the spaces of smooth enough functions.  
	   We identify the unknown vector-function  and the function  with vector-functions defined on  taking values in suitable function spaces defined on . By applying the integral relations (7) and (8) in the case of  , we obtain the following variational formulation of the initial-boundary value problem (1)-(5) in the spaces of vector-valued distributions: Find the unknown vector-function        which satisfy the following equations in the sense of distributions on ,
	               (9)   
	     (10)
	together with the initial conditions
	              (11)
	where , ,
	, ,  and  are scalar products in the spaces , ,  and , respectively. 
	 For problem (9)-(11), which is equivalent to the initial-boundary value problem (1)-(5) in the spaces of smooth enough functions, the following theorem is valid.
	Theorem. Suppose that  is a bounded Lipschitz domain, , ,         for almost all  and the symmetry conditions (6) and the following positive definiteness conditions are valid 
	and , . If         and the initial conditions      satisfy the following compatibility conditions
	where  is the unit outward normal vector to , 
	then the initial-boundary value problem (9)-(11) possesses a unique solution, which continuously depends on the given data, i.e. the mapping 
	is linear and continuous from space 
	to space
	and the following energy equality is valid:
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Introduction

The three-phase-lag model was proposed by S.K. Roy Choudhuri (2007) using the nonclassical models of thermoelastic bodies constructed by A.E. Green and P.M. Naghdi (1991) that depend not only on temperature but also on thermal displacement. Roy Choudhuri introduced three phase lags for the heat flux vector, the temperature gradient, and the thermal displacement gradient, and, instead of the classical Fourier law, proposed a time-delayed constitutive equation, which is a generalisation of the Tzou dual-phase-lag model (Tzou, 1995). In Dreher et al. (2009), it was proved that the delay equation corresponding to the Roy Choudhuri law of heat conduction is ill-posed. Hence, Taylor series approximations of this law are used instead of the Fourier law in the energy balance equation. In the paper (Roy Choudhuri, 2007), Roy Choudhuri considered two particular approximations of the three-phase-lag model and constructed the corresponding models for thermoelastic bodies. The well-posedness and exponential stability results were obtained for particular and some high-order approximations of Roy Choudhuri's three-phase-lag heat conduction equation in (Borgmeyer et al., 2014). The compatibility of a particular approximation of Roy Choudhuri heat conduction model with thermodynamical principles and continuous dependence results in spaces of sufficiently smooth functions was studied by Chiriţă et al. (2016). For one approximation of the Roy Choudhuri nonclassical model with three phase-lags for thermoelastic bodies, the domain of influence result was obtained in (Zampoli & Landi, 2017). The uniqueness and continuous dependence results in the spaces of classical smooth enough functions for the heat conduction equation with the high-order approximations of Roy Choudhuri's three-phase-lag model were proved in (Chiriţă, 2018). The initial-boundary value problem corresponding to one of Roy Choudhuri's three-dimensional models of thermoelastic solids consisting of anisotropic homogeneous material with general mixed boundary conditions was studied by Avalishvili & Avalishvili (2023) and an approximation algorithm of the three-dimensional problem for thermoelastic plates by two-dimensional problems was constructed and investigated in (Avalishvili et al., 2024). Numerous publications have been devoted to the study of thermoelastic waves, stability of solutions, numerical and analytical methods of solution and related topics for the three-phase-lag models of thermoelastic solids (see Quintanilla & Racke, 2008; Kumar & Mukhopadhyay, 2010; Shakeriaski et al., 2021; Chiriţă & Ciarletta, 2025 and the references given therein).

	The present paper is devoted to the investigation of the nonclassical model of thermoelastic solids with three phase-lags, which is a generalisation of the Roy Choudhuri model (Roy Choudhuri, 2007), where the classical Fourier law of heat conduction is replaced by an approximation of Roy Choudhuri's three-phase-lag heat conduction law in which the lagged heat flux, temperature and thermal displacement gradients are substituted with high degree partial sums of the corresponding Taylor expansions with respect to the time variable. We consider the linear three-dimensional initial-boundary value problem corresponding to the nonclassical model of thermoelastic solids, with general mixed boundary conditions, where, on certain parts of the boundary, the densities of surface force and heat flux along the outward normal vector are given, and, on the corresponding remaining parts of the boundary, the displacement and temperature vanish. We obtain integral relations, which are equivalent to the original differential equations in the spaces of smooth enough functions, and, based on the integral relations, we consider the variational formulation in suitable spaces of vector-valued distributions with respect to the time variable with values in the Sobolev spaces of the three-dimensional initial-boundary value problem. Finally, we investigate the existence, uniqueness and continuous dependence of the solution on the given data in suitable function spaces.  

















































































Well-posedness of the time differential three-phase-lag model. We denote by  and  , , , the Sobolev spaces of orders  based on the spaces  and  of square-integrable functions, respectively, where  , is a bounded Lipschitz domain (McLean, 2000) and  is a Lipschitz surface. We denote by    , , , , , the corresponding spaces of vector-valued functions. The trace operators are denoted by  and . For any , we denote by  the space of functions whose all partial derivatives up to the order  are Lipschitz continuous on  (Ciarlet, 2013). For a Banach space , we denote by  the space of continuous functions on  with values in . , , is the space of such measurable functions  that  and the generalised first, second and arbitrary -th order derivatives of  are denoted by ,  and ,    (Dautray & Lions, 2000). 





































	Let us consider a thermoelastic body with an initial configuration , which consists of an anisotropic inhomogeneous thermoelastic material. The body is clamped along a part  of the Lipschitz boundary  and, on the remaining part , a surface force with density  is given, where  is a Lipschitz dissection (McLean, 2000) of ; the temperature  vanishes along a part  of the boundary and the heat flux along the outward normal vector of , with density , is given on the remaining part  of the boundary, where  is a Lipschitz dissection of . The body is subjected to an applied body force with density  and a heat source with density . The nonclassical dynamic linear three-dimensional model of stress-strain state of the thermoelastic body , in which the classical Fourier law of heat conduction is replaced with the high-order approximation













of the three-phase-lag law of heat conduction proposed by Roy Choudhuri (Roy Choudhuri, 2007), where  is the heat flux vector,  is the thermal displacement such that  and  is the temperature distribution, is given by the following initial-boundary value problem in differential form:
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where , , , is the linearized strain tensor,  is the unit outward normal to ,  is the displacement vector-function of the thermoelastic body,  and  are the initial displacement and velocity vector-functions, and  is the initial distribution of temperature,  is the rate of change of temperature, and   are the -th order derivatives of temperature with respect to the time variable at the initial moment,  is the mass density in the reference configuration,  is the elasticity tensor,  is the stress-temperature tensor,  is the volumetric heat capacity,  is the thermal conductivity tensor and  is the Green-Naghdi thermal conductivity rate tensor included in the Green-Naghdi models (Green & Naghdi, 1991) to consider the dependence on thermal displacement gradient,  is the temperature of the thermoelastic body in the natural state of no deformation, which is considered as a reference temperature, ,  and stand for the heat flux, temperature gradient and thermal displacement gradient phase-lags, respectively. Note that the considered model is a generalisation of the Roy Choudhuri three-phase-lag model and coincides with it in the case of  and  (Roy Choudhuri, 2007; Avalishvili & Avalishvili, 2023), the Lord-Shulman model (Lord & Shulman, 1967; Avalishvili & Avalishvili, 2014) is a particular case of this model for ,  and , , the high-order time differential dual-phase-lag models (Avalishvili & Avalishvili, 2025) are particular cases of this model for , , and in the case of  and , , the nonclassical three-phase-lag model (1)-(5) reduces to the classical linear three-dimensional model of thermoelastic solids.









	We assume that the elasticity tensor , the stress-temperature tensor , the thermal conductivity tensor  and the thermal conductivity rate tensor   satisfy the following symmetry conditions:



                          (6)



















	If  and  are smooth enough, then by multiplying equations (1) by arbitrary continuously differentiable functions  , which vanish on , and equation (2) by a continuously differentiable function , such that  on , by integrating on , by using the Green identity (McLean, 2000), and taking into account the symmetry properties (6) and the boundary conditions (3), (4), we obtain the following integral relations:



   (7)







                          (8)





















where , . Therefore, if  and  are solutions of equations (1), (2) and satisfy boundary conditions (3), (4), then and  are solutions of (7), (8). Conversely, if  and   are smooth enough solutions of equations (7), (8), then by using the Green identity and density arguments, we obtain that  and  satisfy equations (1), (2) and boundary conditions (3), (4). So, the initial-boundary value problem (1)-(5) corresponding to the nonclassical dynamic three-dimensional model of thermoelastic solids with three phase-lags is equivalent to equations (7), (8), together with initial conditions (5) in the spaces of smooth enough functions.  



























  	We identify the unknown vector-function  and the function  with vector-functions defined on  taking values in suitable function spaces defined on . By applying the integral relations (7) and (8) in the case of  , we obtain the following variational formulation of the initial-boundary value problem (1)-(5) in the spaces of vector-valued distributions: Find the unknown vector-function        which satisfy the following equations in the sense of distributions on ,



               (9)   







     (10)

together with the initial conditions



              (11)





where , ,







    

















, ,  and  are scalar products in the spaces , ,  and , respectively. 

	For problem (9)-(11), which is equivalent to the initial-boundary value problem (1)-(5) in the spaces of smooth enough functions, the following theorem is valid.



























Theorem. Suppose that  is a bounded Lipschitz domain, , ,         for almost all  and the symmetry conditions (6) and the following positive definiteness conditions are valid 







































and , . If         and the initial conditions      satisfy the following compatibility conditions











where  is the unit outward normal vector to , 





then the initial-boundary value problem (9)-(11) possesses a unique solution, which continuously depends on the given data, i.e. the mapping 





is linear and continuous from space 





to space





and the following energy equality is valid:





where
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