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ABSTRACT. In the theory of abelian groups the following two results are fundamental: on the
representation of finitely generated abelian groups in the form of a direct sum of cyclic subgroups and
the classification of locally cyclic groups. The generalization of the first of them for the case of modules
over the principal ideal domains is classical. However, there are no published works for locally cyclic
modules over the principal ideal domains. The aim of this paper is to fill this gap, namely, classification
locally cyclic modules over the principal ideal domains. © 2015 Bull. Georg. Natl. Acad. Sci.

Key words: distributive lattice, locally cyclic module, principle ideal domain.

Necessary Definitions

Let L bealatticeand 0,7 € L. The lattice L is called distributive, if for any x, y,z € L, one of the equations
holds:

@) xu(yﬂz) = (xuy)ﬂ(xuz) ;

(ii) xﬁ(yuz) :(xﬁy)u(xﬁz).

The lattice with five elements (see Fig. 1) is called Diamant. The Lattice L is distributive if and only ifit
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Fig. 1. Diamant.
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Now, recall some necessary definitions and facts. Lattice L is torsion free 0,/ € L, ifnone of the elements

of L covers 0. Let A4 (not necessarily associative) be an algebra over the ring R. Algebra 4 is torsion free
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ifaa=0, o €R, ae 4, implies that either « =0 or a =0. Algebra A is called proper if for any x € 4,
x # 0, lattice L ((x)) is torsion free. It is clear that proper algebra is torsion free. Torsion free algebra is not
always proper. If R is a field and 4 is a Lie algebra over R, then A is torsion free but not proper. For any
x € A, the lattice L ((x)) is with only two elements 0 and /. The R module X is periodical, if for any x € X
Ann(x)=id(a), a#0,aeR.

One-generated subalgebra is called cyclic. An algebra is called locally cyclic, if any finite set of its

elements generate a cyclic subalgebra.

Distributive Lattice of Divisors

Let R be a commutative principal ideal domain. We consider the case when R isnot a field. The case when
R isafieldis trivial. Let P = {Pu TR A} be the set of all prime elements of R. Let £ ={¢,, o € A} bethe
set of all units (invertible elements) of R. Denote by 2( the equivalent classes U = [U s HE QJ as follows:

o

PHI,PH2 eUﬂ <:>Pu1 :gPuz, Uity €Q, c€E.

Fix for each class U, , 11 € Q, one prime element P, , u € Q. Consider the set R .» which consists of all finite
productsof P, neQ,ie.,
R, = {Puf‘llpjzz Bl B, eU,. ke N} '
Let R, = {I@ 0, 1} . Define the partial order < on R, as follows:
sup{a,b} =aub is the biggest common divisor of a,b € I@Jr,
inf {a,b} =auUb is the smallest common multiple of a,b € R .

Consequently, (IR{ o S) can be interpreted as a lattice with the last element 0 and the biggest element 1. Define
this lattice by L, . For « € R, , we introduce the notation L, for the interval [a,1] = L,.

It is easy to see that L and L, are distributive lattices and L _ is a lattice of all divisors a.

Let (x) be cyclic R-module with conditions Ann(x)=o0,i.c. & x#0 forall a #0. Then it is obvious
that for any S € R, there exists the submodule < ﬂx) in <x> such that

Ann&%%}-id(ﬂ)cl&

Conversely, each nontrivial R-submodule of (x) has the same property. Consequently, if we define the map
o:L, > L((x)), o(l,)=(lx), I,eR
We can see that o is bijection and for all /,/, € L_, it holds:
[, <l <[ isdivisorof /,
Consequently, ¢ is lattice isomorphism.

Ifnow Ann(x)=id(B8) <R, f =1, then for any divisor of § (suppose y) in the R-module (x) there

exists R-submodule < u x> with the condition:

Ann( ) J-id(u)cR, pl.

(u)
Similarly, we can construct the bijection:

o:L,—> L((x)), O'(lu) :<lux>,

[ <l , & divides qu

with the similar condition

H H
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Fig. 2. Lattice Lp>q>. Fig. 3. Lattice Lp*. Fig. 4. Lattice L, .
This holds if and only if

(1) = (1,3

So we conclude that o is isomorphism and it holds:
Theorem 1. [f a e RUw, Ann ((x)) = id(a) , then
@) L((x))=L, if Amn(x)=id(a)cR;
(i) L((x))= L, if Ann(x)=c0.

Remark 1. For the torsion free element x = 0, we suppose that Ann (x) =,

Locally Cyclic Modules

Let £ bea periodical Lie algebra over the principal ideal domain R,ie. Vxe L, Ann(x) =id (a) ,02aeR.
Suppose p; € R isaprimeelementand £, thesetofall xe L, Ann(x) = id(pf ), k e N. Itis easyto see
that £, isanidealin £ and £ has the decomposition in direct sum, i.e.

L=L, ®L, LO~OL, & *)

For the principal ideal domain R consider the quotient field, i.e.
R, =RUR" ={%, a,beR, b ¢0}.

Theorem 2. R-module R, is locally cyclic.

Proof. Let us consider the finite set of elements %,Z—z, . .,Z—k e R, and R-submodule M generated by
these elements. Submodule M consists of the elemerllts ’ ’
where m, , i =1,...,k, are arbitrary elements of R. These elements could be written in the form:

mab, b, +---+mab, ---b,H'
bb, b,
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Consequently, all the elements of R, have the form:
1

S —

biby by

i.e., they arein the cyclic R-submodule <(b1b2 by )71 > . Sowe can conclude that R-module R, islocally cyclic.

for some s € R,

Remark 2. It is easy to see that the theorem is true for any commutative domain and its quotient field.
In R-module R, the elements of R can be considered as R-submodule and, consequently, we can
consider the factor-module R, /R = R, (modR). This is periodic R -module, i.c., for each:

r+ReR, (modR), Ann(r+R)=id(a), 0= eR.

Really, if % eR, (modR),i.e. % =r+R.Then b % = 0(modR), Consequently, as periodic R-module,
R, /R has representation in the form (*) . Each component L, from (*) contains the elements:
u

1 1 1
Pi(mOd]R)’ sz (mod]R)’m’ plk (mod]R),m.

o . 1
Each element of £, has the form —— = (m, p) = 1. Consequently, they are in this cyclic R-module <—k> So,
p pi
any R-submodule of £, is either cyclic, or contains infinite elements of the set:

1 1 1

T Ty T e
Pi p; Pi

Thus we can conclude that each submodule of £, 1s either cyclic or coincides with L' _. Consequently, if we
take finite set of the elements from (*), then it generates either cyclic R -module, or finite direct sum of
cyclic R-modules from different components of 'Cl’f' Thus we conclude that R-module R, (mod IR{) is again
cyclic. So we proved:

Theorem 3. Periodic R-module R, (mod IR{) is locally cyclic.

Distributive Lattices of Submodules and Subalgebras

Now we shall prove the analogy of the theorem of O. Ore, which is one of the fundamental theorems in the
lattice theoretical characteristic of groups.

Proposition 1. Let Lie algebra L be defined over arbitrary commutative ring R. If L is locally cyclic,
then the lattice L(L') is distributive.

Proof. Let A, B, C be sub-algebras of L. We have AnBc A, AnBc Bc BuUC(, thus
ANBc An(BUC)=U.Wehaveaswell AnCc 4, AnC < C < CUB. Consequently,

V=(4nB)u(4nC)c An(BUC)=U.
Let us prove the inverse inclusion. Consider the element:
gelU, g=a=b+c,acAd, beB, ceC.

L islocally cyclic so (b, c> = <u> and we have qu = b, su=c, q,s € R.

On the other hand,

mb+nc=u, (mq+ns)u =u, a=b+c :(q+s)u.

Let
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Then

a=(q+s)u=(q+s)(me+ns)u =[mq(q+s)+ns(q+s)]:u = mx +ny.
Thus, we have a € (AN B)U(ANC).

On Application to Subalgebra Lattices

Now for principal ideal domains, we shall prove the theorem of O. Ore [4] (see also [5]).

Theorem 4. Lie algebra L over the principal ideal domain R has distributive subalgebra lattice, if and
only if'it is locally cyclic.

Proof. We will suppose R is not a field. For the case of field, the situation is trivial, i.e. if L = <x> v < y> ,
then L(L) contains diamant (Fig. 1) (x) =X, (y)=7Y, (x+y)=Z.

Suppose there is finitely generated but not one-generated subalgebra 4 in L. As L (L') is distributive, more
than that it is modular. So ifthe lattice L (E) is modular and R is principal ideal domain, which is not a field,
then each submodule of L is subalgebra [2]. Consequently, L as a module over the principal ideal domain R

is finitely generated. As R-module, algebra A has the decomposition in direct sum [3], i.e.

A=(a,)®(a,)®--®(a,),
where all (a,—) ,i=1,2,...,m,are primary or free cyclic subalgebras. As A4 is not one-generated, among the
(ai> , we can choose two <aj> , (ak> with coprime periods. Now, if <a_/~> =X, (ak> =Y, <a_/~ + ak> =Z, then
in the lattice L(A) there exists diamant (Fig. 1). Consequently, we have a contradiction, i.e. L(L') is not
distributive. The inverse is a corollary of the Proposition 1.

Remark 3. The theorem does not give guarantee that from the distributivity of L (E) to conclude that L
is locally cyclic. There exist rings and non-locally cyclic modules over such rings with distributive submodule
lattices.

Corollary 1. Algebra Lie L over the principal ideal domain R is cyclic, if and only if, when the
subalgebra lattice L(E) is distributive lattice with maximal condition.

Proof. 1t is well-known that for Lie algebra L over the principal ideal domain R the subalgebra lattice
L (E) has maximal condition, then it is finitely generated. As the lattice L (L') is distributive with maximal
condition, then £ is locally cyclic and finitely generated, thus it is cyclic. On the other hand, if L is cyclic,
then L (E) is distributive (Proposition 1). More than that, if 0 < H < L, then the lattice L (E/ H ) has finite
length. It is clear that L (L) satisfies maximal condition.

Theorem 5. If L and L, are Lie algebras over the principal ideal domains R and R, and L (L') =L (ﬁl )
then torsion free cyclic subalgebras are mapped to torsion free cyclic subalgebras and periodical cyclic
subalgebras are mapped to periodical cyclic subalgebras.

Corollary 2. Algebra Lie L over the principal ideal domain R, if and only if is proper cyclic when the
lattice L(L') is torsion free with maximal condition.

Remark 4. To be torsion free lattice L (L') is guaranteed by the fact that L has no torsion as a module and
R isa principal ideal domain, which isnot a field, i.e. £ is a proper Lie algebra.

Remark 5. For Lie algebras over principal ideal domain being cyclic subalgebra is preserved under the
lattice isomorphisms.
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