LOISHOBIKNML 33CB60I@IBSMS IJAMB6IR0O 53OSRNRIBNO0L 3(MH3dI, &. 10, N2, 2016
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 10, no. 2, 2016

Mathematics

On the Asymptotic Estimation of the Generalized
Cesaro Means

Teimuraz Akhobadze™ and Giorgi Gognadze®

* Ivane Javakhishvili Thilisi State University, Tbilisi

(Presented by Academy Member Vakhtang Kokilashvili)

ABSTRACT. The behaviour of generalized Cesaro means of trigonometric Fourier series in the space
of continuous functions is studied. In particular, deviation of these means from the corresponding
continuous functions is established. © 2076 Bull. Georg. Natl. Acad. Sci.
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Let f be 27 -periodic continuous function and S, (f, x) be partial sums of its trigonometric Fourier series:
a n
S,(f5) =2+ 2 (@ cos kx-+ by sink), )
k=1

Let C([0,27]) denotes the space of 27 -periodic continuous functions with the norm.
1/ lle= max [ f(x)].

If feC([0,27]) then
o(f,6)=max{| f(x)—-f(x) |- [x —x,|[<J, x,x, €[0,27]}

is called the modulus of continuity of the function f .
If a modulus of continuity o (see [1]) is given then H“ denotes the class of functions f € C([0,2x]) for
which
o(f,0)<Lw(d), 6 €[0,27).
If w(6)=46, then H® = Lipl.

Let (e, ) and (S,) be a sequence of real numbers, where ¢, > -1, neN,and
0-:71" = Z A:—"\/_ISV / A:" s (2)
v=0

where
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A4 =(a, +D(a, +2)..(a, +k)/ k.
It is clear that o = S,.If (e, ) is a constant sequence (@, = a, n € N)then ¢ coincides with the usual
Cesaroo? - means [2, Ch. III]. If in (2) instead of S, we substitute S, (f,, x) (see (1)) then the correspond-
ing generalized means ¢ is denoted by o (£, x).
These means were studied by Kaplan [3]. The author compared the methods of summability (C, e, ) and
(C,a), and obtained necessary and sufficient conditions, in terms of the &, , for the inclusion
(C,a,) < (C,a),and sufficient conditions for (C,a) < (C,a, ). Later Akhobadze [4-7] and Tetunashvili
[8-13] investigated problems of (C, , ) summability of trigonometric Fourier series.
In [6] Akhobadze among others proved
Theorem 1. If f € H” and a, €(0,1), n=3,4,..., then
o —1

1o% (f,) = fO) o< Coa(l/ n)ﬁ,

€))
where C, is a positive constant depending only on o .

For Liplclass of functions in the case liminf, ,  «, >0 more precise estimation can be received than (3).
Nikol’skii [1] and Stepanetz [ 14] studied the behaviour of value sup fed® IS,(f5)—fO - In1988

Stepanetz raised the question to investigate the order of magnitude of

E,(H";00) = swp |02 ()= fO) e @

feH®
for negative constant (¢, = a, n € N) sequence. Akhobadze [15] solved this problem.

Theorem 2. For every modulus of continuity @ and forevery a( —1<a <0)

AT(a+1) (. 1 2\
E(H"0%) <@+ (ZSmMﬂj y
2n+l+a

_ﬂ(2n+l+a)k:0
/2 T
jw(Ljsintdt+O lJ‘ﬁj)a’t . )
0 2n+l+a ny ot

If w is a convex modulus of continuity then in (5) the inequality can be replaced by equality.
The main object of this article is to investigate asymptotic behaviour of (4) for general

sequencea, (-1<a, <0).

Theorem 3. Let w be an arbitrary modulus of continuity and o, (-1< a, <0) be any sequence of
numbers. Then

~l-a
4 S k+l+a, /2 ’
E (H";0/")< Z 2sini %L, X
T@2n+1+a,)A" S 2n+l+a,

i 4t . 1 la, | § o)
IW£m sin tdt + O F(l+a”)a)(;J +0 TI tz dt |. (6)

0 1/n

if ® is a convex modulus of continuity then in (6) the inequality can be replaced by equality.
It is easy to see that Theorem 2 follows from Theorem 3.
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