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Let       1 , ,
i

i ii
nX X X  , 1, ,i p  , be independent samples with sizes 1 2, , , pn n n , from 2p 

general population with probability densities    1 , , pf x f x  and it is required to test  two hypotheses

based on samples  iX , 1, ,i p  : test of homogeneity

   0 1: pH f x f x  (1)

and goodness-of-fit test

     0 1 0: pH f x f x f x    , (2)

where  0f x  is a fully defined density function. In case of hypothesis 0H  common density function  0f x

is unknown.

In this paper the test is constructed for checking hypothesis 0H  and 0H   against a sequence of “close”
alternatives [1, 2]:
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

 
    

 



   0 10, min , ,i px dx n n n     .

    We consider criteria for testing 0H  and 0H  , based on statistics
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T n n n N f x N f x r x dx
N 

 
  
  

  , (3)

where  €
if x  is Rosenblatt-Parsen kernel estimator of  the distribution density  if x :

     
1

€ , ,
in

ii i
i i j i i p

i ij

a a
f x K a x X N N N N

n n

       .

Particular case 2p   was discussed in papers [3, 4]. In this case statistics T  becomes more visual:

        
2

1 2
1 2 1 2

1 2

ˆ ˆ, .
N N

T n n f x f x r x dx
N N
 

 
In this paper the found limiting distribution of statistics (3) was found for hypothesis 1H  in case, where

in  unlimited is increasing so that i in nk , where n , and ik  are constant. Let 1 2 p na a a a    ,

so na   for n .

For getting limiting distribution of functional  1, ,n pT T n n    let us introduce conditions for func-

tions  K x ,  0f x ,  i x , 1, ,i p   and  r x :

(i)   0K x   – function with bounded variation,

     2
11, ,K x dx x K x L    ;

(ii) density function  0f x  is bounded and positive on  ,  or is bounded and positive on some

finite interval  ,c d . Besides, it has bounded derivative in the field where it is positive;

(iii) functions  j x , 1, ,j p  , are bounded and have bounded first order derivatives, also  i x  and
   1

1 ,i L    .

(iv)weighed function  r x  is piece-continuous, bounded and integrable, besides   0kr  , 1, ,k p  ,

where k  is some fixed points of continuity of  r x .

The following is true:

Theorem 1. Le us fulfill the conditions (i)–(iv), also   0if x  ,  ,x   . If

1 2 2
0 0n n nna c    , n na   ,  1 2

n n o n     0n n  ,  0n n  ,

2
nna  and 2

n n na    , then random variable  1 2
n na T   under hypothesis 1H  has normal limit

distribution   2,A   , where
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Conditions of Theorem 1 about na , n  and n  are fulfilled, for example, if: na n , n n   , n n  

at 1 2
2


    ,

1

2
   ,

1
0

2
  , 0    , and conditions about  ,   and   are fulfilled, for

example, if
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1 1 27 2 1 13
, , ; , , ;

4 5 80 9 6 36
          

1 1 1
, ,

5 6 30
       etc.

From Theorem 1 we will state two Corollaries:

Corollary1. Let the conditions (i), (ii) and (iv) be fulfilled under  K x ,  0f x и  r x . If 2
nna  ,

then random variable  1 2
n na T   under hypothesis 0H  has a normal limit distribution  20, .

By Corollary1 a test for checking hypothesis 0H   can be constructed; critical region for   checking

hypothesis can be defined by inequality

 n nT d  , (4)

where

  1 2
n nd a     ,

  is the quantile of level 1   0 1   of the standard normal distribution  x .

Corollary 2. Under conditions of Theorem 1 local behavior of the power   
1H n nP T d   is as follows

    
1

1H n n

A
P T d 


 



 
     

 
,

when n .

Let introduce

   

   
1

1 € ,

,

p

n j j
j

n n

f x k f x
k

f x r x dx















   2 2 2 2

1

1 €,
p

n i in in i
i

k f x r x dx
k 

      .

The Theorem is true.

Theorem 2. Let all the conditions of Theorem 1 be fulfilled. Then

 1 2 1
n n n na T   

under hypothesis 1H  has a normal limit distribution   1,1A    , where

       2 2
01 , 2 1n n n np R K p R K       .

Proof. It is obvious

       1 2 1 1 2 1 1 1 2 1
n n n n n n n n n na T a T a               .

As it is enough to show

      1 2
0 1n n pa f x r x dx o   (5)

and
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     2 2 2
0 1n pf x r x dx o   . (6)

But (6) follows from Theorem 2.1 Bhattacharyya G. K., Roussas G. G. [5] (see also [6], [2]).

Let us proove (5). We have

       

            

1 2
0

1 2 1 2
0

1 2 .

n n

n n n n n

n n

a E f x r x dx f x r x dx

a E f x Ef x r x dx a Ef x f x r x dx

A A



  

 

    

 

 
 

It is not difficult to show

     0
1€ i

i n i
n n n n

x t
Ef x f x O K t dt

a a
 

 
   

      
   


,

 O   uniformly in  ,x   . So

     0
1

1 1
p

j
n n j j

n n n nj

x t
Ef x f x O k K t dt

a ak
 

 




  
          

 


it follows,

1 2 1 2
2 1 2n n n n nA c a c a    .

Next, we have

       

   

2
1 2 1 2

1

1 22 1 2
1 2

3 4
1

1
max .

n n n n

n
n j

j p n

A a E f x Ef x r x dx

at
c a f u du K t r u dt c

n a n

 

 

  

                    



 

It follows,

1 2
1 2

1 2 4 0n
n n n n n n

a
A A c a a

n
 

           

as 2 0n n n n n na a      and 0na

n
 .

From Theorem 2 we will state two corollaries.

Corollary 3. Random variable

 1 2 1
n n n na T   

under hypothesis 0H  has a normal limit distribution  0,1 .

This result can be used for constructing an asymptotic test for checking hypothesis

   0 1: pH f x f x   (test of homogeneity); critical region can be defined by inequality:

  1 2
n n n n nT d a       , (7)

where    is the quantile of level 1   of the standard normal distribution  x .

Corollary 3. Under conditions of Theorem2 local behavior of the power   1H n nP T d    as follows
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     1

11H n nP T d A        ,

when n .

Remark 1. Under hypothesis 1H  we have

       0 ,
u

i
i n n i i i

n

x
F x F x U U u x dx  




 
   

  


and according to Theorem 1
1

n n o
n

 
 

  
 

. So it can be written

   0
1

sup i
x

F x F x o
n

 
   

 
. (8)

It is well-known that the test based on deviation between empirical distribution functions, for example,

criterion Kolmogorov-Smirnov and test Cramer-Mises-Smirnov (analogues to these criteria for 2p   was

constructed by Kiefer, J [7])  differs local close alternatives from null hypothesis, if    0
1

iF x F x O
n

 
   

 

uniformly in  ,x   , in case of (8) the above mentioned test cannot asymptotically distinguish such

hypotheses from null hypothesis (limiting power will be equal with level of the test). However, tests (4) and

(7) based on estimators of distribution density are more powerful asymptotically (under hypothesis 1H ) than

tests based on empirical distribution functions (analogues questions for one sample considered in paper of

Rosenblatt [1]).

Remark 2. Tests (4) and (7) for checking hypotheses 0H   and 0H , against alternatives 1H  are asymp-

totically strictly unbiased as   0A    and equal to 0  if and only if   0i x  , almost everywhere, 1, ,i p  .
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maTematika

ganawilebis simkvriveTa tolobis hipoTezaTa
Semowmebis Sesaxeb

p. babilua*, e. nadaraia**, g. soxaZe*

*ivane javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da sabunebismetyvelo
mecnierebaTa  fakulteti, maTematikis departamenti, Tbilisi, saqarTvelo
**akademiis wevri, ivane javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da
 sabunebismetyvelo mecnierebaTa fakulteti, maTematikis departamenti, Tbilisi, saqarTvelo

naSromSi agebulia erTgvarovnebis da Tanxmobis hipoTezaTa Semowmebis kriteriumebi.
moZebnilia agebuli kriteriumebis zRvariTi simZlavre daaxloebadi alternativebisTvis.
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