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Let random variables  iY , 1, 2i  , take two values 1 and 0 with probabilities ip  (“success”) and 1 ip

(“failure”), 1, 2i  , respectively. Let us assume that the probability of “success” ip  is a function of the

independent variable  0,1t , that is,     1i
i ip p t P Y t    (see. [1], [2]). Let it , 1, ,i n  , be the

points of division of the interval [0,1]:
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
 , 1, ,i n  . Let, further,,  1

iY  and  2
iY , 1, ,i n  , – are

mutually independent Bernoulli distributed random variables with     1k
i i k iP Y t p t  ,

    0 1k
i i k iP Y t p t   , 1, ,i n  , 1,2k  . The task is to estimate the function
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 , which is called an odds-ratio. Such task may arise, for example, in medicine,

biology ([1, 2]).
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As an estimate of  x ,  let consider the following statistics
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where
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where  K x  – certain  distribution density (kernel),  nb  – sequence of positive numbers, converging to

zero. It is clear that  ˆ0 1inp x  . Certain features of estimate  ˆinp x  were studied in [3, 5].

Suppose, that the kernel  K x  was chosen so that to be a function of bounded variation and satisfy the

conditions    K x K x  ,   0K x   when 0x   ,   1K x dx  . The class of such functions will be

denoted by  H  .

Lemma 1 ([5]). Let    K x H   and  ip x , 0 1x  , 1, 2i  , is a function with the bounded varia-

tion. If nnb  , then
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evenly by  , 0,1x y , where  0i N  , 1, 2,3i  .

Theorem 1. Let  K x  and  ip x , 1, 2i  , satisfy the conditions of the Lemma 1. If nnb  , then

 n̂ x  is a consistent estimate of  x , in points  0,1x  of continuity  ip x  and  0 1ip x  , 1, 2i  .

Proof. From Lemma 1 we have
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at that
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Hence, it follows that    ˆin iEp x p x ,  0,1x  as n . Analogously,,

          2 2ˆVar 1n in i i inb p x x p x p x K u du   .

Hence,  n̂ x  is a consistent estimate of  x .

Theorem 2. Let  K x  and  ip x , 1, 2i  , satisfy the conditions of Lemma 1. Suppose 1, , sx x , 1s  ,

are distinct points and  0 1i jp x   for 1, ,j s  , 1, 2i  . Let  ip x  and  ip x  exist and are bounded.

If nnb   and 5 0nnb   as 0n , then           1 2
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ˆ ˆ, ,n n n s snb x x x x       converges in dis-

tribution to  , where   is multivariate normal variable with mean vector 0 and diagonal covariance

matrix  ijA a , where
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Proof. For simplicity we shall prove the theorem for the case when 2s  . Since   1np x  ,  0,1x ,

then we will consider   1np x   in definition  ˆinp x .

Let’s introduce  the notations
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And first of all, we will show that n  converges in distribution to  , where   fourvariate normal variable

with mean 0 and diagonal covariance matrix    2
ijA K u du c  ,  2

11 1 1c x ,  2
22 2 1c x ,

 2
33 2 2c x ,  2

44 2 2c x , where       2 1i k i k i kx p x p x  , 1, 2i  , 1,2k  .
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To prove, we will use the theorem of Cramer-Wold ([6, Theorem xi, p.  103), it will be sufficient that nc 

converges in distribution to c   for any  1 2 3 4, , ,c c c c c  in 4R .

It follows from independence  1ˆ np x  and  2ˆ np x  that
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Now, we will investigate asymptotics of items in (1). Obviously,
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Hence,
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Let us show that n  converges in distribution to  .
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             1 2
1 1 1 1 2 1

1 1

1 1
, ,

n n

n n n ni ni
i i

nb E x p x E x p x
n n 

    
      
       
    

             1 2
2 1 2 2 2 2

1 1

1 1
,

n n

ni ni
i i

E x p x E x p x
n n 

   
    
       

   .

Since, according to the condition in the theorem   0xK x dx  ,  2x K x dx   ,  ip x , 1, 2i  , are

bounded, nnb   and 5 0nnb  , then

        1 25

1

1 n
kn

ni s k s n
i

b
E x p x O nb

nn 

       
   

  .

So,

 1 25
n n p nO nb    

 
  .

We can accomplish the theorem proving, if we introduce the definition of  vector function  1 2 3 4, , ,g y y y y :

      1 2 3 4 1 1 2 3 4 2 1 2 3 4, , , , , , , , , ,g y y y y g y y y y g y y y y ,

where
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   
 

   
 

1 2
1 1 2 3 4

1 2

3 4
2 1 2 3 4

3 4

1
, , , ,

1

1
, , , .

1

y y
g y y y y

y y

y y
g y y y y

y y









Let         1 1 2 1 1 2 2 2, , ,p x p x p x p x . Then n  can be written as

   1 2
n n nnb T    ,

where  1 2 3 4, , ,n n n n nT T T T T ,

               1 2 1 2
1 1 2 1 3 2 4 2

1 1 1 1

1 1 1 1
, , ,

n n n n

n ni n ni n ni n ni
i i i i

T x T x T x T x
n n n n   

          .

Finally, by using the theorem of Mann-Wold ([6, Theorem ii, p.  321) we can conclude that

      1 2
n nnb g T g   converges in distribution to Z, where Z is  ,N D DAD  and D is the matrix of partial

derivatives of g, evaluated at  . It is reality verified that DAD A  , and that

            1 1 2 2
ˆ ˆ,n n ng T g x x x x         .

The theorem is proved.

Theorem 3. Let    K x H   and Fourier transform of function  K x  is absolutely integrated, and

 ip x , 1, 2i  , are continuous on  0,1  and    0 inf sup 1i i
x x

p x p x   . If 2
nnb  , then

   ˆsup 0n
a x b

x x
 

    in probability for any    , 0,1a b  .

Indeed, it is easy to be convinced that

   
       
         

1 1 2 2

1 2 1 2

ˆ ˆˆsup 2 sup
ˆ ˆ1 1

n n
n

a x b a x b n n

p x p x p x p x
x x

p x p x p x p x   

  
 

 
  .

Then, by using of affirmation method (x) of the item 2c.4 ([6]), we will receive

   

             1 1 2 2

ˆsup

ˆ ˆsup sup 1 , 0.

n
a x b

n n
a x b a x b

P x x

P p x p x p x p x o

 

   

    
 

        
 

  

   

From here and from theorem 2.2 of the work [3] the proof of the theorem follows.
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maTematika

regresiis funqciis gulovani Sefasebis
saSualebiT Odds-Ratio-s Sefasebis Sesaxeb

p. babilua*, e. nadaraia**, m. facacia§, z. xeCinaSvili*

*ivane javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da sabunebismetyvelo
mecnierebaTa fakulteti, maTematikis departamenti, Tbilisi, saqarTvelo
**akademiis wevri, ivane javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da
sabunebismetyvelo mecnierebaTa fakulteti, maTematikis departamenti, Tbilisi, saqarTvelo
§soxumis saxelmwifo universiteti, maTematikis da kompiuterul mecnierebaTa fakulteti,
maTematikis departamenti, Tbilisi, saqarTvelo

regresiis funqciis gulovani Sefasebis saSualebiT naSromSi agebulia odds-ratio-s
Sefaseba. damtkicebulia agebuli Sefasebis Zaldebuloba, asimptoturi normaloba da
Tanabari krebadoba.

REFERENCES

1. Efromovich S. (1999) Nonparametric curve estimation. Methods, theory, and applications. Springer Series in
Statistics.  Springer-Verlag, New York. 

2. Okumura H.,  Naito K. (2004) Weighted kernel estimators in nonparametric binomial regression. The
international conference on recent trends and directions in nonparametric statistics. J. Nonparametr. Stat., 16, 1-
2: 39-62.

3. Nadaraya E.,  Babilua P.,  Sokhadze G. (2013)  About the nonparametric estimation of the Bernoulli
regression. Comm. Statist. Theory Methods, 42, 22: 3989-4002. 

4. Nadaraya E., Babilua P., Sokhadze G. (2012) On the integral square measure of deviation of a nonparametric
estimator of the Bernoulli regression. Teoriya Veroyatnoste-i eл Primeneniya, 57, 2: 322-336 (in
Russian);  translation inTheory Probab. Appl. 57 (2013),  2: 265-278.

5. Babilua P. K.,  Nadaraya E. A., Sokhadze G. A. (2015) On the square-integrable measure of the divergence of
two nuclear estimations of the Bernoulli regression functions. Ukraпn. Mat. Zh., 67, 1: 3-18 (in Russian);
translation in Ukrainian Math. J. 67, 1: 1-18. 

6. Rao C. R. (1965) Linear statistical inference and its applications.  John Wiley & Sons, Inc., New York-London-
Sydney.

Received  April, 2017


