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Let random variables (") , i =12, taketwo values 1 and 0 with probabilities p, (“success”) and 1- p,
(“failure™), i =1,2, respectively. Let us assume that the probability of “success” p, is a function of the

independent varizble t < [0,1] , thatis, p, = p, (t)= p{v(i) :1‘t} (see.[1,[2]). Let t., i =1...,n, bethe
. o . ) 2i-1 . (1) (2 .
points of division of theinterval [0,1]: t, = i=1...,n.Let further, Y7 and Y, i=1...,n,—are
n
mutually independent Bernoulli distributed random variables with P{Yi(k) :1‘ti}: P ()

P{Yi(k)zo‘ti}zl—pk(ti), i=1...,n, k=12. The task is to estimate the function

g (9 (1-pe(x)
() w0

biology ([1, 2]).

, whichiscalled an odds-ratio. Suchtask may arise, for example, in medicine,
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Asan estimate of q(x), let consider the following statistics

() ()
Qn( )_(1_f)1n(x)) f’zn(x) ,

where

_i n X—tj (I)
P 2 KE i

oa (%) =%ZHZK(X: J

j=1

where K (X) — certain distribution density (kernel), {bn} — sequence of positive numbers, converging to

zero. Itisclear that 0< f,(x)<1. Certainfeatures of estimate i, (X) werestudiedin[3, 5].

Suppose, that the kernel K (X) was chosen so that to be a function of bounded variation and satisfy the

conditions K (x) =K (-x), K(x)=0 when [{>t >0, J-K(x)dx:1. The class of such functionswill be

denoted by H(t).

Lemmal ([5]). Let K(x)eH (t) and p(X), 0<x<1, i =12, isafunction with the bounded varia-

tion. If nb, — oo, then

o
el el t) v

evenly by x,y €[0,1], wheren; e NU{0}, i =1,2,3.

Theorem 1. Let K(x) and p(X), i =1,2, satisfy the conditions of the Lemma 1. If nl, — oo, then

dn(x) isa consistent estimate of ¢ (x) , in points x €[0,1] of continuity p; (x) and 0< p (x)<1,i=12.

Proof. FromLemmal wehave

(9= [ K(t)pl(x—bnt)dt+0[%}
at that
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. - 1 xe(O,l),
TN e R A
xb,!
[ K@) p(x-byt)dt— p(x)d ().
(x—l)k.’g1

Hence, it followsthat Ef, (x) — p (x), x&[0,1] as n— » . Analogously,
n,Var p, (x)~s?(x)=p (x)(1-p (x))J.KZ(u)du_
Hence, g, (x) isaconsistent estimate of q(X) .
Theorem 2. Let K(x) and p; (x), i =1 2, satisfy the conditionsof Lemma 1. Suppose x,,..., X, s>1,
aredistinct pointsand 0 < p, (Xj)<1f0r j=1...s,i=12.Let p/(x) and p/(x) existand arebounded.

tribution to X, where X is multivariate normal variable with mean vector 0 and diagonal covariance
matrix A=(a,»j),where
a = B()g)IKZ(u)du,
_ -1 -1 .
B(x)=a2(¢)| P ()1 m(x)) "+ Rt () (A= e (%) | 1=

Proof. For simplicity we shall prove the theorem for the case when s= 2. Since pn(x)—>1, Xe[O,l],
thenwewill consider p, (x)=1indefinition p, (x).

Let’s introduce the notations

h (%) =x (%)~ Ex¥ (%)
1 n
9 () == hif! (x)

(). () P ()]

And firgt of al, wewill show that x,, convergesindistributionto x ,where x fourvariate normal variable
with mean 0 and diagonal covariance matrix 'K:IKZ(U)dU-(Cij), ch=57(%), cpr=s55(x),

Cis =55 (%), Cas =52 (%) , wheres 7 (%)= p (%) (1-p (%)), i=12, k=1,2.
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To prove, wewill usethe theorem of Cramer-Wold ([6, Theoremxi, p. 103), it will be sufficient thatc-x

converges in distribution to ¢-x' for any ¢=(c;,C,,¢5,6,) in R?

It follows from independence By, (x) and Py, () that
2
2 (1) (Xz)) I

sZ=Var(c-x;)=nb, {cfE(h,(f) (xl))2 +C§E(h£2) (xl))2 +(‘3E(h

2
+c4E(h 2)(x2)) +201c‘?Eh,(11)(x1)h,(11)(x2)+20204 (2)(x1)h(2)(x2)} @

Now, we will investigate asymptotics of itemsin (1). Obviously

) Sminio) i
Hence, owingto Lemmal, wewill receive
2 1%,
b, E(n Y )_Ei [ j )(2- pl())dt+O[K]
Since {Xl_l,ﬁ} [-t .t ], then it can be stated that
by by
o (o ) 57 5) - 0ftn) -0 - | 2

Smilarly
o ()] =53 (%) 0fe) 0|

],
()] ~s2(%)+0(n) o[ oL |
nqe(hgz>(x2))2 =522(x2)+0(bn)+0(%j.

B~

)

nbnE(h &

d

Then, let X, > X, d =%, — %, d, b and I1(x) = p;(x)(1- p;(x)). Owing to Lemma1 we have

%
b,
nbnEhﬂl)(Xl)hﬁl)(xz)= _[ K(Z)K(dn+z)H(x1—bhz)dz+O[ﬁ]_
%*1
Since{xlb‘:l %} [t .t ], fromthiswe can write
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t

(st )< | K(z)K(dn+z>n(x1—bnz>dz+o(ij=
= [ K(@)K(dy+2)T1(5-B,2)dz+ [ K(2)K(d,+2)T1(% - bnz)dz+0{%h]_
|7<S0 ‘Z‘den

t

SsupK(dn+z)J.K() (% —b,2) dz+supK J.Kd +2Z)I1 (% — bnz)dz+0(%bnj_
\z\<d—” —t \z\>— _

< sup K(z)] K (z)TT(% —b,z)dz+ sup K(z)] K(dn+z)1‘[(x1—bnz)dz+o[%]s

4%
2

<C, sup K(z)+0£%]sczbh +O(%}.

4=
So,
Smilarly
nbnaw£1><x1>h£2><xz>=o<bn>+0[ij' ®
From (1)-(5) we can concludethat while n — oo
Sr% —)C:&C’>O. (6)

Now, the only thing is to check the conditions of central limit theorem of Lyapunov. Obviously,

chl? () +ch? (%) +chl? (%) +ch? zzn.,

where

2 = Jﬁ (ch¥ (%) +chid (x)+enly () +chl? ().

|2+d

Let usestimate E|z;|”" , d > 0. Wehave

&I

2+d
+E

2+d
+E

2+d

<, h (%) h{? (%) Vo) +ERY (%)

E|z,

2. j] |

Itiseasily seen that

Bull. Georg. Natl. Acad. Sci., val. 11, no. 3, 2017



On the Estimation of the Odds-Ratio Based on Kernel Estimates of the Regression Function 19
Hence,
2+d
n n n
2+d \/bn 1 X t
E <G| = K ' (7)
Z |an 5[\/5] 2+d|: z ( J nbhlzz; [ bn J:|

i=1

Accordingto Lemmal, from (7) itiseasily seen that

2+d 1
ARPIL N

=}

From here and from (6) it appearsthat

So, x,, convergesin distribution to x .

Let us denote

i=1

&= | 15 (e )= ) | [ 22 )= )
Ei;(xr(ul) (%2)- M(X2)):|{%i(xﬁf) (%2)- pz(xz))ﬂ.

Let us show that x,, convergesin distribution to x .

In fact, we have

S ﬂ%i(amm—m(a))],[%i(arﬁ?)(m—pz<>°l>)]-

Since, according to the condition in the theorem IxK(x)dX:O, IXZK(X)dX<°0 , (X)), i=12, ae

bounded, nb, — o and nb> — 0, then

%Eg(amxﬁ)— P (%))

Xn =X, =0, ((nbﬁ)yzj.

We can accomplish the theorem proving, if weintroducethe definition of vector function g ( Yi: Yo, Ya, y4) :

g(yl Y2, Y3, Y4) (91(Y1 Y21 Y3, Y4) gz(Y1:Y2,Y3ay4)).
where
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Y1 (1— \Z )
(1— yl) Yo ,

ys(1-y
gz(yl,yz,ys,yll)zw-
3)Ya

O (Ve Yor Y3 Ya) =

Let g =(py(%), P2 (%), PL(X), P2 (%)) . Then x,, can bewritten as

X = (nb)** (Ty-a1)’
where T, ::(Thl’1h211h3’1h4)1

1x 1\ 1\ 1\
Tu==2 0 (4) To == (%), Tas == DX (%) Toa == i ().
N ni3 N N
Finally, by using the theorem of Mann-Wold ([6, Theorem ii, p. 321) we can conclude that
(nbh)J/z(g(Tn)—g(q)) convergesin distributionto Z, where Zis N (D, DAD') and D isthe matrix of partial
derivatives of g, evaluated at q . It isreality verified that DAD' = A, and that
9(To)=9(a) =(dn (%)~ (%) 6n (%) -0 (%)) -

Thetheoremis proved.

Theorem 3. Let K(x) e H (t) and Fourier transform of function K (X) isabsolutely integrated, and

p(X), i=12, are continuous on [0,1] and O<inf p(x)<supp (x)<1. If nbZ —>oo, then
X X

Sup

a<x<b

Indeed, it is easy to be convinced that

a, (x)—q (x)‘ — 0 in probability for any [a,b] =[0,1].

sup
a<x<b

a2 sup | ()= B0+ (0 P ()
qn( ) q( )‘_za<xgb(1_ ﬁln(x)) f)Zn(x)(l— pl(X)) pz(x).

Then, by using of affirmation method (x) of theitem 2c.4 ([6]), wewill receive
Gy (x)-a (x) > e} <

< P{ sup |f)ln(x)— pl(x)|+ sup |f)2n(x)— pz(x)|2d(e)}+o(l), d(e)>0.

a<x<b a<x<b

P{ sup

a<x<b

From here and from theorem 2.2 of the work [3] the proof of thetheoremfollows.
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300%73‘)(9 049

Ggatgbool gabjigool ggmensbo dggslgdols
'lsb'a'abg:)abom Odds-Ratio-b 'Batab'lsabo'ls '3315.)1')36

3. 3380gms’, 9. boatr505™, 3. g3 (39(309%, b. BgPobsBgz0mo”

*0(7&53 Ko bodzoemols bob. mdogrolol bsbyemdfoge gboggcrlbodgido, bgbd oo bsdybydobdydyggeme
12‘266'0(76(73&07& R JAEIG0s Fs09d3B040b @g3963BdgbB0, mdogrolbo, bsfsGomggarem

949@gdool [la3co, o306y xsgobodgoemol bsb. mdoemobol bsbgcrdfoge mbaggsbodgdo, bl @o
bs396980bd98 gg9cme dgcz6096993505 9 3ocnB 980, sondsdos0l @gds@Bodabiho, mdogmobo, bsgsGramzgamem
e badolb bobyemdfoge mbagg®bodgdo, dsondsdogol @s gmddombatrge dycboggdoms o yaedgdos
ds09dshog0b 939633999680, mdogrobo, boJstroggeme

6335)3150015 cB'aG(r]Gools 6-3;2033.560 '331331536015 Bo’a-:]bgabom 6596 ddo oaabz]goo odds-ratio-ls

'33(3615356. Qéaédoeab‘agoo oaa&ago '33(301536015 déQQabanbo, .)15033&006'35)0 Gmﬁ)aégmbb 5
036385610 3gdopmds.
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