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ABSTRACT. Let ( )K   denote the ring completion of a semiring   and let S be a simplicial  -

semimodule, ( )nH S  the n-th homology  -semimodule of S introduced in our earlier paper,, ( )K S  the

( )K  -module completion of S, ( ( ))nH K S  the n-th homology ( )K  -module of ( )K S  and : ( )Sk S K S

the canonical simplicial map. We prove (1) that the induced map ( ) : ( ) ( ( ))n S n nH k H S H K S  is an

injective  -homomorphism for all n; (2) that if S satisfies the Kan condition and the  -semimodule of

path components of S is a ( )K  -module, then ( )nH S  is a ( )K  -module and the induced map

( ) : ( ) ( ( ))n S n nH k H S H K S  is a ( )K  -isomorphism for all n. © 2017 Bull. Georg. Natl. Acad. Sci.

Key words: semimodule, chain complex of semimodules, simplicial semimodule, homology semimodule, mod-

ule completion

Let   be a semiring and let ( )K   be its ring completion. In [1], we introduced and studied homology-

semimodules ( )nH S  of a presimplicial -semimodule S and indicated some applications of them. The purpose

of the present paper is to examine relationship between ( )nH S  and ( ( ))nH K S , where S is a simplicial -

semimodule, ( )K S  is its ( )K  -module completion, ( )nH S  the n-th homology -semimodule of S and

( ( ))nH K S  the n-th homology ( )K  -module of ( )K S .

By a semiring we mean an algebraic structure (,+,0,·,1) in which (,+,0) is an abelian monoid, (,·,1) a

monoid, and

( ) ,

( ) ,

0 0 0

        
        

   

      
      

 

for all , ,    .

Let be a semiring. An abelian monoid ( , ,0)A A   together with a map A A  , written as
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( , )a a  , is called a (left)-semimodule if

( ) ,a a a a     

( ) ,a a a      

( ) ( ),a a     

1 , 0 0a a a 

for all ,    and ,a a A . It immediately follows that 0 0  for any  .

A-homomorphism :f A B  between -semimodules A and B is defined in the standard manner..

Note that  -semimodules, where   is the semiring of nonnegative integers, are precisely abelian monoids.

Recall that the group completion of an abelian monoid M can be constructed in the following way. Define

an equivalence relation ~ on M M  as follows:

( , ) ~ ( , ) for some .u v x y u y z v x z z M      

Let [u,v] denote the equivalence class of (u,v). The quotient set ( M M )/~  with the addition

1 1 2 2 1 2 1 2[ , ] [ , ] [ , ]x y x y x x y y     is an abelian group (0 [ , ], [ , ] [ , ])x x x y y x   . This group, denoted by

( )K M , is the group completion of M, and : ( )Mk M K M  defined by ( ) [ ,0]Mk x x  is the canonical

homomorphism. If M is a semiring, then the multiplication 1 1 2 2 1 2 1 2 1 2 1 2[ , ] [ , ] [ , ]x y x y x x y y x y y x    con-

verts ( )K M  into the ring completion of the semiring M, and Mk  into the canonical semiring homomorphism.

Now assume that A is a-semimodule. Then ( , ,0)K A    with the multiplication

1 2 1 2 1 1 2 2 1 2 2 1 1 2 1 2[ , ][ , ] [ , ], , , , ,a a a a a a a a A           

becomes a ( )K  -module. This ( )K  -module, denoted by ( )K A , is the ( )K  -module completion of the

-semimodule A, and : ( ), ( ) [ ,0],A Ak A K A k a a   is the canonical-homomorphism.

 A -semimodule A is said to be cancellative if whenever , , ,a a a a a a a A       , holds, one has

a a  . Obviously, A is cancellative if and only if the canonical-homomorphism : ( )Ak A K A  is injective.

A-semimodule A is called a -module if ( , ,0)A   is an abelian group. One can easily see that A is a-

module if and only if A is a ( )K  -module. Hence, if A is a-module, then ( )K A A  and 1A Ak  .

For more information about semimodules, see [2].

Definition 1 ([1]). We say that a sequence of -semimodules and -homomorphisms

1

1
1 1: , ,

n n

n n
n n nX X X X n

 


 


 

 
 

       

written { , , }n n nX X      for short, is a chain complex if

1 1 1 1n n n n n n n n
       

             

for each integer n. For every chain complex X, we define the-semimodule

( ) | ( ) ( ) ,{ }n n n nZ X x X x x     

the n-cycles, and the n-th homology -semimodule

( ) ( ) / ( ),n n nH X Z X X 

where ( )n X  is a congruence on the -semimodule ( )nZ X  defined as follows:

1 1 1 1 1( ) ( ) ( ) ( ) ( ) for some , .n n n n n nx X y x u v y v u u v X   
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The -homomorphisms ,n n
    are called differentials of the chain complex X.

A sequence { , , }n n nG G d d   of -modules and -homomorphisms is a chain complex if and only if

1
n nd d

n nG G
 

   

is an ordinary chain complex of -modules. Obviously, for any chain complex { , , }n n nG G d d   of -mod-

ules, the homology *( )H G  coincides with the usual homology *({ , })n n nH G d d  .

Definition 2 ([1]). Let { , , }n n nX X      and { , , }n n nX X      be chain complexes of-semimodules.

We say that a sequence f={f
n
} of -homomorphisms :n n nf X X   is a ±-morphism from X to X   if

1 1and for all .n n n n n n n nf f f f n   
      

If  f={f
n
} : X X  is a ±-morphism of chain complexes, then ( ( )) ( )n n nf Z X Z X  , and the map

( ) : ( ) ( ), ( )( ( )) ( ( )),n n n n nH f H X H X H f cl x cl f x 

is a -homomorphism. Thus nH  is a covariant additive functor from the category of chain complexes and

their ±-morphisms to the category of -semimodules.

For any chain complex { , , }n n nX X      of-semimodules,

1 1( ) ( ) ( ) ( )
1 1( ) : ( ) ( ) ( )n n n nK K K K

n n nK X K X K X K X
   
      

     

is an ordinary chain complex of ( )K  -modules (that is, -modules). The canonical ±-morphism

{ : ( )}
nX X n nk k X K X   from the chain complex X to the chain complex { ( ), ( ), ( )}n n nK X K K    induces

the-homomorphism

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n X n n n XH k H X H K X H k cl x cl x 

for all n. One can easily check that if X is a chain complex of cancellative-semimodules, then ( )n XH k  is an

injection.

Definition 3. We say that a chain complex { , , }n n nX X      of -semimodules is regular if whenever

1 1 1 1 1( ) ( ) ( ) ( ) , , ( ), , , ,n n n n n n nx u v z y v u z x y Z X z X u v X   
                 

holds, we have

1 1 1 1 1( ) ( ) ( ) ( ), , .n n n n nx a b y b a a b X   
             

It is obvious that any chain complex of cancellative-semimodules { , , }n n nX X      is regular. For a-

semimodule A,

1 1

0 01 1
, , 1, ( ) ,

m m
A A A A A m m m a ma             

is an example of a regular chain complex of (not necessarily cancellative)-semimodules.

Proposition 4. Let { , , }n n nX X      be a chain complex of -semimodules. The induced -

homomorphism

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n X n n n XH k H X H K X H k cl x cl x 

is an injection for all n if and only if X is regular.

Recall that a presimplicial-semimodule S is a sequence of-semimodules 0 1 2, , ,...S S S  together with-

homomorphisms, called face operators,
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1: , 1, 0 ,i
n n nS S n i n    

such that

1
11 if 0 1.ji j i

n n nn i j n
        

Suppose { , }i
n nS S   and { , }i

n nT T   are presimplicial-semimodules. A morphism (or a presimplicial

map) :f S T  is a collection of-homomorphisms :n n nf S T  satisfying 1
i i

n n n nf f     for all i and for

all n.

If S is a presimplicial-semimodule, then

2 1

2 1
1 2 1 0: 0,

n

n
n nS S S S S S

  

  

  


  

           

where

0 2 1 3, ,n n n n n n
             

is a nonnegative chain complex of -semimodules, called the standard chain complex associated to S [1].

Using the greatest integer function, one can write

1
[ ] [ ]

2 2
2 2 1

0 0

, .

n n

k k
n n n n

k k



  

 

      
We define the n-th homology -semimodule of the presimplicial -semimodule S by

( ) ( ).n nH S H S

Clearly, if { }nf f  is a morphism from a presimplicial-semimodule { , }i
n nS S   to a presimplicial-

semimodule { , }i
n nT T  , then 1n n n nf f 

   and 1n n n nf f 
  for all 1n  , that is,   f can be regarded as

a ±-morphism from S  to T . Consequently,, ( )nH S  is a covariant additive functor from the category of

presimplicial-semimodules and their morphisms to the category of-semimodules.

Next recall that a simplicial-semimodule is a presimplicial-semimodule S together with degeneracy-

homomorphisms

1: , 0 ,i
n n ns S S i n  

satisfying

1
1

1

1
1

,

   id, ,

,

,

1,

1,

j i
nn

i j
n n

j i
nn

s i j

s i j j

s i j









  


   
   

and

1
1 1 , .ji j i

n n nns s s s i j
  

Elements of nS  are called n-simplices.

Let S and S   be simplicial-semimodules. A simplicial map :f S S   is a family of-homomorphisms

0( : )n n n nf S S   which commute with the face and degeneracy operators.

Proposition 5. For any simplicial -semimodule { , }i
n nS S  , the standard chain complex
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2 1

2 1
1 2 1 0: 0

n

n
n nS S S S S S

  

  

  


  

           

associated to S is regular.

As a corollary of Propositions 4 and 5, we have

Theorem 6. Suppose that S is a simplicial -semimodule, ( )K S  its ( )K  -module completion and

: ( )Sk S K S  the canonical simplicial map. Then the induced -homomorphism

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n S n n n SH k H S H K S H k cl s cl s 

is an injection for each n.

One says that a simplicial -semimodule S satisfies the Kan condition if for every collection of n+1 n-

simplices 0 1 1 1 1, ,..., , ,...,k k nx x x x x    satisfying the compatibility condition 1( ) ( ), ,i j
n j n ix x i j   

, ,i k j k   there exists an (n+1)-simplex x such that 1( )i
n ix x   for ,i k  (see e.g. [3]).

Theorem 7. Let S be a simplicial-semimodule, ( )K S  its ( )K  -module completion and : ( )Sk S K S

the canonical simplicial map. If S satisfies the Kan condition and the -semimodule of path components of

S is a ( )K  -module, then ( )nH S  is a ( )K  -module and the induced map

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n S n n n SH k H S H K S H k cl s cl s 

is a ( )K  -isomorphism for all n.

As noted above, semimodules over the semiring of nonnegative integers are precisely abelian monoids.

Hence, we have the following corollaries.

Corollary 8. Suppose that A is a simplicial abelian monoid, ( )K A  its group completion and

: ( )Ak A K A  the canonical simplicial map. Then the induced homomorphism

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n A n n n AH k H A H K A H k cl a cl a 

is an injection for each n.

Corollary 9. Let A be a simplicial abelian monoid, ( )K A  its group completion and : ( )Ak A K A  the

canonical simplicial map. If A satisfies the Kan condition and the monoid of path components of A is a

group, then ( )nH A  is a group and the induced map

( ) : ( ) ( ( )), ( )( ( )) ([ ,0]),n A n n n AH k H A H K A H k cl a cl a 

is an isomorphism for all n.
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maTematika

kavSiri simplicialuri naxevradmodulis da misi
simplicialur  modulamde  gasrulebis
homologiebs Soris

a. paWkoria

ivane javaxiSvilis  saxelobis  Tbilisis  saxelmwifo  universiteti,  a. razmaZis  maTematikis
instituti,  Tbilisi, saqarTvelo

(warmodgenilia akademiis wevris x. inasariZis mier)

vTqvaT K() aRniSnavs  naxevradrgolis rgolamde gasrulebas da vTqvaT S aris
simplicialuri -naxevradmoduli, Hn(S) - misi n-uri homologiis -naxevradmoduli,
K(S) - S-is simplicialur K()-modulamde gasruleba, Hn(K(S)) - K(S)-is n-uri homologiis
K()-moduli da KS: S  K(S) - kanonikuri asaxva. Cven vamtkicebT: (1) inducirebuli
asaxva Hn(KS) : Hn(S)  Hn(K(S)) aris  ineqciuri -homomorfizmi yoveli n-Tvis;  (2)
Tu S akmayofilebs kanis  pirobas da S -is  gzebis komponentebis -naxevradmoduli aris
K()-moduli, maSin Hn(S) aris K()-moduli da inducirebuli Hn(KS) : Hn(S)  Hn(K(S))
asaxva aris K()-izomorfizmi yoveli n-Tvis.
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