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ABSTRACT.An m-point nonlocal boundary value problem is posed for quasi-linear differential equations
of the first order on the plane. Nonlocal boundary value problems are investigated using the algorithm of
reducing nonlocal boundary value problems to a sequence of Riemann-Hilbert problems for a generalized
analytic function. The conditions for the existence and uniqueness of generalized solution in the space

 αC G  are considered. © 2017 Bull. Georg. Natl. Acad. Sci.

Key words: nonlocal boundary value problem, generalized solution

Nonlocal boundary value problems are quite an interesting generalization of classical problems and at the

same time they are naturally obtained when constructing mathematical models of real processes and phenom-

ena in physics, engineering, sociology, ecology and so on [1-8]. An m-point nonlocal boundary value prob-

lem of the Bitsadze-Samarski type for an elliptic equation of second order is considered in the works [9-11].

The properties of generalized analytic functions and Riemann-Hilbert boundary value problems are studied

in I. Vekua’s monograph [12] and in the works of G. F. Manjavidze, V. Tuchke [13]. Nonlocal boundary value
problems for quasi linear differential equations of first order on the plane are considered in [14-17].

In the present paper, we pose an m-point nonlocal boundary value problem for quasi linear differential

equations of first order on the plane. Nonlocal boundary value problems are investigated using the algorithm

of reducing nonlocal boundary value problems to a sequence of Riemann-Hilbert problems for a generalized

analytic function. The theorem on the existence and uniqueness of a generalized solution in the space

 αC G  is proved. An m-point nonlocal boundary value problem for linear differential equations of first order

is considered on the plane. The existence of generalized solution in the space  pC G  is proved and a priori

estimate is obtained.

1. Let G be the bounded domain on the complex plane E with the boundary  which is a closed simple

Liapunov curve (i.e. the angle formed by the tangent to this curve with the constant direction is continuous

in the Hцlder sense). We take two simple points A, B on  and assume that at these points there exists tangent
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to . It is obvious that these points divide the bound-

ary  into two curves. One of these parts denoted by

 is an open Liapunov curve with parametric equation

 z z s , 0 s   . Let us choose simple points

, , 1, ,k kA B k m  , on \ and assume that at these

points tangent to  exists. Besides, we draw in G the

simple smooth curves k , 1, ,k m  , which con-

nect kA  and kB . The curves k  are assumed to have

the tangents at kA  and kB  which do not coincide with the tangent to the contour  at the same points. It is

assumed that k  is the image of , diffeomorphic to  kz I z  and with the parametric equation  k kz z s ,

0 s   , 1, ,k m  . Furthermore, it is assumed that i j   , i j , i     , , 1, ,i j m  , and

the distance between every two lines 1 2, , , m    is larger than some positive number 0const  .

Suppose that z x iy G   , 1 2w w iw  ,
1

2z i
x y

  
     

 is a generalized Sobolev derivative [12],

 C G  is a Banach space consisting of all continuous functions on G .  C G  is the set of all bounded

functions satisfying the Hцlder condition with index . The norm in  C G  is defined by the equality

   
   

1 2

1 2

, 1 2

max sup
C G z G z z G

f z f z
f f z

z z 


 

  .

Let us consider in G  the following m-point nonlocal boundary value problem for quasi-linear differential

equations of first order

 , , ,z f z w w z G   , (1.1)
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w z z z

w z c z c const 
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1

Re Re ,

, z

m

k k
k

k k

w z s w z s

z s s


      

 



 

(1.3)

0 , 1, ,k const k m    .

An m-point nonlocal boundary value problem of the Bitsadze-Samarski type [4] for an elliptic equation of

second order is considered in the works [9-11]. Nonlocal boundary value problems for quasi-linear differen-

tial equations of first order on the plane are considered in [14-17].

For problem (1.1)-(1.3) we assume that the following conditions are fulfilled:

A1. The function  , ,f z w w  is defined for z G , w R ,    ,0,0 pf z L G , 2p  , and

     0 0 0 0, , , ,f z w w f z w w L w w w w     ;

Fig. Field G.
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A2.    \z C   ,
1

2
 ,

1

0 1
m

k
k

  .

To investigate the existence of a generalized solution of problem (1.1)-(1.3) we consider the following

iteration process

 , , ,z n n nw f z w w z G   , (1.4)

   

 
Re , \ ,

Im , \ ,

n

n

w z z z

w z c z 

    
   
 

 

    (1.5)

         1
1

Re Re , , z
m

n k n k k k
k

w z s w z s z s s


           ,    (1.6)

1, , , 1, 2,3,k m n    ,

where  0Re w z    is any function from  kC  ,
1

2
 , 1, ,k m  , that continuously adjoins the values

of  z  at the ends of the contour k .

For every n N , problem (1.4)-(1.6) is a Riemann-Hilbert type problem and its regular generalized solu-

tion belongs to the space  C G  [12, 13].

Consider the function 1n n nv w w  . Then from (1.4)-(1.6) it follows that the function nv  is a solution of

the problem

     1 1 1 1, , , , , , , , ,z n n n n n n n n nv f z w w f z w w F z w w w w z G        ,          (1.7)

 

 
Re 0, \ ,

Im 0, \ ,

n

n

v z z

v z z 

    
   
 



 (1.8)

         1
1

Re Re , , z
m

n k n k k k
k

v z s v z s z s s


           ,    (1.9)

1, , , 1, 2,3,k m n    .

We can reduce the solution of problem (1.7)-(1.9) to the non-linear integral equation

     
        1 1, , , ,1 n n n n

n n n

G

F w w w w
v z z z d d

z

   


    
   

 
, (1.10)

where i    ,  n z  is a holomorphic function satisfying conditions (1.8)-(1.9) and  n z  is a

holomorphic function such that the difference

 
        1 1, , , ,1 n n n n

n

G

F w w w w
z d d

z

 


    
  

 

satisfies homogeneous boundary conditions.

The integral operator in the right-hand part of equation (1.10) is denoted by
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        1 1, , , ,1

, ,
n n n n

G
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F w w w w
T z F d d i

z

    


    
    

 
.

The operator GT  maps the space  pL G  into  C G ,
2p

p


   .

The following theorem holds true:

Theorem 1. Let the following conditions be fulfilled:

(i) the function  , ,f z w w  is defined for z G , w R ,    ,0,0 pf z L G , 2p  , and

     0 0 0 0, , , ,f z w w f z w w L w w w w     ;

(ii)    
1

1
\ , 0 1, 0 , 1, , ;

2

m

k k
k

z C const k m


            

(iii) there exists a number 1 0R  , 1R R ,  such that the inequality

       1
1 1 1,

2
p

p
n GC G L G C G

C T L G R R    
  

 ,

where mesG G ,

   
1

1 ,
2 1

p

p
G L G C G

G L C T   
 

is fulfilled. Then the solution of problem (1.1)-(1.3) exists in the space  C G  and is unique.

2. Consider in the domain G  the following m-point nonlocal boundary value problem for a linear differen-

tial equation of first order
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(2.1)

Assume that        , , , 2, , .pA z B z d z L G p A B N  

Denote by  pC G  the set of functions    w z L G   such that
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and having the finite norm

     p
p

zC G C G L G
w w w    

 
. (2.3)

The set  pC G  is a linear normed space over the real field with the norm defined by means of equality

(2.3). If 2p q  , then    p qC G C G   and    q pC G C G
w w 

 
, where   is a positive constant and w

is any element from  pC G . The following theorem holds true.

Theorem 2. For any function    pd z L G , 2p  , a solution  w z  of  problem (2.1) exists, belongs

to the space  pC G  and the following a priori estimate holds for it

   p
pC G L G

w d


 ,

where   is the positive constant depending only on p, N and mesG G .

informatika
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ganzogadoebuli amonaxsnis povnis algoriTmi

m. abaSiZe*, v. beriZe*, d. devaZe*

* baTumis SoTa rusTavelis saxelmwifo universiteti, fizika-maTematikisa da kompiuterul
mecnierebaTa fakulteti, baTumi, saqarTvelo

(warmodgenilia akademiis wevris g. gogiCaiSvilis mier)

naSromSi ganxilulia m-wertilovani aralokaluri sasazRvro amocana pirveli rigis
kvaziwrfivi diferencialuri gantolebebisaTvis sibrtyeze da amoxsnis iteraciuli
algoriTmi. damtkicebulia Teoremebi ganzogadoebuli amonaxsnis arsebobisa da
erTaderTobis Sesaxeb.



48 Marina Abashidze, Vakhtang Beridze, David Devadze

Bull. Georg. Natl. Acad. Sci., vol. 11, no. 3, 2017

REFERENCES

1. Carleman T. (1933) Sur la Tehorie des Equatuibs Integrals et ses Applications. Verh. Internat. Math. Kongr.,
Zurich, 1932, 1, (Orell Fussli, Zurich): 138-151.

2. Cannon J.R. (1963) The solution of the heat equation subject to the specification of energy. Quart. Appl.
Math., 21, 2: 155-160.

3. Beals R. (1964) Nonlocal elliptic boundary value problems. Bull. Amer. Math. Soc., 70, 5: 693-696.
4. Bitsadze A. V.,   Samarski- A. A.   (1969)  O nekotorykh prosteyshikh obobshcheniiakh ellipticheskikh zadach.

Dokl. Akad. Nauk SSSR 185: 739-740 (in Russian).
5. Shelukin V. V. (1993) A non-local in time model for radionuclide propagation in stokes fluid. Dinamika Splosh.

Sredy, 107:180-193.
6. Pao C. V. (1995) reaction diffusion equations with nonlocal boundary and nonlocal initial conditions. J. Math.

Anal. Appl., 195, 3: 702-718.
7. Diaz J. I, Rakotoson J. M. (1996) on a non-local stationary free-boundary problem arising in the confinement

of a plasma in a stellarator geometry. Arch.Rational. Mech. Anal., 134, 1: 53-95.
8. Gurevich P. L. (2003) Asymptotics of solution for nonlocal Elliptic Problems in Plane bounded domains,

Functional Differential Equations, 10, 1-2: 175-214.
9. Berikelashvili G. (1999) On the solvability of a non-local boundary value problem in the weighted sobolev

spaces. Proc. A. Razmadze Math. Inst. 119: 3-11.
10.Vasylyk V. B. (2011) Exponentially convergent method for the M-point non-local problem for an elliptic

differential equation in Banach Space. J. Numer. Appl. Math. 2 (105): 124-135.
11. Gordeziani D., Gordeziani E., Davitashvili T., Meladze G. (2010) O reshenii nekotorykh nelokal’nykh

krayevykh i nachal’no-krayevykh zadach. GESJ: Computer Science and Telecommunications, 3, (26): 161-169
(in Russian). 

12.Vekua I. N.   (1988) Obobshchennye analiticheskie funktsii. M.(in Russian). 
13. Mandzhavidze G. F., Tuchke V.   (1983) O nekotorykh granichnykh zadachakh dlia nelineinykh

differentsial’nykh sistem pervogo poriadka na ploskosti. 79-124 (in Russian). 
14.Devadze D. Sh., Beridze V. Sh.  (2013) Usloviia optimal’nosti dlia Kvazilineinykh differentsial’nykh uravnenii s

nelokal’nymi krayevymi usloviiami., Uspekhi Mat. Nauk, 68, 4(412): 179-180  (in Russian); Translation in
Russian Math. Surveys 68  (2013), 4: 773-775.

15.Devadze D.,  Dumbadze M. (2013) An optimal control problem for a nonlocal boundary value problem,Bull.
Georg. Natl. Acad. Sci. 7, 2: 71-74. 

16.Beridze V., Devadze D., Meladze H. (2014) On one nonlocal boundary value problem for quasilinear
differential equations. Proceedings of A. Razmadze Mathematical Institute, 165: 31-39.    

17. Devadze D., Beridze V. (2016) Optimality conditions and solution algorithms of optimal control problems for
nonlocal boundary-value problems. Journal of Mathematical Sciences, 218, 6: 731-736. 

Received  May, 2017


