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ABSTRACT.Anm-point nonlocal boundary valueproblemisposed for quas-linear differential equations
of thefirst order on the plane. Nonlocal boundary value problemsar einvestigated using thealgorithm of
reducing nonlocal boundary value problemsto a sequence of Riemann-Hilbert problemsfor ageneralized
analytic function. The conditionsfor the existence and uniqueness of generalized solution in the space

C.(G) areconsidered. © 2017 Bull. Georg. Natl. Acad. Sci.
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Nonlocal boundary value problems are quite an interesting generalization of classical problemsand at the
sametimethey are naturally obtained when constructing mathematical models of real processes and phenom-
enain physics, engineering, sociology, ecology and so on [1-8]. An m-point nonlocal boundary value prob-
lem of the Bitsadze-Samarski type for an elliptic equation of second order is considered in the works[9-11].
The properties of generalized analytic functions and Riemann-Hilbert boundary value problems are studied
in 1. Vekua’s monograph [12] and in the works of G. F. Manjavidze, V. Tuchke [13]. Nonlocal boundary value
problemsfor quasi linear differential equations of first order on the plane are considered in [14-17].

In the present paper, we pose an m-point nonlocal boundary value problem for quasi linear differential
equations of first order on the plane. Nonlocal boundary value problems areinvestigated using the algorithm
of reducing nonlocal boundary value problemsto a sequence of Riemann-Hilbert problemsfor ageneralized
analytic function. The theorem on the existence and uniqueness of a generalized solution in the space

Ca(é ) isproved. An m-point nonlocal boundary value problemfor linear differential equations of first order

is considered on the plane. The existence of generalized solution in the space CJ (G ) isproved and a priori
estimate is obtained.

1. Let G be the bounded domain on the complex plane E with the boundary T which is a closed simple
Liapunov curve (i.e. the angle formed by the tangent to this curve with the constant direction is continuous
in the Hulder sense). We take two simple points A, BonT" and assume that at these points there existstangent
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toT. Itisobviousthat these points divide the bound-
ary I' into two curves. One of these parts denoted by
v isan open Liapunov curvewith parametric equation

z=2(s), 0<s<d. Let us choose simple points

A, B, k=1...,m,onT\y and assume that at these
points tangent to T exists. Besides, we draw in G the

simple smooth curves g, , k=1,...,m, which con-
Fig. Field G.
nect A, and B, . Thecurves g, areassumedto have

thetangentsat A, and B, which do not coincide with the tangent to the contour I" at the same points. It is
assumed that g, istheimageof v, diffeomorphicto z =1 (z) andwiththe parametric equation z, = z(s),
0<s<d, k=1...,m.Furthermore, itisassumedthat g N"9; =<, i#j, g ng=2,i,j=1...,m,and

the distance between every two lines g,,05....,0,, islarger than some positive number e = const > 0.

) 1o .0). _ I
Supposethat z=X+iyeG, w=w, +iw,, 0z :E[&HE] isageneralized Sobolev derivative[12],

C(G) is a Banach space consisting of all continuous functionson G. C, ( ) is the set of al bounded

functions satisfying the Hulder condition with index a. Thenormin C, (C_E) is defined by the equality

Let usconsider in G thefollowing m-point nonlocal boundary value problem for quasi-linear differential
equations of first order

azzf(z,w,v_v), zeG, (11
Re[w :| , zeTl'\qg,
[ ch Z'el'\g, c=const, 12

m
Re[w(z(s))} = Zs K Re[w(zk (s))} 13
k=1
z(s)eg, z(s)eg
O<s, =const, k=1...,m.
An m-point nonlocal boundary value problem of the Bitsadze-Samarski type [4] for an elliptic equation of
second order is considered in the works[9-11]. Nonlocal boundary value problemsfor quasi-linear differen-

tial equations of first order onthe plane are considered in [14-17].
For problem (1.1)-(1.3) we assume that the following conditions are fulfilled:

AL Thefunction f(z,w,W) isdefinedfor ze G, W <R, f(20,0)eL,(G), p>2,and

| (2w, )~ (2,5, )| < L (|w—wp| +[w— g )
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m
A2.j (z2)eC,(T\g), a >%, O<Zsk <1.
k=1

To investigate the existence of a generalized solution of problem (1.1)-(1.3) we consider the following
iteration process

oW, = f(zw,, W,), zeG, (L4)
Re[w,(2)]=j (2), zel\g,
Im[wn(z*ﬂ =c, Z el\g, (1.5)

m
Re[wn (z(s))] = Zs " I?e[wm(zk (s))] 2(s)eg, z(s)eo. (1.6)
k=1
k=1....m n=123...,
where Re[wo(z)] isany function from C, (g, ), & >%, k=1,...,m, that continuously adjoinsthe values

of j (z) a the ends of the contour g, .
For every ne N, problem (1.4)-(1.6) isaRiemann-Hilbert type problem and itsregular generalized solu-

tion belongs to the space C, (G) [12, 13)].

Consider thefunction v,, = w,,,; — W, . Thenfrom (1.4)-(1.6) it follows that thefunction v,, isasolution of
the problem

OV = T (2 Woy1, Whg )= F (2 W, W ) = F (2, W, W, W, Whay ), Z€G, (1.7)
Re[vn(z)}:o, zel'\g,

Im[vn(z*)}zo, Z"el'\g, (1.9

Re[vn (z(s))] = kznj;‘s . Re[vn_l(zk (S))J 2(s)eg, z(s)eg, (1.9)

k=1...m n=123....
We can reduce the solution of problem (1.7)-(1.9) to the non-linear integral equation

(@)= ()31, 2] IE) Ha @) Bl )) g, g

where z =x+ih , y , (z) is a holomorphic function satisfying conditions (1.8)-(1.9) and f (z) isa

holomorphic function such that the difference

fn(z)_pig F VW, (2). % (2) W (2), s (2)

zZ—-Z

satisfies homogeneous boundary conditions.
Theintegral operator in the right-hand part of equation (1.10) is denoted by
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dx dh, z =x+ih.

T[2F]- 1” F(V,Wn(Z )W (2 ), Woia (2 ), Wi (2 ))

__E z-z

p-2
p

The operator T maps the space Lp(é) into Cy (C_;) b= <a,

Thefollowing theorem holdstrue:
Theorem 1. Let the following conditions be fulfilled:

() thefunction f(z,w, W) isdefinedfor ze G, [w <R, f(2z0,0)eL,(G), p>2,and
|f(z,w,\Tv)—f(z,W0,\Tvo)|s L (Jw—wo| +|w— ) ) ;
1 m
(i) j (2)eCy(T'\g) a >§'0<Zsk <1,0<s, =condt, k=1,...,m;
k=1
(i) thereexistsa number R, >0, R <R, such that the inequality

ol 6+ &+ Mol 610 (L1681 R) <R,

where |G| =mesG,

Vp
2(c| L(Cl el @)c, (é)j <1
isfulfilled. Then the solution of problem (1.1)-(1.3) existsin the space C, (é) and is unique.

2. Consider inthedomain G thefollowing m-point nonlocal boundary value problemfor alinear differen-
tial equation of first order

o,W=A(z)w+A(z)W+d(z), zeG,

Re[w(z)]=

zeTl'\qg,

Re[w(z(s))] - is . Re[w(zk (s))] z(s)eg, z(s)eg,. 1)

O<s,=const, k=1....m
Assume that A(2),B(2),d(2)eL,(G), p>2, |AL[B<N.
Denote by Cap(é) the set of functions W(z) € L, (é) such that

Re[w(z)] =0, zel'\g,

Im[w(z")} =0, z'el'\g,

Re[w(z(s))]:gskRe[w(zk(s))} z(s)eg, z(s)eg,, k=1...m 22
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and having the finite norm

-

Theset CP (C_E) isalinear normed space over the real field with the norm defined by means of equality
)<

isany element from CJ (C_E) . Thefollowing theorem holds true.

o,(@) o () <+e- (23

(2.3).1f p>q>2,then C! (é) > CJ (é) and W cp(6) where ¢ isapositive constant and w
Theorem 2. For any function d(Z) € Lp(é), p>2,asolution W(Z) of problem(2.1) exists, belongs

to the space C (é) and the following a priori estimate holds for it

[

where | is the positive constant depending only on p, N and |G| = mesG.

e <! 1l ).
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