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ABSTRACT. In the present paper dynamical three-dimensional model of thermoelastic piezoelectric
solid consisting of anisotropic inhomogeneous material with regard to magnetic field is considered.
Initial-boundary value problem corresponding to the dynamical model is investigated, where on certain
parts of the boundary displacement, electric and magnetic potentials, and temperature vanish, and on the
remaining parts components of stress vector, electric displacement and magnetic induction, and heat flux
along the outward normal vector of the boundary are given. The variational formulation of the initial-
boundary value problem is obtained, which is equivalent to the differential formulation of the three-
dimensional initial-boundary value problem in the spaces of smooth enough functions. Applying the
variational formulation existence, uniqueness and continuous dependence of solution on the given data is
proved in suitable function spaces. © 2017 Bull. Georg. Natl. Acad. Sci.
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Piezoelectric materials are widely used and intensively being investigated for possible application as
adaptive materials, which enable to change their shape or material characteristics, and thereby they can
replace mechanical actuators and sensors in modern engineering structures. One of the theoretical models of
piezoelectricity was developed by W. Voigt [1], which describes the interaction between elastic, electric and
thermal properties of an elastic body. Subsequently, W. Cady [2] treated the physical properties of piezoelec-
tric crystals as well as their practical applications. H. Tiersten [3] studied problems of vibration of piezoelec-
tric plates. The widespread use of adaptive materials in diverse engineering construction, in particular, in
aerospace industry, where sensors and actuators might undergo high thermal as well as mechanical stresses,
has activated researches on thermal along with the mechanical and electro-magnetic properties of materials.
A three-dimensional model of thermoelastic piezoelectric bodies was derived by R. Mindlin [4] on the basis of
variational principle. Further, W. Nowacki [5] developed some general theorems for thermoelastic piezoelec-

tric materials. R. Dhaliwal and J. Wang [6] proved uniqueness theorem for linear three-dimensional model of
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the theory of thermo-piezoelectricity, which was generalized by J. Li in the paper [7], where a generalization of
the reciprocity theorem of Nowacki [8] was also obtained. Applying the potential method and the theory of
integral equations D. Natroshvili [9] studied problems of statics and pseudo-oscillations with basic and crack
type boundary conditions for thermoelastic piezolelectric bodies with regard to magnetic field consisting of
homogeneous material.

It should be pointed out that three-dimensional initial-boundary value problems with general mixed boundary
conditions for displacement, electric and magnetic potentials, and temperature corresponding to the linear
dynamical models for inhomogeneous anisotropic thermoelastic piezoelectric bodies with regard to magnetic
field have not been investigated yet. The well-posedness results are mainly obtained for thermoelastic
piezoelectric bodies consisting of homogeneous materials. In this paper we study three-dimensional dynami-
cal model for thermoelastic piezoelectric solid consisting of anisotropic inhomogeneous material with regard
to magnetic field. We consider initial-boundary value problem with general mixed boundary conditions
corresponding to the three-dimensional model, where on certain parts of the boundary displacement, electric
and magnetic potentials, and temperature vanish, and on the remaining parts components of stress vector,
electric displacement and magnetic induction, and heat flux along the outward normal vector of the boundary
are given. We obtain variational formulation of the initial-boundary value problem, which is equivalent to the
differential formulation in the spaces of smooth enough functions. On the basis of the variational formulation
we obtain the existence, uniqueness and continuous dependence results in suitable spaces of vector-valued

distributions with values in factor spaces of Sobolev spaces.

We denote by w2 (D)=H"(D) and H ’(f), r =1, r e R, the Sobolev spaces of order » based on the
spaces H'(D)=1*(D) and H°(D)=L*(D) of square-integrable functions, respectively, where
Dc R’ peN, is a bounded Lipschitz domain [10] and ['c oD is a Lipschitz surface. We denote by
H' (D) =[H"(D)]?, 1(D)=[L*(D)’, L'(") =[L' ()T, s 21, s € R, the corresponding spaces of vec-
tor-valued functions. The trace operators we denote by ;. : H (D) —> H"*(I") and try. : H' (D) > H"* ().

We denote by €' (D) the space of functions on D with Lipschitz continuous derivatives up to the order

g € NU{0}. For Banach space X, C([0,7];.X) denotes the space of continuous functions on [0,7"] with
valuesin X, L7(0,T;X), 1< g <0, is the space of such functions g:(0,7) — X that ||g(t)||X e7(0,T).
Wedenoteby g'=dg/dt and g"=d 2 g/ dt* the generalized first and second order derivatives of function
gel’(0,T;X) [11].

Let us consider a thermoelastic piezoelectric body with initial configuration QcR’ , which consists of

general inhomogeneous anisotropic material. The body is clamped along a part I'y < I' = 0Q ofthe Lipschitz

boundary 4Q and on the remaining part I'; = '\T, surface force with density g = (g;): T, x(0,7) — R? is
given, 0Q =Ty Ul VI, 'y "I, =, is aLipschitz dissection [ 10] of 6Q ; electric potential ¢ vanishes

along Fg c I and on the remaining part 1"? =T\ l"g of the boundary the normal component of the electric
displacement with density g’ :T'{ x(0,7) — R is given, where 0Q = l"g ul"g1 ur?, F‘g AT =3 isa

Lipschitz dissection of @Q; magnetic potential ¥ vanishes along I'f/ T and on the remaining part
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'Y =T\I'j of the boundary the normal component of the magnetic induction with density
g” :TY x(0,T) — R is given, where 0Q =T} UI'{, UTY, T NI'Y =, isa Lipschitz dissection of 6Q;
temperature 6 vanishes along Fg cT and on the remaining part T? =T\ l“g of the boundary the normal

component of heat flux with density ge : 1"19 x(0,T) —> R is given. The dynamical three-dimensional model

of the thermoelastic piezoelectric body € in differential form with quasi-static equations for electro-mag-
netic fields, where the rate of magnetic field is small, i.e. electric field is curl free, and there is no electric

current, i.e. magnetic field is curl free, is given by following initial-boundary value problem [7, 9]:

azu. 60
P 21_ = f, in Qx(0,7), i=1,2,3, M)
ot = 6x-
Jj= J
- aDj £
D L=/ inQx(0,7), )
— Ox
Jj=1 J
3 B .
za_fzo in Qx(0,7), €)
Jj=1 8xj

0 < 0
%5_ ax(yaxJ ®O z j(u)

J=1 1]]

0 23: a¢‘®g3ma—"”—f9' Qx(0,T 4

e @

u=0 on Iyx(0,T), ZGU] g on [,x(0,T), i=1,2,3, ®)
3

¢ =0 on Iy x(0,7), zDinizg%nr?x(o,T), ©)
i=1
3

y=00onT{x(O7), % Bm=g" onI{x(0.T), )
i=1

6=0 on T x(0.T), an,a n=2" on T x(0,T). ®)
i,j=1

1 (x,0) = 11, (), l(x 0) = 1, (x), B(x,0) = fy(x) in Q,i=123, ©)

where n = (ni)f’:l is the unit outward normal vector to ', u = (x,): Qx(0,T) —> R’ is the displacement
vector-function, p is the mass density in the reference configuration, ¢:Qx(0,7) >R and

v :Qx(0,T) = R stand for the electric and magnetic potentials such that the electric and magnetic fields

are E=-grad¢ and H=-grady, 0:Qx(0,7)—>R is the temperature distribution,
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f=(f )f:l QA% (0,7) > R’ is the density of applied body forces, f°:Qx(0,7)— R is the density of
electric charges, and % :Q2x(0,7) — R is the density of heat sources, u, = (1,;) and u; = (u,;) are the
initial displacement and velocity vector-functions, 6, is the initial distribution of temperature. (o )i o118

the mechanical stress tensor, D = (D; )3}:] is the electric displacement vector, and B = (B; )izl is the mag-

netic induction vector, which are given by the following constitutive equations:

oy o
GU z qu pq(u)+z pij a +2bpl] 6 )L‘ 9 l!_]=132a3a

P-q=
3 oy
D, = zezpq €y (W)= zdya 2 Ua ——+u,0, i=1,2,3,
Pq=1 Jj=1
oy
z ipg©pq (W) ~ z%a——zgya—ﬂnﬁ i=1,2,3,
pyg=l
where ¢; (V) =l/2(6vi /0x; +0v; /axl-), =1,2,3, v=(v);, , is the strain tensor, (Cijpg )f’j,p,qzl is the

elasticity tensor, (& )f” ;,p=1 are piezoelectric and (b )l j,p-1 are piezomagnetic coefficients, (4; )l -1 isthe

Pij Pij

stress-temperature tensor, (d;; ) =1 and (& ) _j=1 are the permittivity and permeability tensors, (a; ) j-1 are

the coupling coefficients connecting electric and magnetic fields, (y,);_, and (m,);, are coefficients char-
acterizing the relation between thermal, electric and magnetic fields, ®, > 0 is the temperature of thermoelastic
body in natural state in the absence of deformation and electromagnetic fields, which is considered as a
reference temperature, (77;; )i j=1 1s the thermal conductivity tensor and ¥ is the thermal capacity. We assume

that the elasticity tensor, piezoelectric and piezomagnetic coefficients, and the stress-temperature tensor
satisfy the following symmetry conditions

Cipg = Ciigp = Clipg> Epif = Epji» Dpij = pji» Ay =d s @y =, & =C iy Mg = Ay 1, pog =1,2,3.(10)

To investigate the existence and uniqueness of weak solution of the three-dimensional initial-boundary
value problem (1)-(9) we consider the following variational formulation, which is equivalent to the differential

formulation in spaces of smooth enough functions: Find the unknown vector-function u € C([0,7]; V(QQ)) ,
u' e L°(0,T;V(Q), u"eL”(0,T;17(Q), and functions ¢ e C([0,T]:V%(Q), ¢'eL*(0.T:V*(Q),
y € C(O.TLVY (@), y' e L (0,751 (), 0 € C(O,T]:V (), 0 € L™ (0, T3 L () N L2 (0, T3 (),

which satisfy the following equations in the sense of distributions on (0,7),

(PU", V)2 ) +EW V) + (B, V) +b(y, V) = A0, V) = L'(V),  ¥VeV(Q), (11)
—e(p.u)+d($.9)+a(y.§) - u(0.9)= I (§).  VpeV?(Q), (12)

by w)+a(@.y)+ S (wy)-mO.y) =L (y),  Vy el (Q), (13)
(20'.0) 2 . 1(0,0)+ O, A(0,u") - Oy u(0,4") - Oym(0,y") = 17 (0), ¥O eV (Q), (14)
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together with the initial conditions
u(0)=u,, u'(0)=u;, 6(0)=0,, (15)
where V(@) ={veH'(Q)tr:(n=0 on Ty}, V' Q={peH Q) t($)=0 on T},

VY (Q) ={y e H(Q); trr(y)=0 on T}, V%(Q)=1{0 e H(Q); #:(0)=0 on TJ},

3
c(u,v)=j > Cipgep Wey (M, £(4.v) = J‘Z "”a eU(V)dx

Qi j.p.q=1 QiJj,p=l

by, V) = j szya e, (V)dx, A(6,v)= j 2 B, (v)dsx,

QiJj,p=1 Qi Jj=1

4(9.5) = jZdl,jq’ ¢dx .= [ Y, Ly,

Qi Jj=1 Qi j=1

0. - Zuﬂ—dx (o= S, 2"’ Z"’ dx,

Qi=l Qij=1

mo.p) = jzme "’dx n(6,6) = IZ %29 4,

U@ 8
Qi=l Qi,j=1

'(v)= jvadH jzgrrr (v)dT, ()= If ddx - I g'tr ¢(¢)d1"

Qi=l r, i=l
1 1

I (y) = j gty (p)dT, I°(0)= j 9 9dx j g tr9(6’)dr

ry
(-,-)LZ(Q) and (-.) (o) are scalar products in the spaces L2 (©) and I? (Q) , respectively.

Note that if the parts 1"‘3 and I} of the body Q , where electric and magnetic potentials vanish, are

empty sets, then the homogeneous problem (11)-(15) has non-trivial solutions. Indeed, if the tensors (d;; )i j=1s

(a )i ;-1 and (& )i j=1 characterizing electric and magnetic fields satisfy the following inequality

3
ZdU§ g +22 a;E &, +2.§ > B (&P +E)), VE.E R, B=const>0,

i,j=1 i,j=1 i,j=1 i=l1
and u=0,0=0, /° =0, g¢ =0, g¥ =0, then the solutions ¢ and ¥ are constants. Hence, the solution

of the problem (11)-(15) is not unique in the spaces mentioned in the variational formulation and it is neces-

sary to introduce suitable factor spaces, where the solution of the problem (11)-(15) will be unique. Let us

denote by R, ={ve 1744 (Q);v=a,,a; =const} and R, ={ve Qv = a, ,a, = const} the subspaces

v
of V¢ (Q) and V¥ (Q), which correspond to the homogeneous problem. Applying them we introduce the

factor spaces V' (Q)/ R, and V¥ (Q)/ R, , which consist of equivalence classes 5% ={p+¢ ;9" € Ry} >
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for each (_ﬁeV¢(Q), and t,z_/R“' = {y_/+y/’;y/’ €R,}, for each z;eV‘” (Q), respectively. The spaces

V¢(Q)/R¢ and V"’(Q)/RW are the Hilbert spaces with respect to the norms

_Rl//
¢r €R¢} and ||!// ||VW(Q)/R ]nf{||l//+l// || Ry/}

18" iy, = E U6 +47 1], eV

vy’
If (u,¢,y,0) isasolution of the problem (11)-(15), then any function (u,¢,y,0)+(0,¢",w",0), where
9" €R,, y" €R,, is asolution of (11)-(15). Therefore, we say that (u,¢R“’ ,y/RV’ ,0) is a solution of the

problem (11)-(15), ifany function from the equivalence class (u, ¢R“’ W B ,0) is asolution of the problem (11)-
15).

For the initial-boundary value problem (11)-(15) corresponding to the dynamical three-dimensional model
for thermoelastic piezoelectric body with regard to magnetic field the following theorem is valid.

Theorem. Suppose that €2 C R® is a bounded domain with Lipschitz boundary and the parameters

characterizing thermo-mechanical and electro-magnetic properties of the body ) are such that
0, xeLl”(Q), p(x)> a, =const>0, x(x)>a, =const>0, for almost all X & Q, Ciipgs Epijs bpijs Ay,
s Q> Aty my € L2(Q) | n; € C*NQ), i,j,p.q=1,2,3 and satisfy symmetry conditions (10) and the

following positive definiteness conditions

3

3 3 3
z ciquéijépq 2a, 2(51])2’ Vé’j € Rsé’j = éji! znijéjéj Za}] Z(éi)z, Véi eR,

i,/,p.q=1 i,j=1 i,j=1 i=1

Zdl,cfcf +2Zal,§cf +Z;,§é +— &

i,j=1 1]] i,j=1

—22%55 22"“55 >a2((5) +(EY+8), VE.E.EeR,

i=l i=1
for almost all x€Q, where a,,,, o are positive constants. If u, e H> Q)NV(Q), u, eV(Q),
Oy H'@QNV'(©Q, L' cLOTLQ), gg.g' e LO.TLRT)), f.(f).(f) e LO.T:L7 (),
g’.(g"). (") e O.T: LRI, ¢”.(e")(e") e LOTLA ). f7.(f7) € P(O.T: L7 (),
g’.(&") e O, T;L (1)), and I (§7)=0. LY (y")=0.V¢" < R,.y" <R, .
g% (0)=- Znyt ( Jn on 'Y,
i,j=1

where n = (ni)f:l is the unit outward normal vector to T? | and there exist u, € L*(Q) and & € Vo(Q),
v, €V (Q), such that

3 3
(P, V)2 gy €0, ¥)+ (0, V) + bW, V) = 400,V = [ fi(x. 0w + [ D g, (5,00, ()T,

Qi=l r] i=1
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—o(§ug)+d(do,9)+ alyo,9) — (0,,9) = [/* (x.00pex - j¢ §* (0014 ()T
o v
by + aldy )+ W) =m(Gp.p) == [ 8" (. Oty ()T,
ry
forall veV(Q), ¢ eV?(Q), w V¥ (Q), then the initial-boundary value problem (11)-(15) possesses a unique
solution (u,¢,y.0), ue C([0,T];V(Q), u' e L”(0,.T;V(Q), u" € L”(0,.T:L(Q), ¢ C([0,T]:V?(Q)/R,),
¢’ e L°(0.T:V*(Q)/Ry), w e CO0.TL: VY (Q)/R,), w'eL”(0,T;VY(Q)/R,), 0eC(0.T1:V(Q),
0'e L°(0,T; > (Q) N[> (0,T;V9(Q)), and the mapping

(u0au1a90afagag'a(fg)"(g¢)'s(gw),sf63g9) —>(u,u',¢,l//,9)

is linear and continuous from the space
V(Q) x L2 (Q)x L2 (Q)x L2 (0, T; L2 () x L2 (0, T; L () x L* (0, T; L*3 (I, )) x L2 (0, T; L5 (€2))
xL*(0,T; L (T?))x 12 (0, T; L**(TV ) x L* (0, T L% (Q)) x 12 (0, T; L**(1'7))
to the space
C([0,T]; V(Q) x C([0. T L2 () x C([0,T1:V () / Ry) x C[0.TL: VY (©)/ R, ) x C([0,T); L ().
Remark. Note that if Fg =, Ty #J, then R, = {0}, R, = {0} . Consequently, in the case of mixed

boundary conditions from Theorem we have that the initial-boundary problem (11)-(15) has a unique solution

in the corresponding spaces of vector-valued distributions with values in the subspaces of the first order
Sobolev spaces, because V?(Q)/ R, = V?(Q) and V¥ (Q)/ R, =V"(Q).

Acknowledgement: This work was supported by the Shota Rustaveli National Science Foundation (SRNSF)
[Grant number 217596, Construction and investigation of hierarchical models for thermoelastic piezoelectric
structures].

Bull. Georg. Natl. Acad. Sci., vol. 11, no. 4, 2017



20 Gia Avalishvili, Mariam Avalishvili, Wolfgang H. Miiller

3.)0)(73.)&0 30

ogPdoygego dogbmgmyfdtgmo bbygmgdol
QOGOBOJ‘S&)O 15086-)6%0’)30&860060 3(*);1\)3(}301&

o .53.)(;\00'33091\70*, d. .)3.)(;\00'3309'20**, 3 3. 30'89230.4)o§

*OJJEJ Xogoboggogiob Lok, mﬁog)ol}ol} Zsobgglaﬁ’ogm 2750&7(5[}0(&7@0, %2715@ @9 Zso&gﬁgﬁol}al-]@‘y&-]@m

3(7650[76(7‘3‘)0") R FIBIG0> m&ogm[m, [)deﬁmggg}m
*”%Jj‘)(ﬁmgggzmlj 27503(7(3[}0(&7@0, o&(fjmﬁ&)@odo[), ogﬂoggﬁmobo @ 3)0)(733(500)01) Ijo)mg).), m&og)olm, [J.)j.)ﬁm&gg)m

§6L7($,QJOEOZJ @Jjgodgﬁo 27503(761}0(&7@0, ggjogodn[) 051)@0(53@0, (3(7(9@050, 63@3&5&)

(Fo03m@agbomos s330gd00l Fagdol g. bsps®sosl dogé)

VO&DB(")Q&DEOQ 50'86(")3'80 BOEBOQ'Z']QOO 060%(")66(‘73‘:]‘20 -)6-)360’)63‘)6(")3\)60 80150‘:)015‘)6-)6

'333;23.)60 0)363(*);:\)63 oo 303‘150')3Q3:]®6-8Q0 lsba'agols Qnﬁbao d'aﬁ)o Bbﬁao%mﬁogg&ooSo BMQ:]QO
30350&360 33Qols aomaogols%‘oﬁabom. abam 33E0JPE0S QnSbao 6'3(4)0 amﬂ\)ggol} '33’[506030150 Boﬁ’ao'ls—
15015015;236(*) .)3(')(3.)5.), 60’)33;2'800 Ba‘bg;iﬁo'ls 3‘)6633'3Q EQVQQ:]B‘BU aoQ.)oanQa&), 3;:)35&6-3;20
> 3.)350&3(4)0 33Qo'ls 300&3500.)&330 (<) ®33336.)®-360 EonB Bmmos, 'bmmm 'ls.)‘bQ3t4m'ls Qoﬁﬁaso;m
Eﬁogaﬁ%a 3(')(333-3;20.) 8333015 33:]&(*)6015, 3;23:]&6-3;30 a.)gaagao;maaols > 33350&-360 33;2015
05;2-3:](30015 33:]@(\1513601} © Lomdmb Eoda;goh 3Q3353Q36o 13015;336013 3063 SmﬁaoQoB 8°1’V36"{3'
3052{]3’2]&00 Boﬁaoh—hoho%;gz;ﬁm oﬂmeosoh yﬁooeoggo gmﬁaﬁgot‘nao, 60’)33;200 (%) da.)tf'mls.)g
33 13-3550000» 130360336'30 Boaaoﬁ‘bmaogabooso B&Vﬂol:—k)l»‘bgaﬁm .)30')0.)5015 Qmaaﬁaseoog'aﬁo
gmﬁﬂmgo&n&oh &ch&)’lmo. 3.)60.)(30-3;20 gmﬁﬂﬁgo&g&oh aoamaasabom Qoaé doeabamo.) 33mbsblibols
.)61533(*)3.), 360»;2360)«)3.) > ﬁVﬂaaéoQ Qaam dogabﬂga&é 3m033-ﬂm %ﬂﬁﬂeoaa‘ba 'ls.)m.)G.)a\)m
93-35;]00005.)&-36 Bcﬁﬁewa'ao.

Bull. Georg. Natl. Acad. Sci., vol. 11, no. 4, 2017



On Investigation of Dynamical Three-Dimensional Model of Thermoelastic Piezoelectric Solids 21

REFERENCES

1. Voigt W. (1894) Piézo- und Pyroelectricitét, diélectrische Influenz und Electrostriction bei Krystallen ohne
Symmetriecentrum. Abh. der Koniglichen Gesellschaft der Wissenschaft zu Gottingen, 40: 343-372.

2. Cady W.G. (1964) Piezoelectricity. Dover, New York.

3. Tiersten H.F. (1964) Linear piezoelectric plate vibrations. Plenum, New York.

4. Mindlin R.D. (1974) Equations of high frequency vibrations of thermopiezoelectric crystal plates. /nt. J. Solids
Struct., 10: 625-637.

5. Nowacki W. (1978) Some general theorems of thermopiezoelectricity. J. Thermal Stresses, 1: 171-182.

6. Dhaliwal R.S., Wang J. (1991) A uniqueness theorem for linear theory of thermopiezoelectricity. Z. Angew.
Math. Mech., 74: 558-560.

7. Li J.Y. (2003) Uniqueness and reciprocity theorems for linear thermo-electro-magnetoelasticity. Quart. J. Mech.
Appl. Math., 56, 1: 35-43.

8. Nowacki W. (1965) A reciprocity theorem for coupled mechanical and thermoelectric fields in piezo-electric
crystals. Proc. Vibr. Prob., 1: 3-11.

9. Natroshvili D. (2011) Mathematical problems of thermo-electro-magneto-elasticity. Lecture Notes of TICMI,
12, Tbhilisi State University Press, Tbilisi.

10. McLean W. (2000) Strongly elliptic systems and boundary integral equations. Cambridge University Press,
Cambridge.

11. Dautray R., Lions J.-L. (2000) Mathematical analysis and numerical methods for science and technology, Vol.
5: Evolution problems I. Springer-Verlag, Berlin-Heidelberg.

Received July, 2017

Bull. Georg. Natl. Acad. Sci., vol. 11, no. 4, 2017



	00_Content_2017_.pdf
	01_khimsh.pdf
	04_Frangishvili.pdf
	05_gagnidze.pdf
	06_Chkaidze.pdf
	07_Aneli.pdf
	08_Batsikadze.pdf
	09_kirtskalia.pdf
	10_Kekelia.pdf
	11_maisuradze.pm.pdf
	12_gugushvili.pm.pdf
	13_Okrostsvaridz.pdf
	14_natishvili.pdf
	15_Lachashvili.pdf
	16_Alexidze.pmd.pdf
	17_Lomtadze.pmd.pdf
	18_Chichinadze.p.pdf
	19_Shengelia.pmd.pdf
	20_Ejibadze.pdf
	21-Chkadua.pdf
	22_Silagadze.pdf
	23_Papava.pdf
	24_Gligvashvili..pdf
	24_Gligvashvili.pdf
	25_Chikhladze.pdf
	26_Shekriladze.pdf
	27-khositashvili.pdf
	28_Makharadze.pdf
	00_Content_.pdf

