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ABSTRACT. The paper describes the problem of approximate construction of the transverse-
vertical shapes of the orthopedic boot-tree. In the footwear industry, great attention is paid to the
design of boot-trees. The task is much harder, when we deal with the design and production of the
orthopedic boot-tree. It is well-known that from a geometrical standpoint, the boot-tree has a
complex shape, and its description by using methods of mathematical research is a fairly long and
arduous process. To solve the mentioned problem, that is, to provide approximate construction of
the transverse-vertical shapes of the orthopedic boot-tree, the authors of this paper used the integral
curves of the solutions to singular Dirichlet boundary value problem. Coupling and connection of the
sections of the mentioned curves allow us to construct not only the approximate sections of the
transverse-vertical shapes, but also to change the shapes of the transverse-vertical sections of boot-
trees in unlimited numbers and with high degree of accuracy transfer one size of the boot-tree to
another size. The latter is particularly relevant in the design and production of orthopedic footwear.
© 2018 Bull. Georg. Natl. Acad. Sci.
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For system description of transverse-vertical sections of boot-tree, technologists use different types of
functional relationships [1-4]. To describe the surface of boot-tree, it is advisable to select those functions,
whose graphs of solution describe the surface of boot-tree with a high degree of accuracy, particularly
transverse-vertical sections. Industry experts address this issue by quadratic polynomial approximation,
particularly by using the least squares method. For that it is required to determine the dependence of
coefficients a, b and ¢ towards a(s), b(s) and c(s) for a parabola, where s is length of the center line of
bootprint, that is, the same numbers of transverse-vertical sections. By use of the same method, a profile of
transverse-vertical sections of boot-tree for the ellipsoidal functions is obtained. This method is
characterized by high degree of accuracy, and in the production of boot-tree it becomes necessary to
construct sections in rough way, which eventually is associated with certain inaccuracies.
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The goal of our paper is to obtain the desired shapes of transverse-vertical sections of boot-tree for a
deformed or partially amputated foot. To do so, it is not sufficient to use the simple functional relationships.
We consider the different types of differential equations, whose solutions represent the different classes of
functions, such as: cuspidal, ellipsoidal, logarithmic, exponential, trigonometric and other functions. The
variety of the obtained solutions should allow us for selecting the desirable shape of orthopedic boot-tree
for a deformed and pathological foot. The novelty of research also consists in the fact that by setting initial
or boundary condition for differential equations we obtain the solution to Cauchy problem (integral curves),
which corresponds to the number of transverse-vertical sections of boot-tree with a desirable shape.

A significant novelty of the research consists in obtaining the approximate shapes of transverse-vertical
sections of the orthopedic boot-tree by means of the lines of the solution to singular Dirichlet boundary
value problem.

We consider singular Dirichlet boundary value problem:

u'(t) +%u'(t) —tizu(t) — f(t,u(t),u(t) 1)

u(t)=0,u(m) =0 )
Where a e (—o;1), f satisfies the Caratheodory’s local condition  [0,T]xD potency, D =(0,c0xR).

The work [5] of I. Rakunkova, A. Spielaurer, S. Stanek and E. B. Weinmuler dwells on the issue of the
existence of the solution to (1) - (2) problem. Also, the lemma 3.1, clearly shows the solution to (1) - (2),
particularly:
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Where C,C, eR te[0,T] in(3) Cyt+Cyt™is the solution of Euler equation.
u+2u-2um =o0. 4)
t t

The solution, which we are seeking is in the form of u(t) =t*, then u’=At%? u = A(A-Dt*? if

we introduce these equalities in (4), we shall obtain:
t* 2 (1(1-1)+ar-a)=0
A’ +2(a-1)-a=0
=1 A =-a.
A general solution to the equation of Euler will be written as follows:
ut) =C M +C 02 =Ct +C,t 2,

Our aim is to construct the line integrals by using formula (3) for the different cases of a f (t,u(t),u’(t))
represented in the right side of the equation (1), as well as for various values of a, which will allow us to
obtain the desirable shapes of the front part of shoe.

Example 1:
u”—gu’—gu =t
12 ’
u@=0 u@E=cC,
ie. f(tuc)u'(t)=ta=-2te[01].

Due to the loading of (3), we obtain:

Bull. Georg. Natl. Acad. Sci., vol. 12, no. 1, 2018



Construction of the Transverse-Vertical Shapes of the Orthopedic Boot-Tree

29

c, [ft.4 C, 1t C,
= =2 Lede | |ds = 2 - —t(l—S—t+4— ~2
u(t) qn€+¢!L§§§Js Qﬁ}z“qﬂsﬁﬁ -5 t+)+Ctr

i.e.
alt) 4
ket (1)~ — =0
- C= 31 -
— c=1 - C=1
! 2
C=d C=3
— =5 C=4
==Sopss
-4 5 2
-4
Fig. 1. The curves of the solutions of example 1. Fig. 2. The curves of the solutions of example 2.
c, t t
ut) =Cit+—2+—+t?+—,
t 2 2

1 3, 1
u'(t)=C+=+—-t"+2t-2C, —.
( ) Cl 2 9 2 t3
With provision for initial conditions, we obtain
1 1
+C,+—-1+—=0,
C+Cro-1+5
1 3
+—-+—-2-2C, =0,
C+5+35 2
C +C,=0
C, +2C, =0.
C = %C C,= —%C, then, the solution to the considered problem takes the following form

3
u(t):t——ECt’z— 1-Lelesd,
2 3 3 2

Its diagram is shown in Fig. 1.
Example 2:

u@=0 u@=C.

ie. f(u@),u')=t, a=-2, te[0]].

Due to the loading of (3), we have
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1 2 3 2 4
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ie.,

c, 2, t* t*
ut) =Ct+—=+—-t——+—,

=G 2 3 2 2

2 2C 2
ut)=C +=——2—t+=t3

() 1 t3 3

With provision for initial conditions, we obtain

1 1
C, -2C,=C-=C,==C
1 2 3 2 3
1 11
C+C,=—=C,=—=-=C.
TP 3t 303
Then, the solution to the considered problem takes the following form:
11 1.1 2, t* t*
ut)=(-=—=Cit+=C=+—-t——+—. 6
()(33)3t2326 ©)

Its diagram is shown in Fig. 2.

Thus, by means of the integral curves of the solution to singular Dirichlet boundary value problem, it is
possible to describe the transverse-vertical shapes of the orthopedic boot-tree in high degree of accuracy.
Also, it allows changing the transverse-vertical shapes of boot-tree in unlimited numbers, during the transfer
from one size to another size. The latter is particularly relevant in the production of orthopedic footwear,
when we are dealing with patients having a deformed and pathological foot.
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BoG0s80  gsbbogrmmos  MmMHoM3gEomo  Bablsgdmol  Jsemadm@gdol  gsbog-39HE0-
3500 33900900L BmMIgdols Josbermgdomo 53980l 3Mrmdergds. Bgblogderol dMgfggemdsdo
09500056 OEO gMM3EEYdS JoTMdS J5Ea3mE Yol 3MmgdBHoMmgdols Liszombls. s8mEabs ysgo-
oM  OoOEos, MmEglsg bsddy 239J38  MmOOM3gEommo  BgblsEgdeol  Jogrsdm@Gols
36m9dBHoMgdsLs s HoMImgdslimsh. 3bmdoEos, HmI3 Bgblsgdwol Jswsdm@o 3gmigd Moo
035¢rl5BOHOLOM 5HOL HMEo BnMIol s Jobo s0fighs Jsmgdsdozmmo 33¢g3ol dgmmmgdol
390myggbgdom  Fomdmoagbl ULs3dsme bsbaMdgrog ©s TOMIsB3sE  3BmEgLL. LEs@ool
333MOMs  XaMBoL dogh swbodbrmmo  IGHMdEgIol  g5sFY3gBoL, b  MmBMM3IgEommo
3gbLEAOL 35¢s3mEol 95603-39MGH03XWMGO 33gmgdoll BmM3ZDdOL dosbermgdomo s5gdolss-
306 353mygbgdmeos @oMmobwgl LobymmwsMmeo bslisDmgMm  s9mEsbol  s8mbBablibgdols
063 9aMsmMo Fomgdo. s0bodbmmo foMgdols dmbszzgmgdols Bgmmmadoms ©s 35¢sdTom
UOMEos  9gbsdegdgmos  535Mm0  MOMM3IYHEOMEwo  ggbbsgdemols  3owsdm@Gols  gsbog-
39030350 33900900l FosbErmgdomo gmMIgdo. s0bodbmmwo foMmgdol Fgmmwgds s
29005005  Ldv9sengdoll  dm3agdl  935amm M5 FoMGHM  §5603-39MHE030MOO  BmMIGdOL
005beEmgdomo 339mgd0, (539 oL 0dggzs TgLodGPREMDIL JsesdmEGHoL gHhmo BmIogsb
090ty Bmdsby 5oL3w0ol O™, 56mLsBEZMIWo MomEabmdom ©s oo LobHLEom
3635  39sdmBHgool  gs603-39MHBH0IseMHo  33g0gdols  gmMIgdo. gl M39bBslizbgamo
396L53MmMIO0M 5JBHEIMH0S MMHNM3JE0VYMo BIHLLLEAEOL FoEa3mAEIdol 3BmgdEoMgdolss
5 §smImgdol 30miglido.
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