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Let X be an arbitrary nonempty set, D be a complete X-semilattice of unions, i.e. D be some nonempty set of
subsets from X which is closed with respect to the set-theoretic union of elements from D, and f be an arbitrary

mapping of the set X in the set D. To cach mapping f'we assign a binary relation « , on the set X" which satisfies the
conditions

o=l s ).

xeX

The set of all such « , ( X > D) is denoted by B, (D). As is well known, B, (D) is a subsemigroup of the
semigroup B, called a complete semigroup of binary relations defined by an X-semilattice of unions D.

Let o eBX(D), YcX and Ya= {xeX|(y,x)eo¢ for some er}; V(D,oc): {Yoc|YeD}; S+D'cD
and N(D,D")={ZeD|Zc 7 forany Z'e D'}. If N(D,D')# @, then UN(D, D')e D is an exact lower bound of
aset D' in D. We denote this element by A(D, D'). Note that if the element A(D, D’) exists in the semilattice D, then
we write A(D,D')e D .

Definition 1. Let D be an arbitrary complete X-semilattice of unions, « € By and ¥/ = {x eX|xa= T}. If

V(X*,a), if @eD,
V[a]z V(X*,oc), if @eV(X*,a),
V(X*,a)u{@}, if @eV(X*,a) and DeD,

then it is obvious that any binary relation ¢ of the semigroup By can always be represented as
o= U (Y X T).
TEV[D{]
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In the sequel such a representation of a binary relation o will be called quasinormal.

Note that for a quasinormal representation of a binary relation o, not all sets Y;~ may be different from an empty
set. But in this representation the following conditions are always fulfilled:

Q) YANYF =@ forany 7.7"eD and T #T";

b X= Jr".

TeV[o:]

Definition 2. Let 1€ D = UZ and D, = {Z eDl|te”Z } We say that a complete X-semilattice of unions D is an
ZeD

XI-semilattice if it satisfies the following two conditions: A(D, D, ) eD forany reD and Z = U A(D, Dl) for any
teZ

nonempty element Z of the semilattice D.

Definition 3. We say that a complete X-semilattice of unions D is nodal if D = {Z 122, D} for some pairwise
different subsets Z,, Z, and D of the set X which satisfy the conditions Z, NZ, =@ and Z UZ,=D.

The following statements can be found in [1-3].

Theorem 1. Let & ¢ D and |D’21. Then the right zeros of the semigroup B (D) are elements from
Ky (D)={xx7|ZzeD} (1] p 377).

Theorem 2. Let D be an elementary X-semilattice of unions. Then the set of all idempotents of the semigroup
By (D) forms an idempotent ([2], Theorem 4, p. 3175).

Theorem 3. Let D and I (D) be respectively a nodal X-semilattice of unions and a subsemigroup of the

semigroup B (D) generated by all idempotent elements of the semigroup B (D) Then I 4 (D) is a semigroup of
idempotent elements ([2], Theorem 2, p. 3208).
Theorem 4. A binary relation ¢ € By (D) is a right unit of this semigroup if and only if ¢ is idempotent and

D =V(D,s) (13], Theorem 2.1, p. 4281).

Theorem 3. Let D be a complete X-semilattice of unions, t € D=UD and D, = {Z eD|te Z}‘ The semigroup
By (D) has right units if and only if

D A(D,Dt eD) forall te D and

2)7Z'= UA(D,Dt)for any nonempty Z' in D ([3], Theorem 2.6, p. 4286).

teZ'
Lemma 1. Assume that the X-semilattice of unions D does not contain a three-element chain. Then the semilattice
D satisfies at least one of the following conditions:

a) D= {Z1 } for some subset Z, of the set X;
b) D= {Z1 A } Jor some subsets Z, and Z, of the set X which satisfy the condition Z, C Z,;

¢) D= {Zl’ Z,, [)} is a nodal X-semilattice of unions;

d) D is an elementary X-semilattice of unions.
Proof. Assume that the X-semilattice of unions D does not contain a three-element chain.

a’) The statements a) and b) are valid if |D|=1or |D|=2.
b’) Let |D| >3 and D be the largest element of the semilattice D. If Z and Z' are various clements of the

semilattice D that are different from the element D , then, by assumption, we have Z,7' e Dand ZcZUZ' < D.
1) It is obvious that if the conditions Z = ZUZ’ and ZUZ’' # D" are fulfilled, then the inclusion Z < ZUZ' < D

implies the inclusion Z < ZUZ’ < D . However, the latter inclusion contradicts the assumption that the semilattice D
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does not contain a three-element chain. Therefore Z =ZUZ' or ZUZ'=D.

If Z=ZUZ'. then Z' < Z, since, by assumption, Z = Z' . Now, taking into account the inclusion Z D, we
obtain Z’ < Z c D. However the latter inclusion also contradicts the assumption that the semilattice D does not
contain a three-element chain. The obtained contradiction shows that ZUZ'=D.

We have established that ZU Z' =D for any elements Z,Z' € D.

2) Now, if Z,(Z, =< for some elements Z,,Z, € D, then for any element Z eD\{Zl,Zz} we have

Z,Uz=2,Uz, =D and Z,Uz=2z,Uz, =D . From this we respectively obtain Z, cZ, Z, cZ and
ZUz, = D c Z . Therefore Z =D , since D is the largest element of the semilattice D.

Thus D = {Z 1.2, D} is a nodal X-semilattice of unions.

The statement ¢) of the lemma is proved.

3) If the set-theoretic intersection of any two elements of the semilattice D is nonempty, then statement 1)
immediately implies that D is an elementary X-semilattice of unions.

The statement d) of the lemma is proved.

The proof of the lemma is completed.

Note that according to Lemma 1 the diagrams of X-semilattices of unions which do not contain a three-element
chain have one of the forms 1, 2, 3 or 4 shown in the Figure.

Figure.

To find all idempotents of the semigroup B (D)B, we should first define by virtue of Theorem 5 all X/-

subsemilattices of the semilattice D. After that we find the right units of all complete semigroups of binary relations
which are defined by these X/-semilattices of unions. Combining the sets of all right units, we obtain the set of all
idempotents of the considered semigroup.

It can be easily shown that only semilattices having a representation of one of the forms D'={T'}, D" ={1",7"}
and D" ={2.7".Z7UZ'} ., where T.T7".T".2.2'.2"eD. T' cT". Z\Z'# @, Z'\Z = and Z(\Z' =D (see [4])

can be X7-subsemilattices of the X-semilattice of unions D.
The diagrams of the considered X7-semilattices of unions have one of the forms 1, 2 and 3 shown in the Fig.

Quasinormal representations of the elements of the semigroups By (D’), By (D") and B, (D") have respectively
the form:
A a=XxT;

b) p= (Yﬁ xT ’)U (YTﬂ, x T”) for some nonintersecting subsets ¥/, ¥/ of the set X which satisfy the conditions
v/ et and YL UYS = X

) 5= (Yf x 7 )U (Y SxZ ’)U (Y VA ”) for some pairwise nonintersecting subsets Y, ¥ and Y2 of the set X
which satisfy the conditions ng Y 25, ¢ {@} and YZ5 ur. g UY; =X.

1) Note that zoax =x ;
2) Bof=p ifandonlyif ¥/ 27" and Y/ NT" =D,

3) o5 =5 ifandonlyif ¥, 57 and Y2 7' ([2], Theorem 1, p. 3206).

Lemma 2. If the semilattice D satisfies the statement a) of Lemma 1, then the semigroup B (D) is a unit
semigroup.
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Proof. If the semilattice D satisfies the statement a) of Lemma 1, then B (D)= {X xZ }, where Z, is some

subset of the set X and (X' xZ,)o(XxZ,)=XxZ,.

The lemma is proved.
Lemma 3. If the semilattice D satisfies the statement b) of Lemma 1, then the set of all idempotent elements of the

semigroup By (D) Jorms a subsemigroup of the semigroup B (D)

Proof. Let o be an arbitrary element of the semigroup B (D) Then a quasinormal representation of a binary
relation « has the form

a=rgx2,)Ulrg x2,).
where
VETE X, YANIS =@ and Y7 UYS =X .
A relation « is idempotent if and only if it satisfies at least one of the following two conditions:
Da=XxZ ora'=XxZ,;

2) ﬂ:(Y £ X Z, )U (Y zﬂz xZ 2) for some subsets Yzﬁ and Y zﬁz of the set X which satisfy the conditions
1

Y] e{o). Y/ 07 ad Y/ NZ, 20

Now let f'= (YZ’? 'xZ I)U (Yzﬂz 'xZ 2) for some subsets I Zi and T Zi of the set X which satisfy the conditions

Yz’j’,YZi" ¢ {o}). YZ?, 27, and YZﬂzl NZ,#3.

We will prove that the set of all idempotent elements of the semigroup B (D) forms a subsemigroup of the
semigroup By (D) For this we have to prove that the products o', o8, foa and o' are idempotent
elements of the semigroup By (D).

To begin with, we observe that fo =4, p'of' = and V(D, /)’) = V(D, ﬂ’) =D . From this we conclude by
virtue of Theorem 4 that the binary relations £ and £’ are right units of the semigroup B (D) Hence it follows
that o f=a and fo S’ = . Moreover, by virtue of Theorem 1 the binary relations cwand «' are right zeros of the
semigroup By (D). Therefore cvoar’ =’ and Boa=a .

Thus cea'=a’, aoff=a, foa=a and fopf =p are idempotent elements of the semigroup B, (D),

since, by assumption, o =coa, Bofi=f and o'ca' =’ .

The lemma is proved.

Theorem 6. The set of all idempotents of the semigroup B (D) forms a subsemigroup of this semigroup if and
only if the complete X-semilattice of unions D does not contain a subsemilattice which is a three-element chain.

Proof. Note that the set of all idempotents of the semigroup B, (D) forms a subsemigroup of this semigroup and
D'={Z,,Z,.7Z,} is a subsemilattice of the semilattice D such that Z,  Z, c Z, . From the definition of complete

semigroups of binary relations it immediately follows that B (D’) c By (D) . Now let
a=(z, XZI)U((X\ZI)XZS)> p= (Zz XZZ)U((X\Zz)XZ3) :

Then «, fe By (D’) and the equalities oo = o, fo = [ are valid, since
7,27, (\\Z,))NZy#D and Z,27,. (X\Z,)NZ, =D .
Also,
oco,B:(Z1 XZZ)U((X\ZI)XZ3) and (aoﬂ)o(aoﬂ)#aoﬂ.
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However the latter inequality contradicts the assumption that the set of all idempotent elements of the semigroup

By (D) forms a subsemigroup of this semigroup. The obtained contradiction shows that the X-semilattice of unions

D cannot contain a three-eclement chain.

On the other hand, if the X-semilattice of unions D does not contain a three-element chain, then, according to
Lemma 1, the diagrams of X-semilattices of unions which do not contain a three-element chain have one of forms 1, 2,
3 and 4 shown in Fig. 1. From Lemmas 2, 3 and Theorems 2, 3 it immediately follows that the set of all idempotents of

the semigroup By (D), which are defined by semilattices whose diagrams coincide at least with one of those shown

in the Figure, forms a subsemigroup of the semigroup B, (D) .
The theorem is proved.
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