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ABSTRACT. In this article some X7-semilattices of unions are described. They are found when studying com-
plete semigroups of binary relations defined by complete X-semilattices of unions. Knowing all X7-subsemilattices
of the given complete X-semilattice of unions, we can characterize all the idempotents of the given semigroup.
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Definition 1. Let D be a complete X-semilattice of wunions, =D'cD and
N(D,DY={ZeD|Z cZ forany Z' € D'} . It is evident that N(D,D') is a set of all lower bounds of nonempty
sets D' in semilattice D. If N(D,D")# <, then UN(D,D")e D is the greatest lower bound of the set D' in D.
Denote this element by symbol A(D,D"),ie. A(D,D"Y=UN(D,D").

Note, if the element A(D, D") in semilattice D exists, then we write A(D,D") e D, andviceversa— A(D,DYe D .

Definition 2. Let t € D =D and D, ={Z eD|teZ} Itis said that complete X-semilattice of unions D is X7-
semilattice of unions, if it satisfies the following conditions:

a) A(D,D,)e D, for any teD;

b) Z = UA(D, D,) , for any nonempty element Z of the semilattice D.

teZ
True statement 1) and 2) can be found in [2 or 3].

1) Let D:{D,Z],Zz,...,Zm,l} be some finite X-semilattice of unions and

Tm
I T C(D)={C,P,P,,...P,_,} is the family of sets of pairwise nonintersected subsets of the set X. If y is
m—~} -
L] mapping of the semilattice D on the family of sets C(D), satisfying the condition »(D)=C and
[ J

T ] x(Z,)=P, foranyi=1.2,..,m-1and D, = D\{T' € D|Z < T}, then the following equalities are true:
4
T D=CUPUP,u..UP, . Z,=Cu |JxD) @
3 TeDg,
T T, Note that the equalities of type 1 are called formal.
Fig. 1 2) When presenting elements of semilattice D in type (1) among the parameters P, (i=1,2,...,m~1)

there exist such that for the given semilattice D can not be empty sets. Such sets P, (1 <i <m-1) are
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sources of completeness. It is proved that the number of covering elements of the prototype of basis
source at mapping y is always equal to one, and a number of covering elements of the prototype of
the completeness source at mapping y either does not exist or is always bigger than one.

1

IT m called basis sources, and those sets P]. (1 £j < m-1) that can be also empty sets will be called the
T,

[ J

]

L d Note, that set C is always considered to be the source of completeness.
Jré Theorem 1. Let Q ={1}.7,.T5,....,T,} (m=3) be such subsemilattice of semilattice D, that
3 N.T,e¢{0y, Tyl =Ty and Ty cT, c...cT,, (see Fig. 1). Then Q is XI-semilattice of unions if
andonly if T, nT, =0.
Tpn T, v Uhnh . .
T Proof. Let P,,P,,...P, , and C be pairwise nonintersected subsets of the set X and ¢ be
J
T mapping of semilattice Q on the set { P, P;,...,P,_,,C}, having the form:
-1
° J
° ~ (Tl Ty .. T4 ij
'Tl PP,.P,,C])
I Then the formal equality corresponding to the semilattice Q is as follows:
T, r,=CoRvP,u.WP,,, T,,=COPUP,U.UP, ,,

————————————————————————————————————— ) )
I,=CuPvP, T,=CuP, T,=CUP,,

where |C >0 and | P, [>1 foranyi = 1,2...., m—1. Further, let f € 7,,. Then from the equalities (2) we get:

Q. if teC,
{T2>T3>~~~>Tm}al.‘f tef)la
(. T,...T,}, if teP,,

T29 lf‘ tepl:
T),if teb,,
and  A(Q.0;)={--—=—-—-
Tm—lvif tepm—Z?
T,,if teP,,,

L Ty} if tEP, 5.
{Tm}al.f IEPm—la

We received A(Q,Q,) ¢ O, if t e C . Proceeding from Definition 2, at C = & , it follows that semilattice Q can not
be X/-semilattice.
Then we suppose that | C |> 0. Thus we can assume that C =< . In this case we shall have A(Q,Q,)e O, for

AQ,Q,)eQ, any teT,, . Besides it is easily checked that any nonempty element of semilattice Q is the union of
some elements of A(Q.Q,). where f T, . Now taking into account Definition 2, we get that Q is X/-semilattice of
unions.
T, Note that proceeding from the equality (2) condition C =& isfulfilled ifand onlyif 7; N7, =& .
IT The necessity of the conditions of the given theorem is proved. Let us prove the sufficiency of
° " the conditions of the given theorem.
: In factif 7, N7, =& , then out of formal equalities (2) it follows that C = & . Proceeding from the
Ts last condition we have A(Q,Q,)eQ for any f €7,, and any nonempty element of semilattice O is a
T; union of some elements of the form A(Q.Q,), where te7,.
I T, The Theorem is proved.
Theorem 2. Let Q ={T,,.1,.T,.T;.....T,,} (m=3) be such subsemilattice of semilattice D and j
I T, be such fixed natural number that 0< j<m-3 and
Fig. 3. Iychhc.cl;cT;,cTsc..cT,, Tychc..cl;cl;,cTl;sc..cT,,
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Tj+1 \Tj+2 =, Tj+2 \Tj+l #= 4, Tj+1 UT]+2 :Tj+3

(see Fig. 2). Then Q is always XI-semilattice of unions.
Proof. Let P,,P,,...,P,_; and C be pairwise nonintersected subsets of the set X and ¢ be mapping of semilattice

Qontheset {F),~,...P, ;.C}, having the form:

(T BTy T Ty T Ty Ty T,y T,
Py AP, ~~PJ>1 PJ‘ PJ‘+1 Pf+2 PJ‘+3 Py C

Then formal equalities corresponding to the semilattice Q has the form:

T,=COoP, B VP, L. UP UP, UP,UP, , VP V. .UP, .

T,y =COP OB WP, L..UP, j OP, UPUP, P 3. .UP, ,
Ti3=CORVPVP V. .OP WP, P VP,

T/ =COP, O UP,U..UP, | UP, UP,,,

T,=COoRvhuwP v .Ul VP, UP,,, 3
I, =CoPyVPRVP,U..UP,,,

T,=CuP,uP,, T,=CuUP,, T,=C,

where |C 20, |P; 20 and | P, [21 foranyi=0,1.2..... j-1, j+1...., m—1. Further, let ¢ € 7,,. Then from the equalities
(3) we get:

Q: lf‘ [EC, To, iftEC,
T Ty, T3 if LD, T.if teP,,
Ty, Ty, Tyb if 1P, T,. if tep,
T 00Ty} if 1P, T;, if teP;,,
O, =3{T;1.Tj2...T, 3. if teP;, and ANQ.Q)=1T;,if teP,,
0Tz Ty if 1EP, Tjy, if t€P,.
{T]'+1>T]'+3>-~~>Tm}> lf tEP]’+2> Tj+17 lf‘ ter+2
{Tm—laTm}yl.f tepm—Za Tmfl'«'if‘ tEPm72>
{T,3.if teP,,, T, if teP, |,

We get that A(Q.0,)e€Q, forany reT,,.

It is easily checked that any nonempty element of semilattice Q is a union of some elements of the type A(Q,Q,),

where ¢ € T,,. Now taking into account Definition 2, we get that O is X/-semilattice of unions.
The Theorem is proved.
Theorem 3. Let Q ={T,.7,.T5,....,T,,} (m=35) be such subsemilattice of semilattice D, that
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T, hclyclsc..cT,, Thclyclsc..cT,, I,cT,cTsc..cT,,
T NW\T, 20, T,\T1z2z0, T\, 20, T,\T;2J0, T)ul,=1;, T,0T, =T;
1
o (see Fig. 3). Then Q is XI-semilattice of unions in that case if and only if T) "T, = .
[ ]
o Proof. Let P, P,,....P, ; and Cbe pairwise nonintersected subsets of the set X and j be mapping
T I .
7 of semilattice Q on the set { P, P,,...,P,_;,C}, having the form:
Ty
[Tl T2 "'Tmfl Tm]
P = -
T T [)1 P2 "‘mel C
4 5
T Then formal equalities corresponding to the semilattice Q have the form:
3
r,=CuopPvbPvu..vupP, ,, T,,=COPUP,uU..UP, ,,
L., T 4
e 4 T, =CUP,UP,UP,UP,, T, =CUP,UP, UP,, @)

Iry=CuPwP,uP,, T,=CuP, T,=CUP,UP,,

where |C |20, |P, 20 and | P, |21 foranyi=1.3,...,j-1,j+1, .. m-1. Then from the equalities (4) we receive:

0, if teC, |
{Tz, Tg,‘..,Tm},l‘f‘ tef’l, Tz,.lf‘ tel)],
{0, 1;,...T,}. if teb,, I, if teb,
e and AQ,0,)=4-———————
T if teP
s T3 if tEP, ,, Yinfwf eP 2
if t
{Tm},lf‘ ter—l: m:lf‘ (S m—1s

We get that A(Q,Q,) ¢ O, if t e CU P, . Proceeding from Definition 2 at Cu P, = it follows that semilattice
Q can not be X/-semilattice.

Further, we assume that |C[>0 and | P, [> 0. Thus we may consider that C =P, = . In this case we have
AQ,Q,)eQ forany t eT,, . Besides, it is easily checked that any nonempty element of semilattice Q) is a union for

some elements of the type A(Q,Q,), where feT7,,. Now taking into account Definition 2, we get that Q is XI-
semilattice of unions.

Note that on the basis of equality (4) condition C =P, = is fulfilled if and only if 7} N7, = .
The necessity of the conditions of the given theorem is proved. Let us prove the sufficiency of the conditions of
the given theorem. In fact, if 7; 7, =, then from formal equalities (4) it follows C = P, = . Considering the last

condition we have A(Q,Q,)eQ for any fe7,, and any nonempty element of semilattice Q is a union of some

elements of the type A(Q,Q,), where teT,,.
The Theorem is proved.

Theorem 4. Let Q ={1,,7,.T5.....T,,} (m=6) be such subsemilattice of semilattice D, that
hclycl,clyc..cTl,,, 1 clycTsclyc..cT,,.

Iyclyclyclyc..cl,, Ihcl,cTsclsc..cT,,

nW\T, 20, T,\T1 20, T)\Ts20, T\T,#0, T\,vl,=T;, T,V =T,

(see Fig. 4). Then Q is XI-semilattice of unions if and only if T) "\T, = .
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Proof. Let P,P,,...P, , and C be pairwise nonintersected subsets of the set X and ¢ be the mapping of
semilattice Q on the set { P, P;,...,P,_,,C} . having the form:

(T Ty .. Ty T,
PP .P,,C]

Then the formal equalities corresponding to semilattice Q are as follows:

r,=CuoPvPvu.vupP, . T,,=CUPUP,u..UP, ,,
Ty =COPLUP,UP,UP, WP, Ts=CUP VP, UP,UP,, ®)
r,=CuPVP,UP,uP, T, =CUPUP,, T,=CUP, T,=CUP,,

where [C[20, | P, 20 and | P, =1 foranyi=1,2,4,5,6,7,..., m—1. Further, let ¢ € 7, . Then from the equalities (5) we
get:

0. if tec
T,. if teP
Ty, Ts...T,}. if teP, Tz’ _’ftep’
(T, Ts..T, ) if tePy, v ek,
T, if teP;,

Qz: {T4>T5>'~~>Tm}>l.f t€P3> and A(Qan):

{qu,Tm}al‘f teP, ,,
{1}, if tel,,,

Tm—1>iftepm—27
T, if teP,,

We get that A(Q,Q,) ¢ O, if t e C . Proceeding from Definition 2 at € = & it follows that semilattice Q can not
be X7-semilattice.
Further, we assume that |C [=0 . Thus we consider that ¢ = . In this case we have A(Q,0,) <O for any

teT,, . Besides, it is easily checked that any nonempty element of semilattice Q is a union for some elements of the
type A(Q.Q,), where f T, . Now considering Definition 2, we get that Q is X7-semilattice of unions.

Note that proceeding from the equality (5) condition C = is fulfilled if and only if 7}, N7, =&
The necessity of conditions of the given theorem is proved and we shall prove the sufficiency of the conditions
of the giving theorem. In fact, if 7, N7, =&, then from the formal equations (5) it follows C = . Taking into

account the last condition we have A(Q,Q,)eQ for any te7,, and any nonempty element of semilattice Q is a

union of some elements of the type A(Q.Q,), where teT,,.
The Theorem is proved.
Definition 3. Let N, ={0,1,2,....m} (m >1) be some subset of the set of all the natural numbers. Subsemilattice

Q={T; cX|ieN,, je N} of acomplete X-semilattice of unions D will be called a net of the size (s+1, k+1), if it
contains two subsets Q) ={7;,.7,q,.--.L50 3, Oy ={T9.T015----Tpr 3 and satisfies the following conditions:

a) Tyy Ty c...cTy and Ty, Ty ... Ty ;
b) O, N0, ={Ty}:

Q) Ty 2T i (p.) % (. )) .
d) elements of the sets O, and (), are pairwise incomparable;
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e) Iy Ty =T1,,,if p=max{i,i'} and ¢ =max{j,;’}.

Note that the diagram of the net O is presented in Fig. 5.
Lemma 1. Let X-semilattice of unions Q be the net. Then the following statements are true:

a) Tpy €Ty, ifand only if p<i and q<j,
b) O, v Q, isnonreduced generating set of the net Q,
O 0= +D)-(k+1).

T, Proof. Let 7,.7;€Q and 7, <T;. Then
T,y Ty =T; . Proceeding from the conditions e) of Defini-
tion 3 we get i = max{p,i} and j=max{q,j},ie p<i
and ¢ <.

On the other hand if for elements 7

by Tl.j €@ the con-

ditions p<i and g < are fulfilled, then max{p,i}=i,
max{qg,j}=j and thus 7, w7, =T;. So, the inclusion
T,, <1 is true.

The statement a) is proved.
Then, let 7;; be an arbitrary element of the net Q. Then

0<i<s., 0<j<k on the basis of conditions ¢) of Defini-

tion 3 we get 7;; =T;, w1y, , where T,y €0, and 7; €0, .

Fig. 5.

Thus, O, vQ, is a generating set of the net Q.

Now let 7, be such an element of the set O, wQ, and Q' be such own subset of the set O, w0, that
7,20 and T, =00 .

HIf Q' c O, or Q' c O, , then by virtue of a) of Definition 3 set Q' is finite chain, therefore Q" coincides with
the greatest element of the chain Q. It follows that 7,,, € Q' . However, the last condition contradicts the supposi-
tion 7, ¢ Q" .

2) Nowlet O'nQ, #@ and Q'nQ, 2D . If T, and To; are respectively the greatest element of the chain
0'nQ, and Q' Q,, then T, =T; W1, ;. Thus by virtue of the condition €) of Definition 3 we get m = max{i,0}
and n =max{0, j},ie. m=iand n=j.

Thus, 7y =T, Loj =Ton and 7, =T, Tp, -

Now taking into account 7, € O, vQ, we have m=0, n#0 or m#0, n=0,orm=n=0

From this due to equation 7,, =7,,wT,, we respectively obtain: 7,, =7,, v 71,, =7,, € O, ecither
T, =TTy =T, €0, or Ty =Ty, Ty, =T, € Q,. But conditions 7;,, €O, , T,,, €0, and T, €Q; con-
tradicts the assumption that 7, ¢ O’ .

The contradictions obtained in 1) and 2) show that O, wQ, is an irreducible generating set of the net Q.

The statement b) is proved.

The statement c) of the given Lemma follows straight from the conditions ¢) of the Definition 3.
The Lemma is proved.

Lemma 2. Let X-semilattice of unions Q be the net. Then the following statements are true:
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a) formal equations of the net Q have the form T,, = Py © U (T ) , where T,q is an arbitrary element of
szEQ\Qqu

the net,
b) elements of the set P, ={Py,, Py ..... P14, Pyy, Py-.s Py} are basis sources of the net Q,

C) elements of the set P\P| are sources of the completeness of the net Q,

d) 0" =000,

Proof. First we find a formal equation of the net Q. In fact, let P,-]- (i=1,2,...,s, j =1,2,... k) be some pairwise
nonintersecting subsets of the set X'and P={P | i=1.2.....s, j = L.2....k}. ¢pis mapping of the semilattice O on the set
P, satisfying the condition ¢(7;;) =P for any 7j; € . Then the formal equation of the net Q will have the form
qu =Lge Y U¢’(Tz]) for any qu € Q .

Ty€Q\Qr,,

The statement a) is proved.
From Figure of the net Q (see Fig. 5) it is seen that the number of the elements covering the elements 7', and qu
(p=0.1,2,....s-1, ¢=0,1,2, ..., k—1) in the net Q is equal to onc. Now we get that clements of the sect

B ={Fy.By...s P 1. Py Py.....Py 1} are basis sources of the net Q.

50>+ 51000

The statement b) is proved.

If Ty € O\ Top- T Tocaes To s Tstos T3 and Ty # Ty, then element 7, is covered by elements 771 ; and

T; j+1 (see Fig. 5). Therefore elements of the set P\P, are sources of the completeness of the net Q.

The statement ¢) is proved.
Note that in account of the statement a) of Lemma 1 the following equalities are true:

Ty =Pev Jo@)=rP,v [JP,=uP.
T,€0\Qr, Tye0\{Ty}

Therefore for any € O there exists such P,,€eP (0<m<s, 0<n<k) thatrepP,,.

Find the necessary and sufficient conditions when f € £,,,, €7, . In other words for elements 7 € P, we find
the necessary and sufficient conditions when 7, €0 .

Really, if P,, =7,,, then, in account of the statement a) of Lemma 1 we shall have that P, =P, or
T,, €O\O; |

DIf P, =Py then teT,, forany 7',, €0 . Thus, O, =0 and therefore A(Q,Q,) =T, by definition of the
net Q.

Assume that (m,n)# (s,k) and T, € O\ QTM . Relatively to elements m and » we consider the following:
2) m=s, 0 <n<k. Then in account of 7, € O\ Qqu wehave 7, €O and T}, ¢ QTW . By virtue of the definition

of the set Ir,, (Or, =T} €QITy; <T;3) condition 7y, & Or  takes place if and only if 7, ¢ 7,,. According

to the statement a) of Lemma 1 condition 7, ¢ T,, isfulfilled only when ¢ < n does not take place as the inequality
p <s is always true by assumption. Thus, the condition ¢ < n does not take place when g>n.
Thus, if 0 <n <kand T, ¢ QOr . then g = n+l.

Hence, if e P, and 0 <n <k, then Q, ={7,, € 0| 0<p<s and g 2n+]1, where 0<n <k} .

On account of the statement a) of Lemma 1 it follows that 7},,, is the least element of the set Q,. Therefore,
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ANQ.Q,) =T,y forany te P, and 0 <n<k.

3) 0 <m<s, n=k. Thendue to 7,,; € O\ QTM we have 7, €O and T, ¢ Qqu . By virtue of the definition of the

set Or

rq >

condition 7, ¢ Qqu takes place only when 7, & 7, .On account of the statement a) of Lemma 1

condition 7, & T,, is fulfilled only when p < m does not take place as the condition ¢ < k is always true by
assumption. Thus, the condition p < m does not take place when p > m >0.
Thus, if 0 <m <sand 7, ¢ Qqu , then p > m+1.

Hence, if t € P, and 0 < m<s, then 0, ={qu €Q|0<p<k and g=>m+1, where 0 <m <s} |

On account of the statement a) of Lemma 1 it follows that 7, ., is the least element of the set O, Therefore

ANQ.Q) =T,10 for any r e P,;, and 0 < m<s.

$H0<m<s,0<n<kand T,, €Q\Qr . Then 7,, €Q and 7, ¢ Or . By virtue of the definition of the set

Qqu condition 7, ¢ Qqu takes place only when 7, ¢_ T,,, -On account of the statement a) of Lemma 1 condition

T,y ¢T,, is fulfilled only when one of the conditions p < m or g < n does not take place. Conditions p<m or g <n
do not take place when p >m>0o0rg>n=>0.
Thus, if0<m<s,0<n<kand 7,, eQTM,theanmH org>n+1.

Hence,if te P, and0<m <s5,0<n<k then O, ={p=2m+1, g=n+1l,where 0<m <sand 0 <n <k}.

IfteP,, and0<m<s,0<n<k then 7,9, To,.1 €Q,. From this and by definition of the net O we obtain
A(Q> Qt) = Too .

Now taking into account the results obtained in items 1)-4) we have

QA = {T00>T01>'“DTOkaTIODTIOD“"TsO} = Ql UQZ'

The statement d) is proved.

Lemma is proved.

From the statement b) of Lemma 1 and from definition of basis sources of semilattice Q it follows that for the

existence of the net Q size (s+1, k+1) it is necessary | X [> s +k . In these conditions we have | By (Q) |2/ O |”k .

Theorem 3. If Q is a net, then it is XI-semilattice of unions.

Proof. First note that N(Q.Q,)#@ (T,, € N(0.Q,)) forany 1€ Q.

From here and in account of the statement a) of Lemma 1 we obtain A(Q,Q,)e Q forany ¢ € 0.

On account of the statement d) of Lemma 1 we have 9" =, U Q, . Besides, on account of the statement b) of
Lemma 1 it follows that Q" is a generating set of the net Q. So any nonempty element of the set O is a union of some

elements of the set Q" . From this and taking into account the fact that A(Q,Q,)e Q forany f e Q we obtain that

Q is XI-semilattice of unions.
The Theorem is proved.
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