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0. In the 80s of the past century, it turned out (Harrison and Pliska (1981)) that the martingale representation
theorems (along with Girsanov's measure change theorem) play an important role in modern financial mathematics.
The well-known Clark formula [ 1] says nothing about finding explicitly the integrands which take part in the integral
representation. In the case when the Wiener functional has a stochastic derivative. the Ocone-Clark’s (Ocone (1984))

%
formula finds explicitly this integrand: if /e D,,. then = L";'"+j£:‘| D, F| 3" |dw, , where D, F is a Malliavin
0

derivative. Our approach |2]. within the classical Ito’s calculus (unlike the Ocone’s one) allows one to construct
explicitly the integrand even so if the Wiener functional has no stochastic derivative. In this paper we consider the
multidimensional case.

L Let (€2 3. 5,. £ 2 0. P) be a standard probability space with a given standard Wiener processes ( w;. J, ). where
3= S;I .

Proposition 1. For all m.n,re N and s.u.v =0 the following representation ( p — g5, ) is valid:

S r R
weow,wy = Elww, w1+

SNV

A a I . 6 I a Jmon o~ B
L Ifléw {“'-S' Wy Wy )Ilf'-:-ii g 5-“-“ ("A‘ Wu "\')Ilrsui + 5“.‘ (v s Wu Wy )"f;g\-} ~ ]d"';v (l)
& )
0

Sketch of the proof. Denote .Y, := E[ww;w/|3}"] . Let t <5 <u <v.Dueto the properties of Wiener processes

we can casily calculate:
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r n+km+jf
e Jmn q
X, F i iwl[571= 3 3 3 CACH Cha,
k=0 j=01=0
r—k ntk—j m+ i

(r=k=-DWn+k—=j-DWm+j—i-DW(v—-u) > (u-5) 2 (s-t) = -11-':}-

where 2n-D=1-3-----(2n-1) and 2M)!':=0
According to Ito’s formula. taking into account the relation £[w/" | 3| = Z(: )2 (i)Wl P—aqs.
i=0

(r>s. it is not difficult to see that:

roontkoms
dx, ZZZ-( CJ Oy - (r =k =Dtk = j =D (m + j—i =Dt
k=0 j=0 j=0
r-k nik- mij-i

Jits—1) 2 wildw, +

9

(v—u) 2 (u—15)

m+j—i m+j-i-2
P l){v 2 Wi - ’”” Ml 2wy

Studying carcfully the obtained relation, one can easily notice that the coefficients before any member with the

same degree of w, have the opposite sign and their absolute values coincide with each other. Hence. we have

roon+k m+
X, =3 Z{("(_ JiChs s =k =Dl +k = j=D(m+ j—i=])!!
k=0 j=0 i=0
r—k n+k—j m+j-i
s(v—u) 2 (u—s) > i(s—1) T w; l‘du,
On the other hand. it is not difficult to see that
Fonskmt g
E[(E[w!ww]|3 Z z Z {Crel et i
k=0 j=0 i=0
r-k nk—j L

(r=k=DNn+k—j-DNm+j—i-DMv—u) 2 (u-s) 2 -i(s—1) > w '}.

From the last two relations we conclude that
3/ ldw, .

dY, = E[(E[wl"w)wi[3¥]),,,

Analogously., one can consider the cases: s<t<w<v and s<w<t{<v and obtain that:
]) 3 ldw, for s<su<t<v.

3 ldw, Tor s<t<u<v.and dX, = E[(E[w]w)w]

dX, = E[(E[w!"w]w] |3} ])“
Combining the above obtained relations. we conclude that the representation (1) is true. [

Proposition 2. For any polynomial function P(x.y.z) P —a.s. we have the representation

Plwgw, . ow,)=E|lP(w.w,,w,)]+
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SVUNVY

+ j E[%XP(ws,wu,wV)I{lgs} + %}/P(ws,wu,wv)]{tgu} +%Z POwyw, W)y |3 Tdw, )
0

2 2 2 _
IL Let p(x,y.2,5,u,v) = exp{—xés—yé, —Zév} and p(x,y,z,s,u,v) = p(x=y,y—2,2,s—u,u—v,v) . De-

note by Ly, = L,[R’. p(x.y,2,5,u.v)] (accordingly, 5™ = L,[R?, p(x,y,z s.u,v)]) the space of measurable

s,u,v

functions with finite norm: ||/], = Hf-,DHL2 (accordingly | /" = Hf;HL )for fixed s >u >v .
2 2

Proposition 3. 5™ is a Banach space with the basis: &FyPzlp(x,y. 2. 0. 1)}
. 1 3
Theorem 1. If the function f(..)e C (R°)NL,y;,, such that 5&,%)},%2 SCE Ly gnulavia (or some

number () <o <1), then (P-a.s.) we have the representation:

f(ws,wu,wv)ZE[f(WS,Wu,WV)]+
+ J‘E[%xf(wsawuawv)[{zgs} +%xf(ws7wu7wv)]{t£u} +%Zf(wsawu>wv)[{l£v} Stw]dwt‘ (3)
0
Sketch of the proof. At first we consider the case when f(.)eC’(R)nL,,,, and

3
0 %x&y@z JCo) € Ly 0016010 - then there exists a sequence of polynomial functions Q,(x, y,z) suchthatas n — oo

. 3
mn LZ,S/DC,M/O!,V/DC: Qn(x7yaz) i 0 axayazf(xayrz) .

Let us construct the sequences of functions P, (x,y,z), R(x,y.z). Ry (x,¥,z). Ri(x,y,z) in the following
way:

B, (x.y.2) = £(0,0.0) - /(x,0,0) - £(0.y,0) - £(0.,0,2) +,

xyz

+ /(v 0+ [(x0.2)+ 10.3.2)~ [ [ [ 0,0.0.7)dbdcudr,
000
RY (x.9.2) = V4 Po(x.3.2). RE(v.2)i= O Py(x3.2). Ry (5,3.2) = Py (3.2)

The members of these sequences are respectively the sum of functions of one variable, of two variables and
polynomial functions, therefore according to Proposition 2 and Theorem 4 [4] we obtain the representation (2).

On the other hand, as n—> oo in L3 we have P, (x,y,2) > f(x,),2), R{’(x,y,z)—)%xf(x,y,z),

Ry (x,3.2) > G4 f(x.2.2). RY(x.y.2) > 04 f(x.0.2).
Further, it is not difficult to show that as » — o in L,(€):

P08y w,) = L0, 0,0, R (v = G2 fOnew,w,

RE w0, ,) = 00 F00,.0,) and RE v, ) = O f O m,m,).
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Passing now to the limit as »— e in (2), written for P, (w_.w,.w, ). we obtain the relation (3) when
f (o) € C*(R?) . Further. in the conditions of the theorem. one can prove the representation (3) for the function 7. /°

(where 7, is the well-known Sobolev’s average operator) and then passing to the limit as & — 0 we complete the
proof of the theorem. [J

Theorem 2. [f the function [f(x.y.z)€L, ., . has generalized derivatives of first order such that for some

O<a<l: 8/&(f).EIN(f).01%7(f)E Ly inuimye then (P-a. s.) the following representation is valid:

Sweow, o w)y=E[f(we.w, . w )]+

SVUHVY

+ IH[%_f(H'S_ W, W) gy + %‘}Vf(u's_u'"_ Wy M g +(%§'z SOrgow, w3 ldw, @
0 ’

Sketch of the proof. In the conditions of the theorem there exists [, =7, f e C*(R®). such that /. — / in

Ly suy 38 & — 0. For f. we have the representation (3). Further. it is not difficult to show that:

i () s ~W L4 (02 g y v —~W
IR[%)(J. (“Is Wy "l\') ~ ldw.r %J E[%‘Z‘Yj (“bs' Wy, w\-)|“r }:fw: . as -0,
] 1)

n "
Iﬂ%,_f6~(\l',..\i'r,.u'.,) 3w, —250 rEf(%:,f(""--'-i-'.,~“"')|3:-¥"“‘:- as £ >0
0 ’ Vakhtang Jaoshvili, Omar Purtukhia

and

BN, 1o Ongo o) S Y, —2E2 [ EIS/L 10w, 0, 0,)[3) W, as 2 0.
LY 0

Below we justify only the first relation. Indeed, we have:

-

-3:"'|dw,l <

E[IE[%Y{J[{:(W.V' 'N.’",W‘._] _.f(w.w Wy w\')}
0

£

< EI (E[(%ix{j;__( woow, )= v w, . w )}

3, '])dr <

3P <

<s- j [;Y:'[%{fg (W w, . w, ) — SO w, w3

< s-jﬁ'[%x{fg (v w, W)= fOr, o, w)] dt =
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P 0 @)’

IW"” ([, v,2)— f(x,y.2)} e 2 2us), 2070 axdydzdt =
zs(u—s)(v—u)

e
SN

(x.y.2)= f(x, y,Z)} B

E‘)‘ A 27s(u — s)(v u)

Passing now to the limit in (3) we obtain (4). [

2 2 2
_ X, x X, - )
IIL. Let p(x,Xy,....%,,0.0,,... n).—exp{— %1_ ZAZ_..._ An} and  p(x;,x5,....%,,1,E0,.0,) =

R3
PO, X=X, X, =X, X, B oty 1,00, Denote by Loy 4 o =L (R, p06 %0 X0l dpuly)] - (ace

n°>'n
cordingly, L4 := [ [R®, p(X,.%y.....%, .1, L5.....1,)]) the space of measurable functions with finite norm:
4.t
”fHZ,zl,zz =7 p”L (accordingly [ 7] Hf 'DH )forfixed £, > 1, >-->1 .
Proposition 4. L1™" is a Banach space with the basis: {x/.x,"2.x B

PO X X B ) Sk ey 20 -
Theorem 3. If the function f(xl,xz,...,xn)eCl(R")ﬂLZ)Zl,,Z,_‘_)Zn such that %x1’ %xz,...,
%xn S xp,000%,) € LZ,ll/a,tz/a,...,tn/oz (for some 0 < <1), then P—gs.:

Vit Ve,

SO oWy swy Y= E[f(w, W, owy )]+ _[E[%%C1 SO W oW, Mgeyy +
0

+%x2 JOr W oW, My o004 %xn SO0y Wy oW, Moy s 3/ ldw, . Q)

Theorem 4. If the function J(X.%5....x,) €Ly, , . has generalized derivatives of first order such that:

81808180, (f) € Ly 1ot ten 1o (0 < <1). then P—as.

.....

VAV

SOby Wyt ) = ELL O oo DI [ELY G SO0 Wby My +
0

+%xz f(Wz1 sWesees Wy )[{tgtz} + "'+%Cn f(wtl sWey oo We )]{tgzn} 3 1w, . ©)
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