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ABSTRACT. In the present paper a hierarchy of dynamical models of multistructures consisting of parts with
different shapes is constructed. The existence and uniqueness of solutions of the obtained initial-boundary value
problems defined on the union of one-, two- and three-dimensional domains is proved and the relation of the reduced
problems to the original three-dimensional problem is studied. © 2007 Bull. Georg. Natl. Acad. Sci.
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Investigation of mathematical models of elastic bodies consisting of several parts is important both from the
theoretical and from practical points of view, because such type of multistructures is widely used in various engineer-
ing constructions [1,2]. The present paper is devoted to the construction and investigation of a dynamical hierarchical
model of multistructure, which consists of a plate, rod and three-dimensional body. Applying approximation by single
and double Fourier-Legendre series of the components of displacement vector function, the three-dimensional models
of plate and rod are reduced to two-dimensional and one-dimensional ones, respectively [3-7]. The obtained initial
boundary value problem is defined on the union of three-, two- and one-dimensional domains and the existence and
uniqueness of its solution are investigated. Moreover, we prove that the sequence of vector functions of three space
variables converges to the solution of the original three-dimensional problem and the rate of convergence is esti-
mated.

Let Q< R?, p=>1 be a bounded domain with Lipschitz boundary. I* (Q) denotes the space of square-integrable
functions in Q in the Lebesgue sense. /7* 2(Q)=H k (@) . k>1. is the Sobolev space of order £, i.e. the subspace
of I? (Q) of functions whose derivatives in the sense of distributions up to the order & belong to L’ (Q) ,
H' (Q)= [H k (Q)]3> L*(Q)= [L2 (Q)]S, C°([0,7]:X) and L*(0,7:X) are the spaces of continuous and square inte-

grable vector functions with values in Banach space X. Assume that the indices /7, j, p,q vary in the set {1,2,3} and
the summation convention with respect to the repeated indices is used.

Let us consider an elastic body Q with initial configuration () = P L L . which consists of three-
dimensional substructure Q° = (~d},~d3)x (=di.d})x (-d}.d3)., elastic plate Q" =wx (=h.h),
W= (—lll,li) X (—112,122) , and elastic rod Qi = (=hy.I)x (=hy,hy)x I, I=(=h,d,), where the parameters charac-
terizing the multistructure are positive and satisfy the following conditions:

min{d,.d; . d3}y>h, mingy,d5}>hy, ming?, 133> h,
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dy =13, di =1}, d} 1} >d}.
The body 2 is clamped along the part Iy = (—dll,—di) X (—d12 s dzz) X {dg  of its boundary I" = Q) and surface
force with density g =(g,):I'\I', x(0,7) — R x(0,7) is acting on the remaining part of the boundary. We denote

the applied body force density by f = (f): Qx(0,7) - R*x(0,7).
We consider a dynamical problem for an elastic multistructure which consists of general anisotropic

nonhomogenecous material with components a,, . of the linearized elasticity tensor. The dynamical problem admits

ijpq
the following variational formulation: find u € C 0 ([0.T1.V(CY), u' eC® (o.7 ];L2 (£2)), which in the sense of distri-

butions in (0,7) satisfies the equation

d. .,
E(“ (V)2 TAMO, V) =L(V),  Vvel (), )
and the following initial conditions

u®)=9. wWO)=y, @

where ¢ e V() ={ve H'(Q);v=0 onl,}, y e L*(Q) are the initial displacement and velocity vector functions,

3
AV V) =Y @, (e g (Ve (v))dx,

1,7,p.q=1

3 3 ov ov
L(v)zZIﬁvﬁx—i—Z Igivl-df, @pq(V):%{ax—p“‘—q]» Vv, v eV (Q).

Ox
i1 0 =11, 1 ?

Each vector function v € 77(Q)) can be represented as a triple of vector functions v> , v? ""and v, which are
restrictions of v on the sets Q3, Q" and thhz, respectively. Therefore, 17(€2) can be considered as a space of
triples (v*,v”' vy e H'(Q*)x H(Q")x H'(Q1"2) . where v/ =0 on T, v* =v* in Q® ~Q", v” =v™? in
Q" A Q.

To obtain a dynamical model for the multistructure we consider the subspaces V() cV(€2) and

L%\I (Q) c L*(Q), N=(N,.N,,N;), which consist of triples VN = (vlf\f , v]"\j,l3 ,vffl w,) > where v]’j,ls is a polynomial of

degree N, with respect to the variable x;, V]r\fllN2 is a polynomial of degrees N, and N, with respect to the

variables x, and x,, and on the sets Q° Q" Q" A QM the compatibility conditions are fulfilled. Using these
subspaces from the original problem we obtain problems defined on the union of three, two and one-dimensional

domains: find a vector function wy € C°([0,7]:Vx(Q")) . Wi € CO([0.T1: HN(Q"), QF = O xwx ] - such that
d _ _ _ _ _ — %
EQN(WN()»VN)+AN(WN(~)>VN) =Lxy(VN), VVN ePN(Q), €)

wWr(0) =0y, Wy O0) =Wy, @

where On €7n(Q) . Yy e Q). M@ =Ty =V T, v eH (@), vi¥=0 on T,

ks ks kiky ks JR— 3 h
<Pl _ P! pl 1 —vd _ord rd 1 _ . TA bd _ _pl
Vi, = (V) vy, EH (@) Vi, =(Vyw,) > Vyw, EH D). kK =0N,, i=13, vy =V, 10 QN Q",

V]‘f,l3 = v]r\lez in Q" ~QM1}  and similarly we define the space H n(Q") with 72 instead of z! and without any
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conditions on I,, Ox(VN.VN)= (v}v,VN)LZ(Q) . ANGVNGVN) = A(VR.Vy). Ly(V) =L(vy) . for all
VA, Vx €V n(Q") . which correspond to Vi, Vy €V (€Y.

For the constructed hierarchical model the following theorem is proved.

Theorem. I/ f € L? (Qx (0,7)), g.8 € L*(0,T;LY3(I'\T'y)), a5y € L7 (Q), and there exists o = const > 0 such

that for all ¢; eR, &, =¢,

3 3
Ayipg (X) = @ jipg (¥) = @ g (x), Z Ayipg ()€€ pg 2 O Z Ey€y, VXELL
L].p.q=1 i,j=1

then the problem (3), (4) has a unique solution Wy (t). The sequence of corresponding vector functions of three
space variables {w (1)} tends to the solution u(t) of the three-dimensional problem (1), (2), whenever vector
Junctions @ €Vy(€), yye L%\I(Q) corresponding to the initial conditions @y, Wy of the reduced problem
tend to @, V in the spaces V(Q) and LZ(Q), respectively,

wy () —>u@) in V(Q),

wi(@®) > u' () in L*(Q),

Moreover, if u satisfies additional regularity conditions with respect to the space variables

s N, =min{N,,N,,N;} -, V1 e[0,7T].

drub jdar? e (0,7 H*(QY)).  dPu? /dt? e PO,T;H” (Q")), dPw¥ /dt? e I O,T;H” (Q"7)), $, €N,
p=012 5, >58 >5,>2, then for suitable @y, Yy the following estimate is valid:

1

||ur(t)—w’N(t)||iz(Q) +||u(z)—wN(z)||;1(Q) sWo(T,Q,NI,NZ,NQ, Vie[0.T],

min

where s =min{s,,s,} and ol ,Q,N,N,,N;)—>0, as N —> 0.

3&0)(7(7.)@0‘; 3ﬁo go%od.)
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