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Theory of Elasticity

Efficient Solution of BVPs of Thermoelasticity for
Half-Plane

Lamara Bitsadze”

* L Javakhishvili Thilisi State University

(Presented by Academy Member R. Bantsuri)

ABSTRACT. In the present paper explicit solutions of first and second boundary value problems (BVP) of
thermoelasticity are constructed for the two-dimensional equations of thermoelastic transversally isotropic half-
plane. For their solutions we used the potential method and constructed special fundamental matrices, which re-
duced the first and second BVPs to a Fredholm integral equation of the second kind. © 2007 Bull. Georg. Natl. Acad.
Sci.
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Let D be the upper half-plane with the boundary S (S (X5 = 0) , and the normal is (0,1).
We say that a body is subject to a plane deformation parallel to the plane Ox;x; if the second component of the

displacement vector u(u1 Uy ,u3) equals zero and the components #,,1; depend only on x;,x;. In this case the basic
two-dimensional equations of thermoelasticity for the transversally isotropic body can be written as follows [1]

C(&x)u = Bgradu, @M
a +——F|u, =0 9)
* oxt  Ox; M @
where C(0x)=[C,, (@), . B=]By ], . Cr@D=enZsren—
52 52 52
Cy(Px)=C,(9x%) :(013 +C44)— . Cp@x)=cy——+e3s—. Bu=pF, By=p. B,=B,=0,
X x5 I xj X3

k
a4 =77 B =ca +20le) —cgs). S =30 + 2005, o, o are coefficients of temperature extension, k, k' are

coefficients of thermal conductivity, ¢;;, ¢y . ¢35, ¢33 are Hooke’s coefficients. u = u(ul,u3) is a displacement

vector, u, is the temperature of body.
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Definition. The function f(x) defined in D is called regular, if it has integrable in D continuous second deriva-

tives and f(x) itself and its first derivatives are continuously extendable at every point of S and the conditions of

infinite are added f(x)e O(), =0 (|x| ) k=13, where |x|2 =xi+x37.

For the equation (1) -(2) we pose the following BVPs. Find a regular solution #(x), u,(x) , of the equations (1)
-(2), if on the boundary .S one of the following conditions are given:

Problem 1. u" = f(x;), u; = falx).

ou, N Ous

Ox, Ox

o o o
j:fl(xl)a Ty =Cp3 é’u +C33 5u3 Puy = f3(x1) é’—t:—f4(xl),

Problem 2. 7}; = 644[
X1

From the equation (2) we find #, and the solution of the equation (1) will be presented in the form

u(x) =V (x)+uy(x), where V(x) is a solution of homogeneous equation C(Jx)} =0, and u,(x) is a particular

solution of equation C(& x)u,(x) = Bgradu, .
1. Solution to the first BVP for half-plane. A solution to the equation (2) in the domain D is

0, (9 =1 j S4© 4 6)

—Z4

where z, =x tijjasx;, f,eH.

One particular solution #,(x) to equation (1) is the following

1
uo(x) = -

grado, Inoy, f,(t)dt , @
k 5

where o, =1—(x, +a,x;). «, :i\/; A= (—1)"[/14(044 —c33ak)v aasa;' +Byay (e +C44)}d ;
By = (—l)k[_A4(C44 “‘013)\/“2“3“1;1 +B, \/5(044 —Ccpayaza;’ )}d cdt= (\/g_\/g) (044 03340203 )»

-1 ' '
dy = 033044(64 —az)(a4 —03)> Ay = [ﬂ(c44 _033‘74)"‘/3 ay (Cl3 +C44)]d4> By = [—ﬂ(c44 +Cl3)+ﬂ (Cn _044‘74)]‘14»
a, (k=2,3) are the positive roots of a characteristic equation
2
C33C44ad — (011 €33~ Cl3 2¢13 044)‘7 +¢11€44 =0,
It is easy to show that u#,(x) =0, when x; =0.

A solution to the equation C(&x)V =0, when V" = f(¢), will be sought in the domain D in terms of the double
layer potential

V()= lm sz R, G)

8 [_Zk

where
[ k
Nl({{) (=D d(c33“k_c44) ayazay >N(1)—’( D d(c13+c44 =y a4 21 >

NE = (DFdleya, —ey Wa' . k=23.
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g(?) is an unknown real vector-function. To determine it we obtain the following integral equation

() —Imzuw il

©)

3 3 3
Taking into account the fact that ZNl({‘) = ZNI({‘) =1, ZNS) =0. From the equation (6) we have
k=2 k=2 k=2

2(t,) = f(t,) and (5) takes the form

V<x>__1mZHN<k> jf(’)d’

2x2
Thus we have obtained the Poisson type formula for the solution of the first BVP for the half-plane.

Note that [ e C%*(S) and satisfies the condition f(f)=C + at infinity, where C and « are constant

(94
| t|l+ )
vectors and > 0.
2, Solution to the second BVP for half-plane. The solution to the equation (2) has the form

uy(x) = Re j In(r -z, )/, () dt

Ta,

A particular solution #,(x) to the equation (1), when 7, (uo ) =0, 73, (uo) =0 on S, is the following vector

0
Igrada,f Ino, f,(®)dt,
k s

where 4, = (1) ey (es +e530, (4, +B4)(\/“2“3“1;1 —\/Zjn
B, = (—1)k044 (Cn +Cl3ak)(A4 +B4)(V a2a3a,;1 - \/aja;?n ,

(\/g \/g) (011033 013) —2033044\/2 “3)» Ay = [ﬂ(c44 _033‘74)"‘/3"14 (Cl3 +C44)]S>
By= [—ﬂ(c44 +CIS)+ﬂ’ (011 _044”4)]S~

uy(x) =

Now let us consider the second BVP for the equation C(Jx)) =0. We look for the solution as a single layer
potential of the second kind

V(x)= %Re Z HL(")H j In(t -z, Va(t)dt » )
k=

where / is an unknown real vector; the coefficients L(Ifq) can be written as follows:

k k k , _
L) = () ez +ezap)n. I8 = (D)Filey; +esza, Wayaza; ' n.
k . _ k 4 1
L(Zl) = (‘Dk’(cn +013ak)\)ak1n’ L(zz) =(-D"" (011 +Cl3ak)ak NGOz 1
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on ov.
Taking into account the boundary condition z;5(7)= f;(x,). 73 (") =c; 0,’—1 +ey 5—3 = f5(x,), x, €S, after
X1 X3

direct calculation we find /4(¢) = f(¥) .
Therefore, we have the following Poisson type formula for the solution of the second BVP

1 4
V(x)=—Re ZHLSQHM [ -z, )s@ar.
=2 s
For the regularity of the solution J(x) it is sufficient that If(z)dt:O, feC*(S). a>0. and

f(H=0 (‘z’l’ﬁ‘), S >0, for large |t| )
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