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ABSTRACT. Invoking a hypothesis that long-lived vortices in the protoplanetary nebula play an important role in
the three-phase model of planet formation, we analyze the first phase and present results on the stability and
nonlinear development of vortices against the background of shearing Keplerian flows. We discuss the conditions
under which vortical perturbations evolve into long-lived self-sustained structures and describe the properties of
these equilibrium vortices. The properties of equilibrium vortices appear to be independent of the initial conditions
and depend only on the local disk parameters. In particular, we find that the ratio of the vortex size to the local disk
scale height increases with the decrease of the sound speed, reaching values well above the unity. The process of
spiral density wave generation by the vortex leads to the formation of spiral shocks attached to the vortex. These
shocks may have important consequences on the long term vortex evolution and possibly on the global disk dynam-
ics. Our study strengthens the arguments in favor of anticyclonic vortices as the candidates for the promotion of
planet formation. Hydrodynamic shocks that are an intrinsic property of persistent vortices in compressible Keplerian
flows are an important contributor to the overall balance. These shocks support vortices against viscous dissipation
by generating local potential vorticity and should be responsible for the eventual fate of the self-sustained anticy-
clonic vortices. © 2007 Bull. Georg. Natl. Acad. Sci.
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1. Introduction
The modern trend of investigations on the forma-

tion of planetary systems may be attributed to Laplace
[1], who introduced the nebular hypothesis to rational-
ize the distribution and the motion of planets and their
satellites in the solar system. The conjecture is based
on the fact that the solar system is formed from a rotat-
ing flattened gas cloud. In fact the astronomical nebular
theory advanced by Laplace is a root of many astro-
physical investigations as much as disk-like rotating
bodies represent widely spread and important structural
elements of our Universe. Among them are galaxies,
quasars, accretion disks surrounding compact stellar
objects (white dwarfs, neutron stars and black holes) in
binary systems, protostellar and protoplanetary disks.
The formation of protoplanetary disks proceeds by the

following scenario: Stars condense from an interstellar
medium consisting mostly of gas with an admixture of
solid particles called interstellar dust. Both observational
and numerical studies suggest that, as the central star
contracts, it leaves around material that contains a suf-
ficiently great share of the initial angular momentum of
the whole system. In this nebula, the centrifugal force
balances the stellar gravity in the radial direction and a
protoplanetary disk is formed. Such disks represent ini-
tial material for planet formation.

It is just over ten years since the first planet out-
side our solar system was detected. Since then, much
work has focused on understanding the formation of
planetary systems in general and our solar system in
particular. It is investigation of the dynamics of coher-
ent vortices in protostellar and protoplanetary disks that
has received increasing attention from the end of the
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last century [2]. However, it was von Weiszacker who
proposed the hypothesis that long-lived vortices in
protoplanetary nebula can play an important role in
planet formation [3]. Indeed, it has been shown that
vortices, if sustained long enough, lead to particle ag-
gregation in their core and to the formation of protoplan-
ets [4-10]. Invoking a three-phase model for the plan-
etary formation [11-12], one can consider the process of
vortex formation as the first phase. The second phase is
characterized by the accumulation of solids in the cen-
ter of vortices and by the growth of a planetary core,
and the third phase by the accretion of gas onto the
core. Our research is related to the first phase of the
planet formation – development of long-lived vortices.

The vortex scenario for planet formation encoun-
ters an apparent obstacle: any structure in a
protoplanetary/Keplerian disk is subject to strong shear-
ing that may eventually lead to its decay. The only
mechanism for sustaining a stable vortex in such flows
is nonlinearity. Hence, vortices that may start the pro-
cess of planet formation should exceed a critical thresh-
old in their amplitude. Direct numerical simulations are
therefore an important tool in these studies. Several
works have been devoted to the analysis of the possi-
bility of forming and maintaining coherent vortex struc-
tures in the strongly sheared flow pertaining to a
Keplerian disk, both in barotropic configurations, where
the perturbations of potential vorticity are conserved
[6,7,13- 15], and in baroclinic situations, where potential
vorticity can be generated [11-12]. In the incompressible
case it has been shown that coherent vortex structures
can indeed survive nonlinearly (with conserved poten-
tial vorticity). In this case anticyclonic vortices can sur-
vive longer than cyclonic ones [13] and give rise to the
Rossby waves in the system [15]. The effects of com-
pressibility have not yet been fully analyzed and require
rigorous study. Two-dimensional time-dependent numeri-
cal simulations of vortices in viscous compressible
Keplerian disks can be found in [6]. Vorticity waves are
considered as one of the constituents of (anticyclonic)
vortex dynamics, but without description of the wave
properties and any analysis of their genesis and dynam-
ics (the subject of the study was the stability and life-
time of vortices). Detailed analytical and numerical study
of the dynamics of perturbations (vortex/aperiodic mode,
Rossby and spiral-density waves) in 2D compressible
disks with a Keplerian law of rotation has been per-
formed in [16]. The study has shown that small ampli-
tude coherent circular vortex structures are capable of
generating density-spiral waves linearly. The main fea-
tures of this generation phenomenon have been stud-
ied, using global direct numerical simulations.

Here we present the results of a numerical study of
the nonlinear dynamics of vortices and spiral-density
waves in compressible Keplerian disk flows. We show

that nonlinear anticyclonic vortices undergo direct non-
linear adjustment to the long-lived self-sustained coher-
ent structure. Vortices generate density-spiral waves
under the influence of Keplerian shear. We show the
nonlinear development of spiral-density waves that re-
sult in the formation of spiral shocks with a steady spa-
tial pattern. These shocks may increase the stability of
anticyclonic vortices by slowing down their decay and
may also affect the global disk dynamics.

2. Physical model and numerical setup
The following are the basic equations governing

the dynamics of disk flows rotating around the gravitat-
ing center in cylindrical co-ordinates:
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Our equilibrium state corresponds to the Keplerian

disk flow with ))(,0(0 rrV Ω=  and 2/3~)( −Ω rr . The
central gravitational potential balances the centrifugal

force: 1~)( −Φ rr . Equilibrium pressure and density are
set to be constants.

Initial conditions for our simulations are composed
by Keplerian equilibrium flow and local vortical pertur-
bations (denoted with prime) with the following geom-
etry:
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0)0(' =ρ . (7)

Here ε  defines the amplitude of the initial perturba-
tion and its sign determines the vortex polarity (positive
in the case of anticyclonic vortex). The parameters a
and q describe, respectively, the size (in the radial direc-
tion) and aspect ratio of an elliptic vortex. A circular
vortex corresponds to q = 1, and q > 1 refers to a vortex
elongated in the azimuthal direction. (x0, y0) so that it
corresponds to the radial location r0 = 1.

We perform direct numerical simulations (DNS) based
on the nonlinear set of Eqs. (1-4) using initial conditions
corresponding to the sum of equilibrium Keplerian flow
and a local vortex perturbation shown in Eqs. (5-7). Nu-
merical simulations are based on the DNS code PLUTO
[17] with implemented FARGO scheme [18].

3. Nonlinear development of vortices
The evolution of the perturbations depends on three

main parameters: the amplitude and size of the perturba-
tion (respectively ε and a) and the sound speed in the
disk, Cs. Our first aim is to determine the region, in the
parameter space described by ε,  a and Cs, in which the
evolution of the initial perturbation leads to a stable,
long-lived equilibrium configuration. As we shall see,
before reaching this final state the system undergoes, in
the course of several disk revolutions, a transition phase
that we call nonlinear adjustment. Our second aim is to
provide a detailed description of the equilibrium vortex
configuration. With these purposes we have performed
runs with different values of the three parameters and
different numerical setups, using Eqs. 5-7 with q = 1
(circular vortices). In particular, by increasing the value
of the sound speed (Cs = 0.001, 0.01, 0.1), we have ex-
plored the behavior of the vortex changing a at fixed e
and changing e at fixed a. Additional calculations have
been performed for the purpose of exploring in more
detail particular regions of the parameter space. For in-

stance, additional values of Cs have been used for a
better understanding of the scaling behaviors of some
of the vortex properties. Moreover, in order to investi-
gate whether the general behavior is changed by vary-
ing the shape and structure of the initial perturbation,
we have performed computations with different values
of the ellipticity parameter.

We found that there are two threshold parameters
for the vortex amplitude that control the fate of initially
imposed vertical perturbation in Keplerian flow.  The
first threshold parameter ε =0.1. When the vortex ampli-
tude exceeds the first nonlinear threshold, a two-stage
process occurs. First, the vortex is sheared into a nar-
row vortex layer, which then undergoes local instabili-
ties. We then observe the formation of small-scale weak
anticyclonic vortices at different azimuthal locations.

Vortices with ε > ε ** experience direct adjustment
from the initial to the final self-sustained structure, i.e.,
a strong anticyclonic vortex is developed. The final equi-
librium configuration appears to be a non-linear attractor
reached by the system if the initial amplitude exceeds
ε** and if the initial spatial scale falls in a range dis-
cussed in the next subsection. Indeed, the same nonlin-
ear state is developed from all initial vortices satisfying
these conditions, independently of the details of the
initial potential vorticity distribution (exponential or al-
gebraic, circular or elliptic). Fig. 1 shows the nonlinear
vortex configuration developed from the initially imposed
anticyclonic vortex perturbations with amplitude exceed-
ing the second nonlinear threshold.

The result of nonlinear adjustment strongly depends
also on the initial vortex size. In order to quantify this
dependence, we have carried out computations with
vortices of different initial size a. Our numerical results
show that vortices undergoing direct nonlinear adjust-
ment have initial size in the range amin < a < amax.

When the spatial scale of the initial vortex exceeds
amax, the evolution is quite complex. We observe a radial

Fig. 1.  Result of the nonlinear adjustment of the initially imposed anticyclonic vortex 20 local disk revolutions. Surfaces of the
potential vorticity (left) and density (center) are shown in blue and red color, respectively. The right panel zooms on the
vortex structure. Density maximum in the center of the vortex corresponds to the potential vorticity minimum.
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transfer of potential vorticity in both directions, caused
by the combined action of shocks (radiated from the
initially imposed supersonic vortex) and of flow curva-
ture (inducing Rossby wave variations). When the size
of the vortex is smaller than amin and the initial vortex
amplitude exceeds the second nonlinear threshold, we
observe nonlinear adjustment to a final configuration
with sizes of the order of the initial value.

One of the main goals of the present study is to
describe the stability and structure of long-lived self-
sustained vortices in Keplerian disks. For this purpose,
we selected cases undergoing direct adjustment to a

single vortex, and we followed their long-time behavior.
Fig. 1 shows radial profiles of potential vorticity and
density at the center of a vortex.

Interestingly, the self-sustained vortex seems to be
temporarily able to oppose viscous dissipation, exhibit-
ing for some time an increase of the maximum potential
vorticity. This effect implies production of potential
vorticity. On the other hand, potential vorticity is a
nonlinearly conserved quantity in barotropic flows. Thus,
the spiral shock waves are the sources of the coherent
generation of potential vorticity necessary to support
or even enhance the vortex.

Fig. 2. The structure of the nonlinear long-lived anticyclonic vortex. The two panels whose vortex structure after 5 and 10 local
disk revolutions, respectively. Graphs show grayscale visualisation of the density  over potential vorticity contours (top left),
together with radial and azimuthal cuts in density and potential vorticity. Radial velocity profiles of the background Keplerian
flow and local nonlinear vortex are shown in bottom right graphs.  Surfaces of the density perturbations reveal high density
cores in the center of the vortex together with the well profound density-spiral waves beaming from the vortex center.
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The nonlinear dynamics of cyclonic vortices shows
significant differences from anticyclonic ones. In the limit
of small amplitudes, cyclonic vortices decay on the shear-
ing timescale, related to the geometrical stretching in-
duced by the background differential rotation.

Vortices in shear flows generate spiral density waves
by a linear mechanism first described in [19] and further
investigated numerically in Keplerian flows [16]. In the
present context we study the characteristics of this pro-
cess when nonlinear forces are also active. As clearly
seen from Fig. 2 the dynamics of potential vorticity is
accompanied by wave emission, not only during the tran-
sition time, but also afterwards, when the nonlinear self-
sustained vortex is fully developed. This enforces the
fact that nonlinearity does not suppress the wave emis-
sion. Moreover, after the adjustment, waves emitted by
the coherent vortex structure appear to develop into
spiral shocks. Coherent emission of acoustic waves leads
to the density accumulation in compressible motions and
to the development of shocks. The shock front natu-
rally matches the ray trajectory of the generated waves,
since these waves are responsible for the sustained pat-
tern of dissipating shock waves.

Traces of shock generation by vortices may be
found in [20]. In our simulations we verify the existence
of a steady pattern of spiral shocks produced by a single
self-sustained vortex. Moreover, shock waves appear to
be an inherent property of vortices in sheared compress-
ible flows, but they can be observed only at fairly high
resolutions using shock capturing schemes. Our high
resolution calculations allow to study these shock waves
in fine details. Fig. 2 shows the distributions of poten-
tial vorticity and density for the vortex and the attached
shock waves. One can distinctly recognize a wave-crest
of the density-spiral wave developing into a double shock
configuration, with the shock ahead of the vortex facing
the outward region. A couple of much weaker shocks,
parallel to the strong ones, appear to be present, al-
though they remain barely visible. These shocks strongly

affect the density structure of the developed vortex con-
figuration, resulting in a splitting of the vortex core.
Eventually, however, the shearing background leads to
the merging of the cores, but the shocks persist.

Spiral shocks induced by a wake of planets are be-
lieved, in some situations, to be responsible for planet
migration (see [21] and references therein). In our com-
putations no radial variation of the vortex position has
been observed. As seen in previous studies, spiral shocks
affect dust accretion rates on the vortex core and thus
promote the formation of a planetesimal. In this sense,
they increase the importance of anticyclonic vortices in
planetary formation. The presence of shocks has conse-
quences for the vortex evolution. Nevertheless, the final
fate of these structures cannot be easily foreseen and
requires much longer simulations. We can here only
sketch some possible scenarios. One possibility is the
exhaustion of matter in the vortex bearing ring and the
formation of an isolated planetesimal. Arguments that
spiral shocks may lead to the gap formation can be found
in [22]. On the other hand, shocks heat the ring at the
radius where the vortex is sustained, which in turn may
trigger the linear Rossby wave instability due to the
unusual entropy gradient in the disk matter [23]. The
instability will induce radial mixing and possibly the de-
struction of the coherent vortices. On the other hand,
spiral shocks can be themselves unstable in three di-
mensions [24]. Hence, as we said, longer and possibly
three-dimensional simulations can clarify this issue.

4. Summary
We have shown the possible existence of anticy-

clonic vortices with sizes exceeding the Keplerian disk
height scales. We have followed the evolution of such
vortices for 200 local revolutions, showing their persis-
tence and stability.

We have found that the development of long-lived
self-sustained nonlinear anticyclonic vortex configura-

Fig. 3. Potential vorticity (left) and density (right) of the long-lived anticyclonic vortex after 10 local disk revolutions. Anticy-
clonic potential vorticity balances increased density within the vortex. Shock waves are revealed in jump lines beaming out of
the central circulation. Density jumps associated with this steady pattern of shock waves are also readily seen.
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fizika

keplerul diskebSi planetebis warmoSobis grigaluri
modelis Sesaxeb
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planetebis warmoSobis samfazovani modelis mixedviT protoplanetarul nislovanebaSi
xangrZlivad arsebul grigalebs SeuZliaT mniSvnelovani roli iTamaSon planetebis formirebis
procesSi. viyenebT ra am hipoTezas, Cven vaanalizebT planetebis Camoyalibebis pirvel fazas da
warmovadgenT araerTgvarovnad mbrunav keplerul diskebSi grigalebis mdgradobisa da arawrfivi
dinamikis kvlevis Sedegebs. Cven vmsjelobT im pirobebze, romlis drosac grigaluri tipis
SeSfoTebebi evoluciis Sedegad ayalibeben sicocxlisunarian TviTSenarCunebad koherentul
struqturebs da aRvwerT am wonasworuli grigalebis Tvisebebs. am arawrfivi wonasworuli
grigalebis Tvisebebi ar aris damokidebuli sawyis pirobebze da ganisazRvreba mxolod diskis
lokaluri parametrebiT. kerZod, kvlevebma aCvenes, rom grigalis zomis Sefardeba diskis
maxasiaTebel lokalur sisqesTan izrdeba bgeris siCqaris klebasTan erTad da aRwevs erTze
mniSvnelovnad ufro maRal sidideebs civ protoplanetarul diskebSi. grigalebis mier spiralur-
gravitaciuli talRebis generaciis procesi iwvevs grigalidan gamomavali dartymiTi talRebis
generacias. aseTi tipis dartymiTma talRebma SeiZleba gamoiwvion mniSvnelovani Sedegebi rogorc
grigalis xangrZlivi evoluciis procesSi, ise diskis globalur dinamikaSi. keplerul diskebSi
sicocxlisunariani grigalebis Tanmdevi hidrodinamikuri dartymiTi talRebi arian jamuri suraTis

tion occurs only when the amplitudes of the initially
imposed vortex perturbations exceed some threshold
value. We have interpreted the latter process as the
nonlinear vortex adjustment and studied the parameters
that can describe this process.

The structure of the developed long-lived vortex
does not depend on the initial vortex configuration, pro-
vided it exceeds the second threshold amplitude and its
size does not exceed a limiting value. In this sense we
found a nonlinear attractor that is the final configura-
tion of a wide range of initial vortical perturbations.

Vortices generate density-spiral waves that rapidly
develop into shocks. As a result, a long-lived nonlinearly
balanced vortex is accompanied by two spiral compress-
ible shock waves facing both radial directions.

We analyzed cyclonic vortices at nonlinear ampli-
tudes. It seems that the linear decay due to the shearing

deformation is accelerated by nonlinear effects. Our
study contributes to the scenario of planetary formation
inside the core of the long-lived vortices. We found that
protoplanetary disks with lower sound speed can sus-
tain vortices with a higher ratio of vortex size to disk
thickness and create more favorable conditions for dust
trapping and mass accumulation. In this context, we have
also found a steady increase of density inside the
nonlinearly balanced vortex, partly, due to the existence
of persistent, steady, spiral shock waves that we showed
to be an intrinsic property of stationary vortices in com-
pressible Keplerian fows.
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mniSvnelovani monawileni. dartymiT talRebs SeuZliaT lokaluri potenciuri cirkulaciis
generacia, grigalebis kveba disipaciuri danakargebis asanazRaureblad da maTi saboloo bedis
gansazRvra. Cveni kvlevebi amyareben argumentebs im modelis sasargeblod, romlis mixedviTac
hidrodinamikuri grigalebi warmoadgenen planetebis formirebis procesis xelSemwyob faqtors,
da planetebis formireba iwyeba xangrZlivad arsebuli TviTSenarCunebadi grigalebis birTvebSi.
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