L53S®0)3IRML 83G603®3I35MS I6(M36IR0 535R3J300L 9Mo389, &. 4, Nel, 2010
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 4, no. 1, 2010

Mathematics

On the Notion of Generalized Spline for a Sequence of
Problem Elements Sets

Duglas Ugulava®, David Zarnadze’

* N. Muskhdlishvili Ingtitute of Computational Mathematics, Thilisi

(Presented by Academy Member N. Vakhania)

ABSTRACT. Inthe present paper the nation of splineisgeneralized for the case where not one set of problem
elements, but adecreasing sequenceof problem elementssetson alinear spaceisgiven. Thegeneralized inter po-
lation splinerealizesa minimum not only of themetric, but also of the corresponding Minkowski functional. The
necessary and sufficient condition for the existence of generalized splinefor arbitrary nonadaptiveinformation of
cardinality 1 isgiven. © 2010 Bull. Georg. Natl. Acad. <ci.
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A polynomial spline is defined as a piecewise polynomial function having some smoothness at given knots. Such
functions represent solutions of some extremal problems. For Hilbert spaces, splines are defined and studied in the
monograph by P. Laurent [1]. For Banach spaces similar problems are studied by R. Holmes [2], D.Ugulava[3] and
others. We will use the definition of splines which is given in the monograph by J.Traub, G.Wasilkowski and
H.Wozniakowski [4]:

Let F, bealinear space, and F — F; be a set of problem elements, which is balanced and convex (absolutely

convex). The set F is generated by means of the restriction operator T : F; — X, where X isanormed space and
F={feF;|TfIx<3. F, and X are linear spaces over the rea field. Let 1:F — R™ be nonadaptive
information of cardinality m, having the form 1(f)=[L,(f),---,L,(f)], where L;,---,L,, are linear functionals
on F. Let ye I(F).Aneement o =o0(y) iscaled asplineinterpolating y (briefly, aspline) iff 1(o)=y and
| To l=min{||Tz||; ze F,, | (2) = y}. Thus o isan element that interpolates the data and has a minimal T — norm
among all elements interpolating Yy . A necessary and sufficient condition for the existence of a spline is given in
([4], p. 96). This condition can be written in terms of the Minkowski functional u of the set F asfollows.

Theorem 1 [5]. For nonadaptive information | of cardinality m, the operator T and a spline interpolating yel(Fy)
exigsiff the m-codimensional subspace Kerl isproximal in F; with respect to the Minkowski functional y of the set F.

Based on this result, in the present paper this notion is generalized for the case where not one set of problem
elements, but adecreasing sequence of problem elements setsis given on the space F; (in what follows, as different

from [4], the space F; will be denoted by E). Let E be alocaly convex metrizable space with an increasing

sequence of seminorms {|| Al nt generating the topology. It is well known that there exists an invariant with
respect to the trandlation metric d with absolutely convex balls K, ={xe E; d(x,0) <r}, such that (E,d) isa

linear metric space. By ¢, (-) we denote the Minkowski functional of aball K, , and by d(x,0) =|-| the quasinorm.
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Metrics with convex balls were constructed by Albinus [6] who called them normlike metrics. D.Zarnadze [7]
constructed a metric having the following form
Ix=yll if lIx=ylh=1,
2™ if Ix=yll,<27™ and [[x=Yllhg 227" (ne N),
” X—= y||n+l if 2—n S” X= y||n+lS 2—n+1 (ne N),
0if x—y=0.
Minkowski functionals ¢, (-) for the ball K, of the metric (1) are dependent on the initial seminorms through

d(x,y) = 1)

the following simple equality [7]
A () =17 [l where re Iy = {[z_nfy’zﬂzgf ?f_nl - @)

Thus K, =rV,, where V, ={xe E; || x||,<3, if rel,. For any ne N we consider V, as a set of problem
elements.

Let 1:E—R" be nonadaptive information of cardinaity m, ye I(E),I(f)=y for some fe Eand
d(f,Kerl)=r.Then an element oc=0(y)=f-h" is said to be a generalized spline interpolating y (briefly, a
generdized spline) if 1(o) =,

d(f ,Kerl)=d(f,h")=r=d(c,0)=| o] (3)

and
inf{g, (f —h): he Kerl}=q,(f -h") =q, (0). 4
The generalized interpolation spline realizes a minimum not only of the metric, but aso of the corresponding

Minkowski functional. In other words, the generalized interpolating spline exists iff the subspace Kerl is strongly
proximal in the metric space (E,d) . This notion was introduced by usin [8]. For the normlike metrics the conditions

(3) and (4) are equivalent and g, (o) =1. Therefore, in that case the notion of strong proximality coincides with that

of ordinary proximality. For the metric (1) this notion takes the following form: o =c(y)=f —h" issaid to be a
generdized splineinterpolating y if 1(o) =y,
d(f,Kerl)=d(f,h")=r=d(c,0)=|c| if  reintl,, (5)
and
inf{|| f —h|,:he Kerl} | f —=h" .=l |l,<r if r=2"" (neN). (6)
From the property (2) of the metric (1) we have that for r € intl,, the fulfillment of the condition (5) is sufficient

n+l

for o to be a generalized interpolating spline. Inthecase r =27 (ne N), (5) follows from (6), but, in general,

the best approximating element with respect to the metric may not have an analogous property with respect both to
g () and to |||, smultaneously [9]. If V,={xeE]|x],£3 ad V,=---=V,=---=F, then
K, =rF, |- |= &4 () and the notion of generalized interpolating splines coincides with the classical une.

The problem of the existence of generalized interpolating splines naturally arises for arbitrary nonadaptive
information of cardinality m and ye I (E). For m=1 this problem is equivalent to the strong proximality for each
closed hypersubspace in an arbitrary Frechet space. In the case of a Banach space the answer to this question is given
by the well-known James theorem, according to which a Banach space is reflexive iff its every closed hypersubspace
is proximal, i.e. if there exists interpolating spline for every nonadaptive information of cardinality 1 and arbitrary
ye I (E). In the case of a Banach space the existence of interpolating splines for arbitrary honadaptive information

of cardinality 1 includes the existence of interpolating splines for arbitrary nonadaptive information of cardinality m
and arbitrary ye | (E). Indeed, in that case the space will be reflexive and therefore every closed subspace will be
proximal.

The problem of (strong) proximality of all closed hypersubspaces with respect to the normlike metrics in the
Frechet spaces was considered by many mathematicians. D. Zarnadze [9] found and described the exact class of
Frechet spaces, in which every closed hypersubspace is (strongly) proxima with respect to the normlike metrics.
This is the class of reflexive strictly regular Frechet spaces, which coincides with the class of reflexive quojections.
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A Frechet space E is said to be a quojection if for any continuous seminorm p(-) defined on E the factor space
E/Kerp(:) isnormed.

Theorem 2. Let E be a Frechet space, whose topology is generated by an increasing sequence of seminorms
{lI- I} and by the above mentioned normlike metric d . Then the following assumptions are equivalent:

a) every closed hypersubspace is (strongly) proximal with respect to the normlike metrics;

b) there exists a generalized interpolating spline for arbitrary nonadaptive information of cardinality 1 and
arbitrary ye I (E);

c) the Frechet space E isa reflexive quojection.

Proof. 8 < b) follows from the above-mentioned reasoning. @) < c) is proved in [10] (Theorem 1).

A similar result isvalid for the metric (1). Namely, the following statement is true.

Theorem 3. Let E be a Frechet space, whose topology is generated by an increasing sequence of seminorms
{ll- I} and by the metric (1). Consider the following assumptions:

a)every closed hypersubspace is strongly proximal with respect to the metric (1);

b)a generalized interpolating spline exists for arbitrary nonadaptive information of cardinality 1 and
arbitrary ye I (E);

¢) every closed hypersubspace is proximal with respect to the metric (1);

d)the Frechet space E is a reflexive quojection.

Proof. @) < b) follows from the definition of a generalized interpolating spline. ¢) < d) is proved in [9]
(Theorem3). &) = c) istrivid.

In [9], some classes of reflexive Frechet spaces are indicated, in which there exist nonproximinal closed
hypersubspaces. This is equivalent to the existence of nonadaptive information of cardinality 1, for which the
generalized interpolating spline does not exist.

Unlike Banach spaces, in Frechet spaces the proximality of all closed hypersubspaces does not imply the
proximality of all subspaces. Therefore from the existence of interpolating splines for arbitrary nonadaptive

information of cardinality 1 does not follow the existence of interpolating splines for arbitrary nonadaptive
information of cardinality m>1 and arbitrary ye I (E).

Theorem 4. Let E be a Frechet space with an increasing sequence of Hilbertian seminorms {|-|.},
V, ={xe E:|I x|, and with the metric (1). Let K,:E—>E/Ker|-||, be a canonical mapping,

E,=(E/Ker ||-|I,.Il-I")~, where ||-|I; is the associated norm and X~ denotes completion of X, and H be an

infinitedimensional closed subspace of E . Then the following assertions are valid:
a)if K,(H) isclosedinthe Hilbert space E, for any ne N, then H isstrongly proximal in E with respect to

the metric (1)
b) if for nonadaptive information | of cardinality m the subspace K,(Kerl) is closed in the Hilbert space

E,, ne N, thenfor any ye I (E) thereexistsa generalized splineinterpolating Vy .

Proof. 8 Let fe E\Hand d(f,H)=re |, for some ne N. By the property (2) of the metric (1) we have
inf{]| f —h|[l,; he H}=A<r (moreprecisdy, if r =2 ™ (ne N), then A=r) [7]. Therefore inf{||K,f - K h|;
he H} =41>0. For 1>0, since K,(H) is closed in the Hilbert space E,,, K,,(H) isproxima in E, and there
exists an element h* such that inf{||K,f =K h|>; he H} = |K,f-K,h" |,=A. This means that h" is the best
approximation element for f with respect to g, (-) and therefore a strongly proximal element for f . If r=2"""
and 12>0,then f —hyeV, for some hy e H . Indeed, in that case there exists a minimizing sequence h, € H such

that Lim, .|| K, f —K,h, |I;=A. Then this sequence {K,h} will be bounded in E, . Its some subsequence will be
weakly convergent to an element x,€ E,. The set K, (H) is closed and therefore x, =K h,. Thus f —hyeV,.

Let us suppose that f—hye 2V,,;. Then we have d(f,hy)<2™™ | f —hy|l,,a<2™™, which is impossible.
Therefore || f —hg [|,<2™™ and || f —hg [|,.,> 2™, This means that d(f,hy)=r=2""". It is aso clear that
Lim ol Ko f =Ko =l Ko f =Kohg lla= = 2= f =g Il
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b) follows from a) if wereplace H by Kerl .
For m>1 and a general Frechet space we do not have an exact characterization for the existence of generaized
interpolating splinesin the case of arbitrary nonadaptive information of cardinality mand ye | (E) . In[9] anecessary and

sufficient condition is given for an arbitrary closed subspace of a Frechet space to be proximal. It isinteresting to find such
classes of Frechet spaces in which every closed subspace is strongly proximal. For example, such is the space Bx w,
where B isareflexive Banach pace and @ isanuclear Frechet space of all sequences. In the case of Frechet spaces, from
the existence of generalized interpolating splines for nonadaptive information of cardindity 1 and arbitrary ye | (E) we

do not obtain an analogous result for nonadaptive information of cardinality m>1.
Theorem 5. Let E be a Frechet space with an increasing sequence of Hilbertian seminorms

M-}, V, ={xe E:[[ x]l,£3 and with the metric (1). Let K,:E— E/Ker|-||, be a canonical mapping,
E,=(E/Ker||-|l,.I-l,)” and I be nonadaptive information of cardinality m>1. If the subspace Kerl
possesses an orthogonal complement in E and K,(Kerl) is closed in a Hilbert space
E,.ye (W), foe I (y)nV,, d(fy,Kerl)=re I, » then there exists a unique generalized interpolating y
spline o = o(y) , which isa symmetric center for all sets 1 *(y) nV, (n<ny).

Proof. For any ye I(E) and information | we take f such that |(f)=y. Since the subspace Kerl
possesses an orthogonal complement in E , there exists a unique representation f =h" +¢ and (h’ ,0), =0 for
any ne N,where h" e Kerl and o< Kerl*. Thismeansthat <K, h",K,c>,=0 forany ne N, where <-,->
denotes an inner product in the space E, and o is the unique best approximation element for f in Kerl with
respect to the seminorm || - ||,, for any ne N. Kn(h*) is the best approximation element in K, (Kerl) . By Theorem
4 thismeans, that o= f —h" isageneralized spline interpolating Y.

Let us assume that ye I(V;), and fe I‘l(y)r\V1 . Then f =h+0, where o is the above-constructed
unique generalized spline interpolating y, he Kerl and d(f,h)=d(c,0)=rel,. By the above-mentioned
property of the metric (1) we have q,(o)= | oll,<1, and therefore inf{|| f-gl,;

geKerl} = f —h|l, =lloll,<r . Thus o =o(y) isthe center of al sets V, =17 (y)"V,,n<ng,ie feV,
implies that  20(y) - f € V. Indeed, this follows from the fact that | (20— f)=y and for h=0— f € Kerl we
have (|| Ky (20— 1) 113)2 = (1 Kn(0) + Ko (M) )% = (1 Kn(0) )% + (1Ko (M) )2 = (1K) IR = (Il F 11)% e
20 - f eV, . Therefore the set V;; is symmetric with respect to o for al n<n,.

The question arises whether there are cases in which a classical spline does not exist but a generalized spline
does. Below we give the answer to this question.
Let E be a Frechet space with an increasing sequence of Hilbertian norms {| - |I.},V, ={xe E: || x],<1 , i.e

Il bethe Minkowski functional of V, . Let E_ be the normed space E, = (E,|-||,) . If instead of F we consider

the set V, for each ne N, then theidentical maps K, :E — E, will be analogs of the operator T:F — X . Let us
consider nonadaptive information | . The spline corresponding to this information and to the operator K,, if it
exists, isdenoted by o, . Itiswell known that the dual space E' of E isrepresentedas E = | JE o , where E , is

neN

the Hilbert space which is spanned on the polar V.2 . It is well known that this space E\'/0 isisomorphic to the space

E,. Therefore, if we have information of cardinality 1 generated by a continuous function L, (f), then there exists
nye N such that L;(f)belongs to any E;W, n=n,. Hence Kerl will be closed with respect to the norms |- ||,
when n>ny. For n<n, the subspace Kerl will be not proximal in (E,||-||,).- This follows from the fact that if
Kerl isnotclosedin (E,|-||,). n<ng, thenitisdensein E. Thus, in the latter space the best approximate element
does not exist in Kerl for some xe E. So, aclassical spline does not exist for n<ny. The spline o, exists for
any number n 2 n,, while Kerl isclosed and therefore proximal in (E,||-||,), n=ng.
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