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ABSTRACT. We show that an equation for the radial wave function is compatible with the full three-dimensional
Schrödinger equation if and only if a definite  boundary condition is imposed on the radial wave function at the
origin. © 2011 Bull. Georg. Natl. Acad. Sci.
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1. Introduction.
It is well known that the radial Schrödinger equation
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      (1)

plays a central role in quantum mechanics due to frequent
encounter with spherically symmetric potentials. As is
well known this equation is obtained from the full 3-di-
mensional Schrödinger equation

     2 0m E V r      r r  , (2)

after the separation of variables in the spherical coordi-
nates [1, 2].

Recently considerable attention has been devoted to
the problems of self-adjoint extension (SAE) for the in-

verse squared 2r  behaved potentials in the radial
Schrödinger equation [3]. These problems are interesting
not only from the academic standpoint, but also due to
the large number of physically significant quantum-me-
chanical problems that manifest such behavior.

The Hamiltonians with the inverse squared like
potentials appear in many systems and they have suffi-
ciently rich physical and mathematical structures. Begin-

ning with the 1960s, singular potentials were the subject
of intensive studies in connection with the  non-
renormalizable field theoretic models. Exhaustive reviews
dedicated to singular potentials for that period can be
found in [4-6].

It turned out that there are no rigorous ways of deriv-
ing the definite boundary condition for the radial wave

function  u r  from the radial equation itself at the origin

0r   in the case of the singular potentials.
Many authors content themselves with considera-

tion only of the square integrability of the radial wave
function and do not pay attention to its behavior at the
origin. Of course this is permissible mathematically and
the strong theory of the linear differential operators al-
lows for such approach [7-9]. There appears the so-called
SAE physics [3], in the framework of which among physi-
cally reasonable solutions one encounters also many cu-
rious results, such as bound states in the case of repul-
sive potential [10] and so on. We think that these highly
unphysical results are caused by the fact that without
suitable boundary condition at the origin of a functional
domain for the radial Schrödinger Hamiltonian is not re-
stricted correctly [11].

Below we show that, due to the singular character of
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the transformation which leads to Eq. (1) from Eq. (2),
there appears the extra delta function term, which plays a
role of point-like source, interacting to the wave function.
Surprisingly enough, this term has not been noted earlier.
From the requirement of its absence definite constraint
follows on the radial wave function at the origin. It has
the form of a boundary condition but indeed has more
importance than a boundary condition. This fact can ex-
ert considerable influence on the further considerations
of the radial equation.

2. Rigorous derivation of radial equation.
Let us mention that the transition from Cartesian to

spherical coordinates is not unambiguous, because the

Jacobian of this transformation 2 sinJ r   is singular

at 0r   and  0,1, 2,...n n   . The angular part is
fixed by the requirement of continuity and uniqueness. It

gives the unique spherical harmonics  ,m
l   .

We also note that though 0r 
  is an ordinary point

in the full Schrödinger equation, it is a point of singularity
in the radial equation and thus knowledge of the specific
boundary behavior is required.

We have to bear in mind that the  Eq.(1) is not inde-
pendent but is derived from the full 3-dimensional
Schrödinger equation (2) and as is underlined in many
classical books on quantum mechanics, the final radial
equation must be compatible with the primary full
Schrödinger equation. Unfortunately, in our opinion, this
view has not been extended to any concrete results [2,
12]. Though several discussions of mostly “beat about
the bush” nature exist in the literature (see, e.g. the book
of R. Newton [13]), the conclusions from these studies
are largely conservative and cautious.  It seems that with-
out deeper exploration of the idea of compatibility, some
significant point will be missed.

Armed with this idea, let us now look at the deriva-
tion of the radial wave equation in more detail.  Remem-
bering that, after substitution

     r ,m
lR r   


(3)

into the 3-dimensional Equation (2), it follows the usual

equation for the full radial function  R r :
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       (4)

A traditional trick of avoiding the first derivative term
from this equation consists in the substitution

( )
( ) .

u r
R r

r
 (5)

This substitution enhances the singularity at 0r  ,
therefore we must be careful to perform it. Let us rewrite
the equation (4) after this substitution
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We write the equation in this form deliberately, show-
ing the action of the radial part of the Laplacian on rel-

evant factors explicitly. The first derivatives of  u r  can-
cel and we are left with
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    (7)

Now if we differentiate the second term “naively”, we
shall derive zero. But it is true only in the case when 0r  .
However, in general this term is proportional to the 3-
dimensional delta function. Indeed, taking into account
that

2
2
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r
d d d dr

r dr dr drdr r
      

is the radial part of the Laplace operator and [14]

   31 1 4 r ,r r r
             

 (8)

we obtain the equation for  u r
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We see that there appears an extra 3-dimensional delta-
function term. Its presence in the radial equation has no
physical meaning and thus it must be eliminated. Note
that when 0r  , this extra term vanishes due to the prop-
erty of the delta function and also if 0r   and we multi-
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ply this equation by r, we obtain the ordinary radial equa-
tion (1). However, if r = 0, multiplication by r is not permis-
sible and this extra term remains in Eq. (9). Therefore one
has to investigate this term separately and find a way to
discard it.

The term with 3-dimensional delta-function must be
comprehended as being integrated over

3 2 sind r r dr d d   . On the other hand [14]

         3 1r ,r
J

     
 (10)

where 2 sinJ r   is the Jacobian, as was mentioned in
the Introduction.

Taking into account all the above relations, one is
convinced that the extra term effectively becomes

       3 3( ) .u r r d r u r r dr 
  (11)

Its appearance as a point-like source violates many
fundamental principles of physics, which is not desirable.
The only reasonable way to remove this term without
modifying the Laplace operator or including a compen-

sating delta function term in the potential  V r , is to
impose the requirement

 0 0u  (12)

(note that multiplication of Eq. (9) by r and then elimina-

tion of this extra term owing to the property   0r r   is
not a legitimate procedure, because it is equivalent to
multiplication of this term by zero).

Therefore we conclude that the radial equation (1) for

 u r  is compatible with the full Schrödinger equation (2)

if and only if the condition  0 0u   is satisfied.
The radial equation (1) supplemented by the condi-

tion (12) is equivalent to the full Schrödinger equation
(2). We see that the constraint equation has the form of a
boundary condition.

3. Conclusions and remarks
Some comments are in order here: the equation for

the ( )
( )

u r
R r

r
  has its usual form (4). Derivation of the

boundary behavior from this equation is as problematic

as for  u r  from Eq. (1). The problem with the delta func-
tion arises only in the process  of elimination of the first
derivative. Now, after the condition (12) is established, it

follows that the full wave function ( )R r  is less singular

at the origin than 1r  . However, this conclusion could be
hasty because the transition to Eq. (1) for ( )R r  is not
necessary. It is also remarkable to note that the condition
(12) is valid whether the potential is regular or singular. It
is only the consequence of particular transformation of
the Laplacian.  Different potentials can only determine

the specific way of  u r  tending to the zero at the origin
and the delta function arises in the reduction of the
Laplace operator every time. All of these statements can
easily be verified also by explicit integration of Eq. (9)
over a small sphere with the radius a tending it to the zero
at the end of calculations.

It seems very curious that the appearance of delta
functions while reducing the Schrödinger equation was
unnoticed up till now in spite of numerous discussions
[2,5,6,12,13].   Now, that this (boundary) condition has
been established, many problems can be solved by tak-
ing it into account. Remarkably, all the results obtained
earlier for the regular potentials with the boundary condi-
tion (12) remain unchanged. In most textbooks on quan-
tum mechanics 0r    behavior is obtained from Eq. (1)
in the case of regular potentials. But we have  shown that
this equation takes place only together with the bound-
ary condition (12). On the other hand, for the singular
potentials this condition will have far-reaching implica-
tions. Many authors neglected a boundary condition en-
tirely and were satisfied only with the square integrability
[3, 10]. But this treatment, after leakage into the forbidden
regions and through a self-adjoint extension procedure,
sometimes yields curious unphysical results. Below we
consider some simple examples, showing the differences
that arise with and without the above-mentioned bound-
ary condition:

(i) Regular potentials

 2

0
lim 0
r

r V r


 . (13)

In this case, after substitution at the origin ~ au r , it fol-
lows from the characteristic equation that
   1 1a a l l   ,  which gives two solutions

1
1 20

~ l l

r
u c r c r 


  (see, any textbook on quantum me-

chanics). For non-zero l-s the second solution  is not
square integrable and  usually is ignored. But for l = 0,
many authors discuss (see, e.g. page 352 in [12]) how to
deal with this solution, which is square integrable near
the origin. According to our result, this solution must be
ignored. Moreover, 

0
~

r
u const


 solution is totally forbid-
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den because there appears the delta-function after its
substitution into the full Schrödinger equation. There-
fore, we must require  0 0u   for any l, which automati-
cally takes place for our constraint.

(ii) Transitive singular potentials

 2
00

lim .
r

r V r V const


   (14)

0 0V   corresponds to the attraction, while 0 0V   -
to repulsion.

In this case, the characteristic equation takes the form

    01 1 2a a l l mV    , which has two solutions:

2

0
1 1 2
2 2

a l mV      
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(15)

It seems that both solutions are square integrable at
the origin as long as 0 1P  . Exactly this range is stud-
ied in most papers [3,10].whereas according to our bound-
ary condition (12) we have the following restriction

10
2

P  . The difference is essential. Indeed, the radial

equation takes the form
2

2

1/ 4 2 .Pu u mEu
r


  (16)

Depending on whether P exceeds 1/2  or not, the sign
in front of the fraction changes and one can derive attrac-
tion in the case of repulsive potential and vice versa. The
boundary condition (12) avoids this unphysical region

1 1
2

P  .

Notice that the boundary condition at the origin was
a subject of fairly many textbooks  and scientific articles

[15-20]. The authors come to the condition  0 0u   in
various ways starting from the radial equation (1). But
their considerations are mainly restricted to the case of
the regular potentials. As regards singular potentials,
there is no common view and people considered the
Dirichlet, which coincides with (12), or the Neumann
boundary conditions, as well as their generalization – the
Robin  boundary condition [20].  We underline once again
that the derived constraint (12) is valid both for regular as
well singular potentials. Note that ignorance of this fact is
continued in the recently appearing papers as well [see,
e.g. [21]), where only the square integrability is consid-
ered.

Moreover, our result above tells that the radial equa-

tion by itself is valid only in the case  0 0u  . Hence
consideration of the boundary behaviors based on the
radial equation is improper.  It is evident that the deeper
mathematical study of the radial Hamiltonian is permissi-
ble, but without the constraint (12) these investigations
would have only mathematical importance and they have
nothing in common with physics, except the case

 0 0u  .
Lastly, we note that the same holds for radial reduc-

tion of the Klein-Gordon equation, because in three di-
mensions it has the following form

       22 r rm E V r      
  (17)

and the reduction of variables in spherical coordinates
will proceed in absolutely the same direction as in the
Schrödinger equation.
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