
saqarTvelos  mecnierebaTa  erovnuli  akademiis  moambe,  t. 8, #3, 2014

BULLETIN  OF  THE  GEORGIAN  NATIONAL  ACADEMY  OF  SCIENCES,  vol. 8, no. 3, 2014
 

© 2014  Bull. Georg. Natl. Acad. Sci.

Mechanics

On the Investigation of Dynamical Hierarchical
Models of Elastic Multi-Structures Consisting of
Three-Dimensional Body and Multilayer Sub-
Structure

Gia Avalishvili*, Mariam Avalishvili**, David Gordeziani*

*  Faculty of Exact and Natural Sciences, I. Javakhishvili Tbilisi State University, Tbilisi
**School of Informatics, Engineering and Mathematics, University of Georgia, Tbilisi

(Presented by Academy Member Guram Gabrichidze)

ABSTRACT. In this paper initial-boundary value problem for multi-structure consisting of three-
dimensional body with general shape and multilayer part composed of plates with variable thickness is
considered. A hierarchy of dynamical models defined on the union of three-dimensional and two-
dimensional domains for dynamical three-dimensional model for the multi-structure is constructed. The
pluridimensional initial-boundary value problems corresponding to the constructed hierarchical models
are investigated in suitable function spaces. The convergence of the sequence of vector functions of three
space variables, restored from the solutions of the constructed initial-boundary value problems defined
on the union of three-dimensional and two-dimensional domains to the solution of the original three-
dimensional problem is proved and under additional regularity conditions the rate of convergence is
estimated. © 2014 Bull. Georg. Natl. Acad. Sci.

Key words: dynamical models of elastic multi-structures, initial-boundary value problems, hierarchical
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Elastic multi-structures are the bodies, which consist of several parts with different geometrical shapes.
Many engineering constructions are multi-structures consisting of plates, shells, beams and other substruc-
tures and therefore mathematical modeling of them is important from practical as well as theoretical point of
view. One of the first theoretical investigations of multi-structures was carried out by P.G. Ciarlet, H. Le Dret,
R. Nzengwa [1]. Applying asymptotic method they constructed and investigated a mathematical model
defined on the product of three-dimensional and two-dimensional domains for a multi-structure consisting of
three-dimensional body with a plate clamped in it. Multi-structures consisting of plates and rods were
considered by H. Le Dret [2]. Further, many works were devoted to mathematical modeling and numerical
solution of problems for elastic multi-structures (see [3] and references given therein). Different approach for
constructing two-dimensional models of elastic plates with variable thickness was suggested by I. Vekua [4],
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which was based on approximation of the components of the displacement vector-function of plate by partial
sums of orthogonal Fourier-Legendre series with respect to the variable of plate thickness. Note that I.
Vekua’s hierarchical dimensional reduction method is one of spectral approximation methods. Moreover,
classical Kirchhoff-Love and Mindlin-Reissner models can be incorporated into the hierarchy obtained by I.
Vekua, and so it can be considered as an extension of the widely used engineering plate models. Later on,
various investigations were devoted to the study of mathematical models constructed by I. Vekua’s dimen-
sional reduction method and its generalizations for elastic plates, shells and rods (see [5-7] and references
given therein).

The present paper is devoted to the construction and investigation of hierarchical models of multi-
structures consisting of three-dimensional body with general shape and multilayer part composed of plates
with variable thickness, which may vanish on a part of the lateral surface, applying spectral dimensional
reduction method. We consider variational formulation of three-dimensional initial-boundary value problem
for dynamical linear model of elastic multi-structure and construct a hierarchy of models in Sobolev spaces
defined on the union of three-dimensional and two-dimensional domains, when density of surface force is
given on the upper and the lower faces of multilayer substructure, on a part of its lateral boundary and on a
part of the boundary of elastic three-dimensional part with general shape, and the remaining part of the
boundary of the multi-structure is clamped. We investigate the existence and uniqueness of solutions of the
reduced pluridimensional problems in suitable weighted Sobolev spaces. Moreover, we prove convergence
of the sequence of vector-functions of three space variables restored from the solutions of the constructed
problems to the solution of the original three-dimensional initial-boundary value problem and if it possesses
additional regularity we estimate the rate of convergence.

For any bounded domain , 1p p  R , with Lipschitz boundary we denote by  2L   the space of

square-integrable functions in   in the Lebesgue sense.  kH  , 1k  ,  is the Sobolev space of order k

based on 2( )L  , 3( ) ( ( ))k kH  H , 2 2 3( ) ( ( ))L  L  and 3ˆ ˆ( ) ( ( ))k kL  L , where ̂  is a Lipschitz

surface. For any Banach space X, 0 ([0, ]; )C T X  denotes the space of continuous functions on [0, ]T  with

values in X, 2 (0, ; )L T X  is the space of such functions : (0, )g T X  that 2( ) (0, )Xg t L T . We denote

by /g dg dt   the generalized derivative of 2 (0, ; )g L T X .
Let us consider an elastic multi-structure, which consists of three-dimensional part with general shape

and multilayer substructure attached to it consisting of plates with variable thickness, i.e. elastic body with

initial configuration 
1

m
plbd
k

k

     , where 3  R  and 3bd  R  are bounded Lipschitz domains,

3
1 2 3 1 2 3 1 2 1 2{( , , ) ; ( , ) ( , ), ( , ) }pl

k k kk x x x h x x x h x x x x       R ,

2
k  R , 1,2,...,k m , are two-dimensional bounded Lipschitz domains with boundary k ,

plbd
k   , 1,2,...,k m , 0 0,1( ) ( )k k k kh C C        are continuous on k  and Lipschitz con-

tinuous in k  and on k   ,  1 2( , )kh x x
1 2( , ),kh x x  for 1 2( , ) k kx x     , k k    is a Lipschitz

curve, 1 2( , )kh x x
1 2( , )kh x x , for 1 2( , ) \k kx x    , 1,2,...,k m . The interfaces ,pl bd plbd

k k   

between the three-dimensional part 3bd  R  and plates pl
k  are parts of lateral surfaces of plates
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, 3
1 2 3 1 2{ ; ( , ) ( , )bd pl

k kk x h x x x h x x     R ,
1 2( , ) }bd pl

kx x  , ,bd pl
kk   , 1, 2,...,k m . The upper and

the lower faces of plate pl
k , defined by equations 3 1 2( , )kx h x x  and 3 1 2( , ),kx h x x 1 2( , ) kx x  , we

denote by k
  and k

 , respectively, and the lateral surface, where the thickness of pl
k  is positive, we

denote by \ ( )pl
k k kk

       1 2 3 1 2{ ; ( , ) ( , ),pl
k kkx h x x x h x x     1 2( , ) }kx x   , 1,2,...,k m .

The interfaces , 1
pl
k k , 1,2,..., 1k m  , between neighbour plates pl

k  and 1
pl
k  are the common parts of

the upper and the lower faces of pl
k  and 1

pl
k , respectively, , 3

1 2 3, 1 1 {( , , ) ;pl pl pl
k k k k x x x      R

3 1 2( , )kx h x x  1 1 2( , )kh x x
 , when 1 2 1( , ) k kx x     , 1,2,..., 1}k m  .

Let us assume that the three-dimensional part bd consists of inhomogeneous anisotropic elastic mate-
rial and the linear dynamical three-dimensional model of its stress-strain state is given by the following
system

32

2
1

( )bd bdbd
ijbd bdi

i
jj

u
f

xt







 

 
u

    in   (0, )bd T  , (1)

where 1,2,3,i   3
1( )bd bd

i iu u  is the displacement vector-function of the three-dimensional part, 0bd 

denotes mass density of the three-dimensional part in reference configuration, 3
1( )bd bd

i if f  is density of

applied body force of the three-dimensional part, and 3
, 1( )bd bd

ij i j σ  denotes linearized stress tensor of the

three-dimensional part of the multi-structure, which is given by

3

, 1

( ) ( ),bd bd
ij ijpq pq

p q

a e


 v v ( ) ( / / ) / 2pq p q q pe v x v x     v , where bd
ijpqa ( , , , 1, 2,3)i j p q   are parameters

characterizing mechanical properties of the three-dimensional part .bd

The remaining part 
1

m
pl
k

k

  of the multistructure consists of plates pl
k , 1,2,...,k m , with variable

thickness, which consist of anisotropic inhomogeneous elastic material, and their three-dimensional models
are given by the following systems

, ,32 ,
, ,

2
1

( )pl k pl kpl k
ijpl k pl ki

i
jj

u
f

xt







 

 
u

   in   (0, )pl
k T  , (2)

where 1,2,3,i   , , 3
1( )pl k pl k

i iu u  denotes displacement of k-th plate pl
k , , 0pl k   is the mass density of

plate pl
k  in reference configuration, , , 3

1( )pl k pl k
i if f  is density of body force for plate pl

k , and

, , 3
, 1( )pl k pl k

ij i j σ  is linearized stress tensor of the plate pl
k , which is given by 

3
, ,

, 1

( ) ( )pl k pl k
ij ijpq pq

p q

a e


 v v ,

, 1, 2,3i j  , where ,pl k
ijpqa  are parameters characterizing mechanical properties of the plate pl

k of multi-struc-

ture.
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Let us denote by 3: (0, )T u R  displacement vector-function of the entire multi-structure  , which

equals to 3: (0, )bd bd T  u R  in the three-dimensional part bd , u  equals to , 3: (0, )plpl k
k T  u R

in the plate pl
k  of the multilayer part, 1,2,...,k m . We assume that on the interfaces ,bd pl

k  between the

three-dimensional part bd and plates pl
k , 1,2,...,k m , rigid contact conditions, i.e. continuity of dis-

placement vector-function and stress vector, are valid,

3 3
, , ,

1 1

, ( ) ( )bd pl k bd bd pl k pl k
ij j ij j

j j

n n 
 

  u u u u  on , (0, )bd pl
k T  , 1,2,3,i  1,2,...,k m , (3)

where 3
1( )j jn n  is a unit normal vector to the surface ,bd pl

k . On the interfaces , 1
pl
k k  between neighbour

plates pl
k , 1,2,..., 1k m  , conditions of continuity of displacement vector-function and stress vector are

given

3 3
, , 1 , , , 1 , 1

1 1

, ( ) ( )pl k pl k pl k pl k pl k pl k
ij j ij j

j j

n n   

 

  u u u u  on , 1 (0, )pl
k k T  , (4)

where 1, 2,3,i  1,2,..., 1k m  , 3
1( )j jn n  is a unit normal vector of the surface , 1

pl
k k .

The multi-structure  , consisting of the three-dimensional part bd  and elastic plates pl
k , 1,2,...,k m ,

is clamped along a part 0  of its boundary, the density of the surface force is given on the remaining part of

the boundary, and the initial values of the displacement and velocity are given

3

1 0
1

( ) on  on  

( ,0) ( ), ( ,0) ( ),

ij j i
j

n g

x x x x x
t




   


  



 u u 0

uu

, ,

, 
(5)

where ( ) ( )bd bd
ij ij u u  in bd and , ,( ) ( )pl k pl k

ij ij u u  in pl
k , 1, 2,...,k m , 1,2,3i j  , 0  is an ele-

ment of Lipschitz dissection of the boundary     of the domain  , 1 0\ ,     3
1( )j jn n  is a unit

outward normal vector of 1 , 3
1( )i i   and 3

1( )i i   are initial displacement and velocity vector-

functions, 3
1( )i ig g  denotes density of surface force acting on the boundary 1  of  , which equals to

3
1( )bd bd

i ig g  on the boundary of bd and equals to , , 3
1( )pl k pl k

i ig g  on the corresponding part of the

boundary of pl
k . The clamped part of the three-dimensional part bd  of the multi-structure we denote by

0
bd , and the remaining part, where surface force is given, is denoted by 1 1

bd bd    . The clamped

parts of elastic plates are parts of the lateral boundaries

1 2 3,0 {( , , ) ;pl pl
k kx x x   1 2( , )kh x x

3x 1 2( , ),kh x x ,
1 2 ,0( , ) \ }bd pl

k k kx x      , 1,2,...,k m , and

the remaining part, where surface force is given, we denote by 1,1
pl pl
k k    .

The variational formulation of the dynamical three-dimensional problem (1)-(5) for multi-structure 
consisting of three-dimensional body and multilayer part is of the following form: find the unknown vector-
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function 0 ([0, ]; ( ))C T u V , 0 ([0, ];C Tu 2 2( )) (0, ;L T L ( ))V , which satisfies the equation

1

3 3 3 3

1 , , , 1 1 1

(.) ( (.)) ( ) , ( ),i i ijpq pq ij i i i i
i i j p q i i

d u v dx a e e dx f v dx g v d
dt


      

            u v v V (6)

in the sense of distribution on (0, )T  and the initial conditions

(0) ,u  (0) , u ψ (7)

where 1 1 3
0( ) { ( ) ( ( )) ; ( ) on }H        V v H tr v 0 , 2 ( ) ψ L , tr  denotes the trace operator

from Sobolev space 1( )H  to 1/ 2 ( )H , bd
i if f  in bd , ,pl k

i if f  in pl
k  and

,

( ), ,
( )

( ), , 1, 2,..., ,

bd bd
ijpq

ijpq plpl k
ijpq k

a x x
a x

a x x k m

  
 

, , , 1, 2,3.i j p q 

The bilinear forms in the left and right parts of the equation (6) we denote by

3

1

( , ) ,i i
i

R w v dx
 

w v   
3

, , , 1

( , ) ( ) ( ) ,ijpq pq ij
i j p q

A a e e dx
 

  w v w v
1

3 3

1 1

( ) ,i i i i
i i

L f v dx g v d
  

    v

where 2, ( ), w v L   , ( ), w v V  bd   in bd , ,pl k   in pl
k , 1,...,k m .

Note, that each vector-function ( ) v V  from the space ( )V can be represented as 1m   vector-

functions bdv  and ,1plv , ,2plv , . . . , ,pl mv , which are restrictions of the vector-function v on the sets bd

and 1
pl , 2

pl , . . . , pl
m , respectively. Consequently, the space ( )V  can be considered as a space of the

vector-functions ,1 ,2 ,( , , ,..., )bd pl pl pl m
N N N Nv v v v 1 1

1( ) ... ( )pl pl
m   H H , such that 0bd v  on 0

bd , ,1 0pl v  on

1,0
pl , ,2 0pl v  on 2,0

pl , . . . , , 0pl m v  on ,0
pl
m , ,bd pl kv v  on ,bd pl

k , 1, 2,...,k m , , , 1pl k pl kv v  on

, 1
pl
k k , 1,2,..., 1k m  .

In order to construct dynamical model of multi-structure   let us consider subspaces ( )NV  and

( )NH  of ( )V  and 2 ( )L , respectively, , ,1 ,1 ,1 , ,
1 2 3 1 2( , , ,..., , ,pl pl pl pl m pl mN N N N NN ,

3 )pl mN  consisting of

vector-functions with 1m   components ,1 ,2 ,( , , ,..., )pl pl pl mbdN N N N Nv v v v v , where ,pl k
Nv  is a vector-function

the i-th component of which is a polynomial of order ,pl k
iN , 1, 2,3i  , 1,2,...,k m , with respect to the

variable 3x , i.e.

, ,

,

,

,1 ,2 ,3 1
1

, , ,, 1

0

( ) { ( ) ; ( , , ,..., ), ( ),

1 1 ( ) ( ),
2

pl k pl k
i i

pl k
i

pl k
i

pl pl pl mbd bd bd
i i i

N r
pl k pl k pl k plpl k

ii i kr
kr

v v H

v r v P z H
h





     

     
 

N N N N N NN N N

N N

V v v v v v v

,

, , ,1/ 2 2 , ,
0 00 on ( ), 0 , 0 on 

pl k
ir
pl k pl k pl kbd bd pl k pl k

i k k i ii iv h v L r N v      N N N,  ,

, , , 1 ,
, 1on 1,..., , on , 1, 2,3, 1,..., 1}pl k bd pl pl k pl k plbd

i i i ik k kv v k m v v i k m
       N N N N,  ,
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, ,

,

,

, , ,3 2 ,
1

0

1 1( ) { ( ) ; ( ), ( ),
2

pl k pl k
i i

pl k
i

pl k
i

N r
pl k pl k pl kbd bd pl k

i i i ii i r
kr

v v L v r v P z
h



        
 N N N N N NH v

,

,1/ 2 2 , ,( ), 0 , 1,2,3, 1, 2,..., }
pl k

ir
pl k pl k pl k

k k i iih v L r N i k m     N  ,

where , 3pl k k

k

x hz
h


 , 
2

k k
k

h h
h

 
 , 

2
k k

k
h h

h
 

 , 1,..., .k m

Since functions kh  and kh  ( 1,...,k m ) are Lipschitz continuous in k , then from Rademacher’s theo-

rem [8] it follows that kh  and kh  are differentiable almost everywhere in k  and *( )k kh L    , for all

subdomains *
k , *

k k  , 1, 2  , 1,...,k m . So, for any vector-function , , 3 1
1( ) ( )pl k pl k

iiv   N Nv H  the

corresponding functions 
,

,
pl k

ir
pl k

ivN
 belong to 1 *( )kH  , for all *

k , *
k k  , i.e. 

,

, 1 ( )
pl k

ir
pl k

loc kiv H N
,

, ,0 pl k pl k
i ir N  , 1, 2,3i  . Moreover, the norms 1( ). pl

kH  in the spaces 1( )pl
kH  define corresponding

norms *. k  for  vector-functions 
,

, ,( )
pl k

ir
pl k pl k

iv vN N
  from the space 

,
1,2,31[ ( )]
pl kN

loc kH  ,

, , , ,
1,2,3 1 2 3 3pl k pl k pl k pl kN N N N    , such that 

1
, ,

* ( )pl
k

pl k pl k
k

v


N N H
v , and applying properties of Legendre

polynomials we can obtain their explicit expressions

, , ,
, ,

, , ,
2

2
32, ,, , 3/ 2

*
1 0 ( )

1 1 (1 ( 1) )
2 2

pl k pl k pl k
i i ipl k pl k

i i

pl k pl k pl k
i i i

k

N N s
r spl k pl kpl k pl k

i i k ik
i r s r L

v r s h v


 

  


              

  N N


,, ,
, ,

, ,
2

2
2

, ,1/ 2 , 3/ 2

1 1( )

1 ( ( 1) )
2

pl kpl k pl k
ii ipl k pl k

i i

pl k pl k
i i

k

Nr s
r spl k pl kpl k

k i k k ki i
s rL

h v s h h h v 


   
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where we assume that the sum with the upper limit less than the lower one equals to zero.
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On the subspaces ( )NV  and ( )NH  from the original three-dimensional problem we obtain the follow-
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The obtained hierarchical models (10), (11) are pluridimensional models written in variational form of multi-
structure consisting of three-dimensional body with general shape and multilayer part composed of plates,
and for corresponding initial-boundary value problems the following existence and uniqueness theorem is
valid.
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then initial-boundary value problem (10), (11) defined on the union of three-dimensional and two-dimen-
sional domains possesses a unique solution.

For the considered multi-structure consisting of three-dimensional part with general shape and multilayer
substructure composed of plates with variable thickness the relationship between the original three-dimen-
sional model and the constructed hierarchy of pluridimensional ones is investigated. In order to formulate the
corresponding theorem let us define the following anisotropic weighted Sobolev spaces
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The following theorem is valid.
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  tend to   and ψ  in the spaces 1( )H  and 2 ( )L , respectively, as, as

,
min 1 , 1 3

min { }pl k
ik m i

N N
   

   or max 1 2 1 2max{ ( , ); ( , ) , 1,..., } 0kkh h x x x x k m    , then the sequence

of vector-functions 3 0
1( ) ( ( )) ([0, ]; ( ))i it w t C T  N N Nw V  restored from the solutions

0 ,([0, ]; ( ))bd plw C T V N N
  of the constructed problems (10), (11) defined on the union of three-dimensional

and two-dimensional domains converges to the solution ( )tu  of the three-dimensional problem (6), (7),
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2

( ) ( )                   in  ( ),
        [0, ],

( ) ( )                  in  ( ),

t t
t T

t t

 
 

  
N

N

w u V

w u L
 as minN   or max 0h  .

Moreover, if u  satisfies additional regularity conditions 2( | ) / (0, ;pl
k

r rd dt L T u 1,1, ( ))r

k

s pl
kh H , 0,1r  ,

2 2 2( | ) / (0, ;pl
k

d dt L T u 20,0, ( ))
k

s pl
kh H , 0 1 2, ,s s s N , 0 2s  , 1 2s  , | pl

k
 01,1, ( )

k

s pl
kh H  , 0s N ,

0 2s  , 1,1,1| ( )pl
k k

pl
kh

 ψ H , 1,2,..., ,k m  then for suitable initial conditions N
  and N

  of the initial-

boundary value problems corresponding to the hierarchical models the following estimate is valid

2 1

2
2 2 max

0( ) ( )
min

( ) ( ) ( ) ( ) ( , , , ),
s

h
t t t t T

N
 

 
       

 
N NL Hu w u w N   [0, ],t T 

where 2 1 0 0min{ , 1, 1, 1}s s s s s     and 0( , , , ) 0T   N , as minN  .
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meqanika

samganzomilebiani sxeulisa da fenovani
qvestruqturisagan Semdgari drekadi
multistruqturebis dinamikuri ierarqiuli
modelebis gamokvlevis Sesaxeb

g. avaliSvili*, m. avaliSvili**, d. gordeziani*

* i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da sabunebismetyvelo mecnierebaTa
  fakulteti, Tbilisi
**saqarTvelos universiteti, informatikis, inJineriisa da maTematikis skola, Tbilisi

(warmodgenilia akademiis wevris g. gabriCiZis mier)

naSromSi ganxilulia sawyis-sasazRvro amocana multistruqturisaTvis, romelic
Sedgeba zogadi formis mqone samganzomilebiani sxeulisa da cvalebadi sisqis
firfitebisagan Sedgenili mravalfeniani nawilisagan. agebulia samganzomilebiani da
organzomilebiani areebis erTobliobaze gansazRvrul dinamikur modelTa ierarqia.
agebuli ierarqiuli modelebis Sesabamisi pluriganzomilebiani sawyis-sasazRvro
amocanebi gamokvleulia saTanado funqcionalur sivrceebSi. damtkicebulia agebuli
samganzomilebiani da organzomilebiani areebis erTobliobaze gansazRvruli sawyis-
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sasazRvro amocanebis amonaxsnebidan aRdgenili sami sivrciTi cvladis veqtor-funqciebis
mimdevrobis krebadoba sawyisi samganzomilebiani amocanis amonaxsnisaken da damatebiT
regularobis pirobebSi Sefasebulia krebadobis rigi.
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