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ABSTRACT. The present paper studies the problem of approximation of 27 -periodic functions and
the properties of conjugate functions in the spaces L” (x), when min p(x)=1. The Bernstein-Zygmund type
inequality for fractional derivatives of trigonometric polynomials is established and relying on this
inequality, the direct and inverse inequalities for fractional derivatives are obtained. The condition en-
suring belonging of conjugate functions to the space L” (x), min p(x)=1 is explored. The Zygmund type
inequality for generalized moduli of smoothness of conjugate functions is presented and a subclass,
invariant with respect to the conjugate operator, is determined. © 2015 Bull. Georg. Natl. Acad. Sci.

Key words: variable exponent Lebesgue spaces, generalized moduli of smoothness, fractional derivatives,

conjugate functions.

In the present paper we focus our attention on the problems of approximation of 27 -periodic functions
in variable exponent Lebesgue spaces Z”*) under the condition that min_ p (x)=1. Moreover, in the
above-mentioned spaces we present the Zygmund type inequality for gengrigfized moduli of smoothness of
conjugate functions and on the basis of that inequality we find a subclass of the space L (x) ) {nin p (x ) =1,
which is invariant with respect to the conjugate operator. el

The paper is organized as follows. Section 1 involves definitions and results which will be needed in the
sequel. The Bernstein type inequality for fractional derivatives of trigonometric polynomials is given in
Section 2. Next, the direct and inverse (in S. Bernstein’s terms) inequalities of constructive theory of functions
for fractional derivatives of 27 -periodic functions are established. In Section 3 we explore a condition which
leads to the belonging of the conjugate to the function f e [ =), [Elri,f;]l’ (x ) =1 to the same space; the
Zygmund type inequality for generalized moduli of smoothness of conjugate functions is proved and a
subclass, invariant with respect to the operation of conjugation, is found.
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1. Preliminaries.

Let p (x) bea 27 -periodic function, continuous on the whole axis. Assume 7 = [—n, 71] . By B we denote
a set of those p(x) for which

ISESp(x)£;< 400, (L.1)
where P = mTinp(x) , p=max p(x),

The set of exponents p(x) for which 1< p < p(x)< p < +% wedenote by P . By P

we denote a set
of those p (x) for which the log-continuity condition

()~ p(y)| s —

1
=Tl < (12)

is fulfilled. Here the constant 4 does not depend on x and y from theset 7 .
The variable exponent Lebesgue (*) ( T ) spaces for the exponent p € A is the set of all measurable
functions f (x) for which

/)
A

p(x)
‘ dx <1

71, =int $2>0, ]
T

It is known that 77" spaces are the Banach function spaces (see, for example, [1]).
Throughout the paper, we will employ the following structural and constructive characteristics of 27 -
periodic functions from Z” (*) (7):

x+h

Q(1.8),, = sup |- J ria=r(: (13

0<h<é
()

is a generalized moduli of smoothness, and the best approximation by trigonometric polynomials
E, (f) 0y =if|f =T . (14)

where the infinitum is taken under all trigonometric polynomials of degree not greater than 7.

In [2-3], under the condition p € PN P , the authors prove the refined direct and inverse theorems of
constructive theory of functions, including weighted variable exponent Lebesgue spaces and periodic
differentiable in a generalized sense functions. Here we mean differentiability in a sense introduced in [4].

In the case where p € PN F,i.e. min p (x) =1, the direct theorem (an analogue of the second direct
Jackson’s theorem) for derivative of integ}gforder, has been indicated in [5-6]. However, in the latter paper
there is presented the theorem of inverse type for the class of Lipschitz type. In this work we, firstly, extend
the result obtained in [5] to fractional derivatives and, secondly, we have obtained a general inverse theorem
for fractional derivatives.

Another problem in the paper under consideration concerns both the condition ensuring belonging to the
space ” (¥) , min_p (x) =1, of a conjugate to the function f e I' and the classes, invariant with respect to
the conjugate Z)][T)’grator.

In [7], S.B. Stechkin in terms of the best approximations in the space C has found the condition for the
conjugate function to be continuous. In the same work it is mentioned that analogous results are likewise
valid for the classical Lebesgue space [!. In the present work we solved the same problem in a general
statement, in the framework of spaces (x) , pe PN B.
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2. Direct and Inverse Theorems for « -Order Derivatives of Periodic Functions

In this section we will employ the derivative of fractional « -order a >0 in Weyl’s sense whose definition is
given, e. g., in A. Zygmund’s book (Vol. II, Ch. XII, Sect. 8). For the 2 -periodic function f € L'(T), the
above-mentioned derivative we denote by £ (@),

The basis of our investigation in this section is the following Bernstein-Zygmund type theorem for
fractional order derivatives of trigonometric polynomials.

Theorem 1.1. Let p € P°¢ P, and a >0. Then for trigonometric polynomials T, the inequality
HT(O‘)

o0 <en”|T,| o) @.1)

holds, where the constant ¢ does not depend on T, and n.

Note that the inequality of type (2.1) for p € P8 NP and for general type derivatives in weighted setting
has been proved in [2]. Certain improvements of the corresponding inequaliy is given in [8]. In [5] and [6], the
inequality of type (2.1) is stated only for positive integer a , but under the condition p =1.

By w” ()¢ e denote a set of those 27 -periodic functions for which

[Ayoe =111,

< +00
p() '
The following statements are valid:

Theorem 2.2. Let pe P N\B and if f e WP o >0, then the inequality

€ fle) 1
E,(f),0)< e Q[f ,njp(.), 22)

holds, where the constant ¢ does not depend on T, and n.
Theorem 2.3. Let p € P°¢ (\ B, and for some o >0 the condition

Zn“’lEn (f)p(-) < +00

n=l1
is fulfilled. Then f e w”(}* , and the inequality

n

Q[f (a)’lj 0 SC(%Z(" SRS 2 KR @3)
"

k=0 k=n+1

is valid.
Analogous statements are valid for generalized moduli of higher order smoothness.

3. The Condition of Belonging of a Conjugate Function to the Class .”), pe P**NR,
Zygmund Type Inequality and Invariant Classes.

At the beginning of this section, in terms of the best approximations we indicate the condition for the function
fel’ 0, p € P2 B, which guarantees that the derivative of the conjugate function f belongs to the same
space.

Theorem3.1. Let p e P°¢ (B, and Z, ={0,1,2,...} . If the condition

Bull. Georg. Natl. Acad. Sci., vol. 9, no. 3, 2015



10 Nina Danelia and Vakhtang Kokilashvili

Z”FIE" (f)p(.) <t reZz,

n=l1

is fulfilled, then the ; -th order derivative of the conjugate function f (") ¢ 170) and the inequality

E, (f (r))g {(” ) E, (1) 0+ 20 KT E(S) @4

k=n+1

holds, where the constant ¢ does not depend on f and n.

From the above theorem, in particular for » =, using the inverse theorem, we can conclude that the
following assertion is valid.
Theorem3.2. Let p e PN B . Ifthe condition

20(7.0),,
j ()

; dt < oo (25)

0

is fulfilled, then f e V) , and Zygmund type inequality

£Q(/.1) 1Q(/1)
y < »() 2 r()
0(.9)  <¢ J;—dué ! S 26)
holds.

From this theorem we have the following
Corollary 3.1. If for some | e N,

1 (/1) ¢

e0) (4 27
—— | In—| dt<o
'([ ! [ p ) , 27

then
t t ’
0

By ¥, we denote the set of those f L”('), pe P2 P, for which condition (2.7) is
fulfilled. Then Corollary 3.1 implies that if f €V, then f eV

Assume
V=%
k=0
Then the validity of the following assertion is obvious.
Theorem 3.3. Let pe P2 B, Then the class V is invariant with respect to the conjugate operator.
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