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ABSTRACT. In the theory of abelian groups the following two results are fundamental: on the
representation of finitely generated abelian groups in the form of a direct sum of cyclic subgroups and
the classification of locally cyclic groups. The generalization of the first of them for the case of modules
over the principal ideal domains is classical. However, there are no published works for locally cyclic
modules over the principal ideal domains. The aim of this paper is to fill this gap, namely, classification
locally cyclic modules over the principal ideal domains. © 2015 Bull. Georg. Natl. Acad. Sci.
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Necessary Definitions

Let L  be a lattice and 0, I L . The lattice L  is called distributive, if for any Lzyx ,, , one of the equations
holds:

(i)      =x y z x y x z     ;
(ii)      =x y z x y x z     .
The lattice with five elements (see Fig. 1) is called Diamant. The Lattice L  is distributive if and only if it

does not contain diamant [1].

Now, recall some necessary definitions and facts. Lattice L  is torsion free LI 0, , if none of the elements
of L covers 0. Let A  (not necessarily associative) be an algebra over the ring  . Algebra A  is torsion free

Fig. 1. Diamant.
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if 0a  ,   , Aa , implies that either 0   or 0a  . Algebra A  is called proper if for any Ax ,
0x  , lattice  L x  is torsion free. It is clear that proper algebra is torsion free. Torsion free algebra is not

always proper. If  is a field and A  is a Lie algebra over , then A  is torsion free but not proper. For any
Ax , the lattice  L x   is with only two elements 0  and I . The  module X  is periodical, if for any x X

   Ann idx  , 0  ,  .
One-generated subalgebra is called cyclic. An algebra is called locally cyclic, if any finite set of its

elements generate a cyclic subalgebra.

Distributive Lattice of Divisors

Let   be a commutative principal ideal domain. We consider the case when   is not a field. The case when
  is a field is trivial. Let  ,P P    be the set of all prime elements of . Let  = ,E     be the
set of all units (invertible elements) of . Denote by A  the equivalent classes = ,   U U  as follows:

1 21 2 1 2
, = , , , .P P P P E          U

Fix for each class U ,  , one prime element P ,  . Consider the set 
 , which consists of all finite

products of P ,  , i.e.,

 1 2

1 2
, ,n

j in

kk k
iP P P P k          .

Let   ,0,1    . Define the partial order   on   as follows:

 
 

sup , is the biggest common divisor of , ,

inf , is the smallest common multiple of , .

a b a b a b

a b a b a b




  

  







Consequently, ,   can be interpreted as a lattice with the last element 0 and the biggest element 1. Define
this lattice by L . For   , we introduce the notation L  for the interval  ,1 L  .

It is easy to see that L  and L  are distributive lattices and L  is a lattice of all divisors  .
Let x  be cyclic -module with conditions  Ann x   , i.e. 0x   for all 0 . Then it is obvious

that for any  , there exists the submodule x  in x  such that

 Ann = id .
x
x




 
  

 


Conversely, each nontrivial -submodule of x  has the same property. Consequently, if we define the map

   : , = , .L L x l l x l     
We can see that   is bijection and for all Lll ts , , it holds:

is divisor ofs s s tl l l l 
Consequently,   is lattice isomorphism.

If now    Ann = idx    , 1 , then for any divisor of   (suppose )  in the  -module x  there
exists -submodule x  with the condition:

 Ann = id , 1.
x
x

 


 
   

 


Similarly, we can construct the bijection:

   : , = ,L L x l l x   
with the similar condition

1 2 2
divides Il l   

.
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This holds if and only if

1 2
, , .l x l x 

So we conclude that   is isomorphism and it holds:
Theorem 1. If    ,    Ann idx  , then
(i)  L x L  if    Ann idx    ;
(ii)  L x L  if  Ann x   .
Remark 1. For the torsion free element 0x , we suppose that  Ann x   .

Locally Cyclic Modules

Let   be a periodical Lie algebra over the principal ideal domain , i.e. x  ,    Ann idx  , 0  .
Suppose ip   is a prime element and pi

  the set of all x ,    Ann = id k
ix p , k  . It is easy to see

that pi
  is an ideal in   and   has the decomposition in direct sum, i.e.

1 2
= p p p

         . (*)

For the principal ideal domain   consider the quotient field, i.e.

1 , , , 0 .a a b b
b




      
 

   

Theorem 2. -module   is locally cyclic.

Proof. Let us consider the finite set of elements 1 2

1 2
, , , k

k

aa a
b b b    and -submodule   generated by

these elements. Submodule  consists of the elements

,
2

2
2

1

1
1

k

k
k b

am
b
am

b
am  

where im , 1, ,i k  , are arbitrary elements of  . These elements could be written in the form:

.
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11211
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Fig. 2. Lattice 3 2Lp q . Fig. 3. Lattice 4Lp . Fig. 4. Lattice pL .
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Consequently, all the elements of   have the form:

1 2 1

1 for some ,
k

s s
b b b 
 




i.e., they are in the cyclic -submodule   1
1 2 1kb b b 

 . So we can conclude that -module   is locally cyclic.
Remark 2. It is easy to see that the theorem is true for any commutative domain and its quotient field.
In -module  , the elements of  can be considered as -submodule and, consequently, we can

consider the factor-module  = mod     . This is periodic  -module, i.e., for each:

     mod , Ann = id , 0 .r r          

Really, if  moda
b   , i.e. =a r

b
. Then  0 modab

b
   
 

 , Consequently, as periodic -module,

   has representation in the form (*) . Each component p
  from (*)  contains the elements:

     2
1 1 1, , , , .

mod mod modk
i i ip p p

   

Each element of pi
  has the form k

m
p

,  , = 1m p . Consequently, they are in this cyclic -module 1
k
ip

. So,

any -submodule of pi
  is either cyclic, or contains infinite elements of the set:

2
1 1 1, , , ,k

i i ip p p
  .

Thus we can conclude that each submodule of pi
  is either cyclic or coincides with pi

 . Consequently, if we
take finite set of the elements from (*) , then it generates either cyclic  -module, or finite direct sum of
cyclic -modules from different components of pi

 . Thus we conclude that  -module  mod   is again
cyclic. So we proved:

Theorem 3. Periodic -module  mod   is locally cyclic.

Distributive Lattices of Submodules and Subalgebras

Now we shall prove the analogy of the theorem of O. Ore, which is one of the fundamental theorems in the
lattice theoretical characteristic of groups.

Proposition 1. Let Lie algebra   be defined over arbitrary commutative ring . If L is locally cyclic,
then the lattice  L   is distributive.

Proof.  Let A,  B ,  C be sub-algebras of L.  We have ABA  ,  CBBBA  ,  thus
  =A B A B C U    . We have as well ACA  , BCCCA  . Consequently,,

     = = .V A B A C A B C U     

Let us prove the inverse inclusion. Consider the element:

.,,,==, CcBbAacbagUg 
L  is locally cyclic so , =b c u  and we have bqu = , csu = , sq, .

On the other hand,

   = , = , = = .mb nc u mq ns u u a b c q s u   

Let

   
   

,

.

x qa q q s u q s b A B

sa s q s u q s c A C
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Then

          .a q s u q s me ns u mq q s ns q s u mx ny             
Thus, we have    a A B A C    .

On Application to Subalgebra Lattices

Now for principal ideal domains, we shall prove the theorem of O. Ore [4] (see also [5]).
Theorem 4. Lie algebra   over the principal ideal domain  has distributive subalgebra lattice, if and

only if it is locally cyclic.
Proof. We will suppose   is not a field. For the case of field, the situation is trivial, i.e. if L x y  ,

then  L   contains diamant (Fig. 1) x X , y Y , x y Z  .
Suppose there is finitely generated but not one-generated subalgebra A in L. As  L   is distributive, more

than that it is modular. So if the lattice  L   is modular and  is principal ideal domain, which is not a field,
then each submodule of L is subalgebra [2]. Consequently, L as a module over the principal ideal domain 
is finitely generated. As -module, algebra A has the decomposition in direct sum [3], i.e.

1 2 ,nA a a a   

where all ia , 1, 2, ,i m  , are primary or free cyclic subalgebras. As A is not one-generated, among the

ia , we can choose two ja , ka  with coprime periods. Now, if ja X , ka Y , j ka a Z  , then
in the lattice  L A  there exists diamant (Fig. 1). Consequently, we have a contradiction, i.e.  L   is not
distributive. The inverse is a corollary of the Proposition 1.

Remark 3. The theorem does not give guarantee that from the distributivity of  L   to conclude that L
is locally cyclic. There exist rings and non-locally cyclic modules over such rings with distributive submodule
lattices.

Corollary 1. Algebra Lie L over the principal ideal domain   is cyclic, if and only if, when the
subalgebra lattice  L   is distributive lattice with maximal condition.

Proof. It is well-known that for Lie algebra L over the principal ideal domain   the subalgebra lattice
 L   has maximal condition, then it is finitely generated. As the lattice  L   is distributive with maximal

condition, then   is locally cyclic and finitely generated, thus it is cyclic. On the other hand, if L is cyclic,
then  L   is distributive (Proposition 1). More than that, if LH <0 , then the lattice  L H  has finite
length. It is clear that  L   satisfies maximal condition.

Theorem 5. If L  and 1L  are Lie algebras over the principal ideal domains   and  , and    1L L  ,
then torsion free cyclic subalgebras are mapped to torsion free cyclic subalgebras and periodical cyclic
subalgebras are mapped to periodical cyclic subalgebras.

Corollary 2. Algebra Lie L over the principal ideal domain  , if and only if is proper cyclic when the
lattice  L   is torsion free with maximal condition.

Remark 4. To be torsion free lattice  L   is guaranteed by the fact that L has no torsion as a module and
  is a principal ideal domain, which is not a field, i.e.   is a proper Lie algebra.

Remark 5. For Lie algebras over principal ideal domain being cyclic subalgebra is preserved under the
lattice isomorphisms.
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maTematika

lokalurad cikluri da distribuciuli
modulebi da algebrebi

a. laSxi

saqarTvelos teqnikuri universiteti

(warmodgenilia akademiis wevris x. inasariZis mier)

abelur jgufTa TeoriaSi ori Sedegia fundamenturi: erTi _ sasrul warmomqmneliani
abeluri jgufebis cikluri qvejgufebis pirdapir jamebad daSlis Sesaxeb, xolo meore
_ lokaluri cikluri jgufebis klasifikacia. klasikuria pirveli maTganis ganzogadeba
mTavar idealTa rgolebze gansazRvruli modulebisTvis. lokalurad cikluri modulebi
mTavar idealTa rgolebze ki klasificirebuli ar aris. naSromis mizania am xarvezis
aRmofxvra, kerZod, mocemulia lokalurad cikluri modulebis klasifikacia mTavar
idealTa rgolebze gansazRvruli modulebisaTvis.

REFERENCES

1. Birkhoff G. (1961) Lattice theory. Revised ed. American Mathematical Society Colloquium Publications.
2. Lashkhi A.A. (1985) Itogi Nauki i Tekhniki. Ser. Sovrem. Problem. Mat. Nov. Dostizh. 26: 213-257.
3. Lashkhi A.A. (1975) Trudy Mat. Inst. AN GSSR 46: 5-21 (in Russian).
4. Lang S. (2002) Algebra. Revised third edition. Graduate Texts in Mathematics. 211. Springer-Verlag, New York.
5. Schmidt R. (1994) Subgroup lattices of groups. De Gruyter Expositions in Mathematics. 14. Walter de Gruyter

& Co., Berlin.
6. Ore O. (1937) I. Duke Math. J. 3, 2: 149-174.
7. Ore O. (1938) II. Duke Math. J. 4, 2: 247-269.
8. Lashkhi A.A. (1986) J. Algebra 99, 1: 80-88.
9. Fuchs L. (1970) Infinite Abelian groups. I. New York-London. 

Received  September, 2015


