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ABSTRACT. In this paper ultraparabolic equation with nonlocal initial condition is considered in
abstract Hilbert spaces. The existence and uniqueness result for the nonlocal problem is proved in
suitable spaces of vector-valued distributions with values in Hilbert spaces. An iteration algorithm of
approximation of solution of the nonlocal problem by a sequence of solutions of corresponding classical
problems is constructed and investigated. Applying general result obtained for non-classical problem in
abstract Hilbert spaces, nonlocal in time initial-boundary value problem for ultraparabolic equation is
studied in Sobolev spaces. © 2015 Bull. Georg. Natl. Acad. Sci.
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Ultraparabolic equations and other evolution equations involving several time variables has various applica-
tions in physics (e.g., multi-parameter Brownian motion), biology (e.g., age structured population dynamics),
mathematical finance and other areas of science. Various types of ultraparabolic problems have been studied
(see [1-9] and references given therein), however non-classical problems for ultraparabolic equations with
nonlocal conditions with respect to the time variables [10] are not widely investigated.

In the present paper we study ultraparabolic equation in abstract Hilbert spaces with two time variables,
classical initial condition with respect to one time variable and nonlocal initial condition with respect to
another time variable. We obtain existence and uniqueness result in spaces of vector-valued distributions
with values in abstract Hilbert spaces, and prove that solution continuously depends on the given data in
suitable spaces. We construct an iteration algorithm of approximation of solution of the nonlocal in time
problem for ultraparabolic equation by classical problems, prove convergence of the sequence of solutions
of the classical problems and estimate the rate of convergence. Moreover, we consider applications of the
obtained general results to nonlocal in time problem for ultraparabolic partial differential equation with two
time variables and general second-order elliptic operator.
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We denote by L(X; ) the space of linear continuous operators from X to ¥, where X and Y are Banach
spaces. Let C([0,7]; X) denote the space of continuous vector-functions on [0,7] with values in X. We denote
by L*(A; X) the space of such measurable vector-functions g:A — X that |g|, € Z*(A) and the general-
ized derivatives of g we denote by 0g / 07; € D'(A; X) = L(D(A); X), i=1,....s , dg/dr; =g, for s =1 (cf.
[11]), where D(A) is the space of infinitely differentiable functions with compact support in A, where A — R*,
s € N is a bounded domain.

Let Vand H be separable Hilbert spaces, such that /is dense in A and continuously embedded in it. We
identify space H with its dual by using the inner product (.,.) in H and hence ¥ <« H < V' with continuous
and dense embeddings, where V' is the dual space of V. We denote by (., > the duality relation between V'
and V. Let us consider the following space of vector-valued distributions

W ={we *(;V);0w/ dt;,0w/ oty € [ (;V")}, @=(0,T,)x(0,T5),
which is a Hilbert space equipped with the norm
) ) ) 1/2
"v"W = (||v||L2(w;V) +||6w/6t1 "Lz(w;V’) +||6w/8t2 "Lz(w;V'))
In the following two theorems we give some properties of the space .

Theorem 1. For each vector-function weW and 0<1 <I;, 0<1,<T,, there exist traces
w(t),8,) = (tr, -, w(%,) and w(t,7,) = (tr,,_., w)t,) , such that the trace operators 1r; _ W — I*(0,Ty; H)
and tr, _. : W - LZ(O,TI;H) are continuous.

1=7

Theorem 2. For vector-functions we W and v €V the following equalities are valid
2 Y=L, (2v) =Ly in D).
ot ot ot, ot,
Let A€ L(V;V'") beaself-adjoint coercive operator, which means that the bilinear form a(v, w) = (Av, w)

satisfies the conditions

a(v,w)| <c, |V, (W, »
polsablbbd. .
a(v,w)=a(w,v), a(v,v)2¢, ||v||V ,

where c,,¢, = const > 0 . We also suppose that there exists a system of eigenvectors {v, },n of the opera-
tor 4 corresponding to the eigenvalues {i,? brens 1-€. a(vg,v) = i,f (v,v) , forall v eV, which is complete in
V and orthonormal in H. From (1) it follows that the operator 4 € L(V;V'") is invertible and A e L,y [12).
Notethat a(v,v) = (Avk,v> = l,? Ve, v) = <lkzvk,v> andhence Av, = ikak ev, v /ikZ = Aﬁlvk, forall k e N.

Let us define space V, ={veV;Ave H}, which is a Hilbert space equipped with the scalar product

(v, w), =(4v, Aw), for all v,w e V. Space V] is continuously embedded in V, since
"v"V = “AilAv”V < HAfl “"AV”V <¢ HA71”||AV||H =c, “A*l“"v"V1 , ¢,cy=const>0.

Note that the space 7] is dense in V. Indeed, if veV, then AveV'. Since H is dense in V', there exists
sequence (4,),s1, h, € H, n€ N, such that h, — Av in V', as n — co. Consequently, 4™'h, — 4 ' Av="v
inV,as n — oo, and A’lhn eV,neN.

So, Vi cV < H c V'V, with continuous and dense embeddings, where V7' is the dual space of 7.
The duality relation between V" and V| we denote by <., .>1. Note that for all v,w eV we have

(v [ =[Cavwl < s I, =, ol < sl ol - s = comst > 0,

and hence ||Av||Vl, <G ||v||V1 . The restriction of the operator 4 on ¥ is a linear continuous operator from V| to
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J{ and since V| is dense in H, there exists unique continuous continuation of 4 on H.
In this paper we consider non-classical problem for an abstract ultraparabolic equation

WL du=fr @) €OT)XOT), ®)
oy ot
with the following classical and nonlocal initial conditions
u(0,6)=@(ty), 0<t,<T,,  u(t,0)=au(t,&)+y(t), 0<4<T, ©)

where o e R, 0<& <T,, ¢ and ¥ are given vector-functions from suitable spaces, which we define by
applying Theorem 1, and 4 is a given linear continuous operator in corresponding spaces. In the present
paper we investigate nonlocal problem (2), (3) applying the following variational formulation: find a vector-
function u e W, ou(t,,0)/ ot I? 0,73; 1), ou(0,1,)/ ot € (0, T,; V) , which satisfies the equation
0 0
g(u(.,.),v)+§(u(.,.),v) +a()=(f().v), Vvel, @)
1 2

in the sense of distribution on @, and initial conditions

(11, —u)(t;) = @(1), 0<t,<T,,

®)
(tr,—qu)(t) = ot _cu)(t) +y (1),  0<4 <T,

in the spaces L*(0,T; 53 H) and (0, 1;; H) , respectively. Applying Theorem 2 and by taking account of the
density of linear combinations of products ¢v, ¢ € D(w), veV,in I? (w; V) we obtain that equation (4) is
equivalent to equation (2), which is considered as equation in the space I? (w;V").

The following existence and uniqueness theorem is valid for nonlocal problem (4), (5).

Theorem 3. If ¢ € [*(0,T,;H), ¢' € 20,15 V), w e I? (0,7;;H), w' € I*(0,T;; V) and satisfy compat-
ibility condition @(0)=ap(&)+y(0), and f,g—f,g—fe I? (w; V"), then problem (4), (5) has a unique

L Oh

solution and the following estimate is valid

"””W < C(||¢"L2(0,T2;H) +||¢'||L2(0,T2;V1’) +"V/"L2(0,T1;H) +||V/,||L2(0,T1;Vl')

A 9
12 (w;7")

For nonlocal in time problem (4), (5) we can construct iteration algorithm of approximation of solution of

+

+||f||L2(a);V') +
Lz(a);V’)

the nonlocal problem by solutions of classical problems in corresponding spaces. We consider the following
sequence of problems with classical initial conditions: find a vector-function w, eW,
ow,(4,0)/ 01 € I’ (0,73;77), ow,(0,1,)/ 0ty € (0, T,;V;), which satisfies the equation

0 0
—(w, (), v)+—(w, (,)v)+a(w, (.,.),v)= 5 ),v), Yvel, ©6)
atl(,,())atz(p()) W, () =(f(.)v)
in the sense of distribution on @, and initial conditions
(tr,2owy)(1y) = (1), 0=, <D,
(1, oW, t)) = a(tr, _ew, )t +yw (), 0<f<T,
in the spaces 1*(0,T: 5, H) and I2(0, 1;; H), respectively, where w, = 0. From Theorem 3 we obtain that the

classical problem (6), (7) has a unique solution for each p € N. In the following theorem we give result on the

p=1, @

convergence of the sequence of vector-functions (wp)";:1 to the solution of the nonclassical problem.
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Theorem 4. If o<1 and ¢c*(0,Ty;H), ¢ e *(0,Ty;1)), v el*(0,T;H), y'el*(0,T;V)),

0(0)=ap(&)+w(0), f, 6_f s—f ? (0;V"), then problem (4), (5) has a unique solution, the sequence
ly

(w, );f:l of solutions of problem (6), (7) tends to u in the space I’ (w;V) and "u -w, " <ca?, peN,

2 (@:7)
c=const>0.

Now let us consider application of the general results obtained for abstract nonclassical problem to
nonlocal in time problem for ultraparabolic partial differential equation. Let Q < R”, n € N, be a bounded
domain with Lipschitz boundary T [12]. By H*(Q) we denote the Sobolev space of the k-th order based on
I?(Q), k e N. We denote the closure in H F(Q) ofthe set D(Q) of infinitely differentiable functions with
compact support in QQ by H, (1)‘ (Q) and its dual space we denote by H * (Q) . We consider the second-order

elliptic operator

20 0
=-> — P> (aq,(x) /J+ao(x)

q.j=1

where a,;(x),ay(x) € L*(Q), q,j =1,...,n. We assume that the inequalities

ag(x) 20, Za (x)n]nq_cZ(n] , c=const>0, ®)
9,J=1

are valid for almost all x € Q, 7; (j =1,...,n) are arbitrary real numbers. Partial derivatives in the definition of
A are treated as generalized derivatives with respect to the corresponding variables. Note that the first-order
partial derivative of a function in I? (Q) belongs to the space H ™' (Q). Since the multiplication of a function
in the space I (Q) by a function in L”(Q) leaves it in I? (Q), for each function ve H, (1) (Q) we have
Av e H™'(Q). The elliptic operator 4 is a continuous operator from H(l) (Q) tothe space H ' (€2), which, by

virtue of (8), satisfies the following self-adjointness and coerciveness conditions

(Av,W)s = (AW, V), {(AvV) 2 al|v ||H oy Twe Hy(Q),

where o = const >0, (.,.)« is the duality relation between the spaces H 71(Q) and H(l)(Q). Note that
H 5 (QQ) is a dense subspace of {v e H(l) (Q); Av € I? (Q)}. The bilinear form a(v, w) = (Av,w). correspond-

ing to the operator 4 is of the following form

a(v,w) = I[Za A(x )——+a0(x)vw dx

Q\q,j=1

and satisfies conditions (1). Since the continuous embedding of H(l) (Q) in () is compact, it follows from
properties of self-adjoint coercive operators mapping a Hilbert space into its dual [12] that there exists a
system of orthonormal in [*(Q) and complete in H(l)(Q) eigenfunctions {v,},_, of the operator
A:H)(Q)— H'(Q) corresponding to the eigenvalues {A2}7_ , such that 0< 1, <1, <.., 4, —>® as
k— .

Letus consider nonclassical problem for ultraparabolic partial differential equation

—+—+Au = f(x,4,t,), (x,4,t,) € Q% (0,7)x(0,T5), ()

with the nonlocal initial and homogeneous boundary conditions
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u(xaoa t2) = ¢(xat2)7

u(xatlao) = au(xa tlaé) +W(~x7t1 )7

u(x:tlatz):(): (X,tl,tz)EFX(O,TI)X(O,Tz), (11)
where I' is the boundary of Q, a € R. Note, that vector-functions defined on Qx(0,7;)x(0,7,) can be

identified with vector-functions defined on (0,7})x(0,7,) and ranging in the corresponding function spaces

xeQ, (10)

on Q. Hence, the nonlocal in time problem (9)-(11) can be stated as the problem of finding a vector-function
ue L (aw;,Hy(Q), uldt,,oul oty eI*(w,H ' (€)), which satisfies equation (9) in the space D'(w; H Q) of
distributions on wranging in H () , where the partial derivatives ou / ot,, Ou / Ot, are treated as first-order
generalized derivatives du /ot,,0u/ dt, € D'(w; Hy(Q)). In addition, we seek for u, which satisfies condi-
tions (10) in the spaces L*(0,T5; L* () and I*(0,T;; L*(Q)), respectively, and boundary conditions (11) are
valid because the trace of vector-function from H(l) (Q) vanishes on the boundary of the domain Q. Thus,
the nonlocal in time problem (9)-(11) is a particular case of the nonclassical problem (4), (5), with V' = H, (1) (Q),
H = I*(©) . The following existence and uniqueness theorem is valid for nonlocal in time problem (9)-(11).
Theorem5.If ¢ € I7(0,T,; I*(Q)), @' € L*(0,Ty; H ' (Q)), w € I*(0,T;; I*(Q)), w' € [*(0,T;; H ' (Q))
and satisfy compatibility condition @(x,0)=a@(x,5)+w(x,0), for almost all xeQ, and
of of

f,g,geLz(w;H’l(Q)), then problem (9)-(11) has a unique solution ueLz(a);H(l)(Q)),
1 0l

Ou/ot,0ulét, e I*(w; H'(Q)) and the following estimate is valid

||u||i2(w'H1(Q)) + Ou : Ou 2 < c("(/’”Lz(O .12 +||¢'"Lz(0 I, (@)
»11( 6!1 Lz(w;Hfl(Q)) atz Lz(a);H’I(Q)) 5425 NoH
' of of
+||l//|| 200 772 +||!// ” 2 +||f|| A +1 L9
romEey FOBEeN SR RE@HTE) on ot 1002 |20y

Bull. Georg. Natl. Acad. Sci., vol. 9, no. 3, 2015



42 Gia Avalishvili and Mariam Avalishvili

3‘)0933‘)(50 39

bbh&ﬁ)bﬂ&ﬂgo ‘3;2&5)3365)0me-360
abﬁ@mg:»abolsbmz;ols bﬁ)me dbgrg-aﬁ)o .)30)(3.)5015 'aalsol‘)ab

3- %3°m0830gmo’, 3. sgemodgommo™

* 0. xogobnggngml( Lok, m&ng}n[;n[; bobgg»aﬁ’ogm Z]Eo&flﬁ[m(ﬁ{/@n, 75;:7[5(5 @9 1503;75(7301‘3{7(5(73{7@{*7 Hgagogﬁgaomo
Q39 IHos m&ngmlsn, Zjojoﬁmggglm
**Zjojoﬁmggglmls Zy[fngﬂﬁlsn(ég(én, n[fgmﬁ&)@o{jol}, 05;70536001}& @ 3&@73&(}50‘;0[} Z}JWQJ, m&ngmljn, Z;Jjoﬁmggglm

(Fo®Bemggbormos 3300093001 Fg3t0l g Baatrsasl dogé)

V‘)ﬁamgaasom 6596™ddo 3.)550;3'3;20.) ggméﬁ)b‘;bﬁ)bbmmgﬁm 3&5®mQ365 oéondoQgﬁ)o
1).)6301)0 306072)3600) bbl&éﬁ)bﬂé‘ag QOQBZ]&)&OB 1)036(3336’30. oﬁogmdoggﬁo éameof;ols.)maols

33 o ®o 3dm(3360l 33mbablbol Fgbsdsdobo gmobognmo 33dm(336930L 33mbablbgdols

HOHQ%&N")BOO) 036(‘751}03000015 0&86)000‘89’20 09:’8(")&)00)30. 0&))65’:61}06‘8&)0 63(')(36501)60)301)

obl&éﬁ)bﬂégm QOQBZ]ﬁ)éoB 1)03(4)0336'30 30;236‘39:»0 %"’3*5‘20 '33;233015 8.)3003363500) hmbmg:)%ols

130360{1)6’30 '331)%Q0Q0& ;l\)ﬁmoco oﬁogm 6‘591"3‘4’0 w:jols-hlsé%gz;t‘)m .)3(*)0.)5.) ﬂgéﬁ)b‘;bﬁ)obmggﬁm
aoﬁémgabolsbmaols.

REFERENCES

. Ashyralyev A., Yilmaz S. (2012) Abstr. Appl. Anal. 1-14.

. Benrabah A., Rebbani F., Boussetila N. (2011) Balkan Journal of Geometry and its Applications. 16, 2: 13-24.

. Bouziani A. (2001) Electr. J. Diff. Eq. 1-16.

. Il’in A.M. (1964) Dokl. Acad. Nauk SSSR, 159, 6: 1214-1217 (in Russian).

. Vo Anh Khoa, Tuan Nguyen Huy, Le Trong Lan, Nguyen Thi Yen Ngoc (2015) Appl. Math. Letters. 46: 70-76.

. Lions J-L. (1958) J. Anal. Math. 6: 333-355.

. Lorenzi L. (1998) Le Mathematiche. 53: 401-435.

. Protsakh N. (2013) Tatra Mount. Math. Publ. 54: 133-151.

9. Lin Surong, Mo Jiaqi (2008) Appl. Math. Mech. 29, 10: 1377-1381.

10. Avalishvili G, Avalishvili M., Miara B. (2012) Asympt. Anal. 76: 171-192.

11. Dautray R., Lions J.-L. (1988) Analyse mathématique et calcul numérique pour les sciences et les techniques.
vol. 8: Masson, Paris.

12. McLean W. (2000) Strongly elliptic systems and boundary integral equations. Cambridge Univ. Press,

Cambridge.

02N N AN~

Received November, 2015

Bull. Georg. Natl. Acad. Sci., vol. 9, no. 3, 2015



