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ABSTRACT. In this paper ultraparabolic equation with nonlocal initial condition is considered in
abstract Hilbert spaces. The existence and uniqueness result for the nonlocal problem is proved in
suitable spaces of vector-valued distributions with values in Hilbert spaces. An iteration algorithm of
approximation of solution of the nonlocal problem by a sequence of solutions of corresponding classical
problems is constructed and investigated. Applying general result obtained for nonclassical problem in
abstract Hilbert spaces, nonlocal in time initial-boundary value problem for ultraparabolic equation is
studied in Sobolev spaces. © 2015 Bull. Georg. Natl. Acad. Sci.
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Ultraparabolic equations and other evolution equations involving several time variables has various applica-
tions in physics (e.g., multi-parameter Brownian motion), biology (e.g., age structured population dynamics),
mathematical finance and other areas of science. Various types of ultraparabolic problems have been studied
(see [1-9] and references given therein), however non-classical problems for ultraparabolic equations with
nonlocal conditions with respect to the time variables [10] are not widely investigated.

In the present paper we study ultraparabolic equation in abstract Hilbert spaces with two time variables,
classical initial condition with respect to one time variable and nonlocal initial condition with respect to
another time variable. We obtain existence and uniqueness result in spaces of vector-valued distributions
with values in abstract Hilbert spaces, and prove that solution continuously depends on the given data in
suitable spaces. We construct an iteration algorithm of approximation of solution of the nonlocal in time
problem for ultraparabolic equation by classical problems, prove convergence of the sequence of solutions
of the classical problems and estimate the rate of convergence. Moreover, we consider applications of the
obtained general results to nonlocal in time problem for ultraparabolic partial differential equation with two
time variables and general second-order elliptic operator.
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We denote by L(X; Y) the space of linear continuous operators from X to Y, where X and Y are Banach
spaces. Let C([0,T]; X) denote the space of continuous vector-functions on [0,T] with values in X. We denote
by L2(; X) the space of such measurable vector-functions :g X  that 2 ( )Xg L   and the general-
ized derivatives of g we denote by / ( ; ) = ( ( ); )ig D X L D X      , 1,...,i s , 1/dg d g  , for 1s   (cf.

[11]), where ( )D   is the space of infinitely differentiable functions with compact support in , where s  R ,
sN is a bounded domain.

Let V and H be separable Hilbert spaces, such that V is dense in H and continuously embedded in it. We
identify space H with its dual by using the inner product (.,.) in H and hence V H V    with continuous
and dense embeddings, where V  is the dual space of V. We denote by .,.  the duality relation between V 

and V. Let us consider the following space of vector-valued distributions
2 2

1 2{ ( ; ); / , / ( ; )}W w L V w t w t L V         ,  1 2(0, ) (0, )T T   ,

which is a Hilbert space equipped with the norm

 2 2 2

1/22 2 2
1 2( ; ) ( ; ) ( ; )/ /W L V L V L Vv v w t w t          .

In the following two theorems we give some properties of the space W.

Theorem 1. For each vector-function w W  and 1 10 T  , 2 20 T  , there exist traces

1 11 2 2( , ) ( )( )tw t tr w t   and 
2 21 2 1( , ) ( )( )tw t tr w t  , such that the trace operators 1 1

2
2: (0, ; )ttr W L T H 

and 2 2
2

1: (0, ; )ttr W L T H   are continuous.
Theorem 2. For vector-functions w W  and v V the following equalities are valid

1 1 2 2
, ( , ), , ( , )w wv w v v w v

t t t t
   

 
   

 in ( )D  .

Let ( ; )A L V V   be a self-adjoint coercive operator, which means that the bilinear form ( , ) = ,a v w Av w 

satisfies the conditions

2

( , ) ,
, ,

ˆ( , ) = ( , ), ( , ) ,

a V V

a V

a v w c v w
v w V

a v w a w v a v v c v


 


(1)

where ˆ, = > 0a ac c const . We also suppose that there exists a system of eigenvectors { }k kv N  of the opera-
tor A corresponding to the eigenvalues 2{ }k k N , i.e. 2( , ) = ( , )k k ka v v v v , for all v V , which is complete in
V and orthonormal in H. From (1) it follows that the operator ( ; )A L V V   is invertible and 1 ( ; )A L V V   [12].

Note that 2 2( , ) = , ( , ) ,k k k k k ka v v Av v v v v v    and hence 2
k k kAv v V  , 2 1/k k kv A v  , for all k N .

Let us define space 1 { ; }V v V Av H   , which is a Hilbert space equipped with the scalar product

1( , ) ( , )v w Av Aw , for all 1,v w V . Space 1V  is continuously embedded in V, since

1

1 1 1 1
1 2 1 2, , 0V V H VV

v A Av A Av c A Av c A v c c const   
      .

Note that the space 1V  is dense in V. Indeed, if v V , then Av V  . Since H is dense in V , there exists
sequence 1( )n nh  , nh H , nN , such that nh Av   in V , as n  . Consequently, , 1 1

nA h A Av v  
in V, as n  , and 1

1nA h V  , nN.
So, 1 1V V H V V      with continuous and dense embeddings, where 1V  is the dual space of 1V .

The duality relation between 1V  and 1V  we denote by 1., . . Note that for all 1,v w V  we have

 
1 1 13 31, , , 0H H V H V VAv w Av w Av w v w c v w c const      ,

and hence 
1 13V VAv c v  . The restriction of the operator A on V1 is a linear continuous operator from V1 to
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1V  and since V1 is dense in H, there exists unique continuous continuation of A on H.
In this paper we consider non-classical problem for an abstract ultraparabolic equation

1 2

u u Au f
t t
 

  
 

,           1 2 1 2( , ) (0, ) (0, )t t T T  , (2)

with the following classical and nonlocal initial conditions

2 2 2 2 1 1 1 1 1(0, ) ( ), 0 , ( ,0) ( , ) ( ), 0 ,u t t t T u t u t t t T          (3)

where  R, 20 T  ,   and   are given vector-functions from suitable spaces, which we define by
applying Theorem 1, and A is a given linear continuous operator in corresponding spaces. In the present
paper we investigate nonlocal problem (2), (3) applying the following variational formulation: find a vector-
function u W , 2

1 1 1 1( ,0) / (0, ; )u t t L T V    , 2
2 2 2 1(0, ) / (0, ; )u t t L T V    , which satisfies the equation

   
1 2

(.,.), (.,.), ( (.,.), ) (.,.), , ,u v u v a u v f v v V
t t
 

    
 

(4)

in the sense of distribution on  , and initial conditions

1

2 2

0 2 2 2 2

0 1 1 1 1 1

( )( ) ( ), 0 ,

( )( ) ( )( ) ( ), 0 ,
t

t t

tr u t t t T

tr u t tr u t t t T



 


 

  

   
(5)

in the spaces 2
2(0, ; )L T H  and 2

1(0, ; )L T H , respectively. Applying Theorem 2 and by taking account of the
density of linear combinations of products v , ( )D  , v V , in 2 ( ; )L V  we obtain that equation (4) is
equivalent to equation (2), which is considered as equation in the space 2 ( ; )L V  .

The following existence and uniqueness theorem is valid for nonlocal problem (4), (5).
Theorem 3. If 2

2(0, ; )L T H  , 2
2 1(0, ; )L T V   , 2

1(0, ; )L T H  , 2
1 1(0, ; )L T V    and satisfy compat-

ibility condition (0) ( ) (0)     , and 2

1 2
, , ( ; )f ff L V

t t


  
 

, then problem (4), (5) has a unique

solution and the following estimate is valid

 2 2 2 2
2 2 1 1 1 1

2
2 2

(0, ; ) (0, ; ) (0, ; ) (0, ; )

( ; )
1 2( ; ) ( ; )

.

W L T H L T V L T H L T V

L V
L V L V

u c

f ff
t t

 

    


 

    

    
  

For nonlocal in time problem (4), (5) we can construct iteration algorithm of approximation of solution of
the nonlocal problem by solutions of classical problems in corresponding spaces. We consider the following
sequence of problems with classical initial conditions: find a vector-function pw W ,

2
1 1 1 1( ,0) / (0, ; )pw t t L T V    , 2

2 2 2 1(0, ) / (0, ; )pw t t L T V    , which satisfies the equation

   
1 2

(.,.), (.,.), ( (.,.), ) (.,.), , ,p p pw v w v a w v f v v V
t t
 

    
 

(6)

in the sense of distribution on , and initial conditions

1

2 2

0 2 2 2 2

0 1 1 1 1 1 1

( )( ) ( ), 0 ,

( )( ) ( )( ) ( ), 0 ,
t p

t p t p

tr w t t t T

tr w t tr w t t t T



 


  

  

   
     1p  , (7)

in the spaces 2
2(0, ; )L T H  and 2

1(0, ; )L T H , respectively, where 0 0w  . From Theorem 3 we obtain that the
classical problem (6), (7) has a unique solution for each pN. In the following theorem we give result on the
convergence of the sequence of vector-functions =1( )p pw   to the solution of the nonclassical problem.
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Theorem 4. If 1   and 2
2(0, ; )L T H , 2

2 1(0, ; )L T V   , 2
1(0, ; )L T H  , 2

1 1(0, ; )L T V   ,

(0) ( ) (0)     , 2

1 2
, , ( ; )f ff L V

t t


  
 

, then problem (4), (5) has a unique solution, the sequence

=1( )p pw   of solutions of problem (6), (7) tends to u in the space 2 ( ; )L V  and 2 ( ; )
p

p L V
u w c


  , pN,

0c const  .
Now let us consider application of the general results obtained for abstract nonclassical problem to

nonlocal in time problem for ultraparabolic partial differential equation. Let n  R , nN, be a bounded
domain with Lipschitz boundary  [12]. By ( )kH   we denote the Sobolev space of the k-th  order based on

2 ( )L  , k N. We denote the closure in ( )kH   of the set ( )D   of infinitely differentiable functions with
compact support in   by 0 ( )kH   and its dual space we denote by  kH   . We consider the second-order
elliptic operator

0
, =1

( ) ( )
n

qj
q jq j

A a x a x
x x
  

      


where 0( ), ( ) ( )qja x a x L  , , 1,...,q j n . We assume that the inequalities

2
0

, =1 =1
( ) 0, ( ) ( ) ,    = > 0,

n n

qj j q j
q j j

a x a x c c const     (8)

are valid for almost all x , j  ( 1,...,j n ) are arbitrary real numbers. Partial derivatives in the definition of
A are treated as generalized derivatives with respect to the corresponding variables. Note that the first-order
partial derivative of a function in 2( )L   belongs to the space 1( )H   . Since the multiplication of a function
in the space 2( )L   by a function in ( )L   leaves it in 2 ( )L  , for each function 1

0( )v H   we have
1( )Av H   . The elliptic operator A is a continuous operator from 1

0 ( )H   to the space 1( )H   , which, by
virtue of (8), satisfies the following self-adjointness and coerciveness conditions

2 1
* * * 1 0( )

, = , , , || || , , ( ),
H

Av w Aw v Av v v v w H


         

where = > 0,const  *.,.   is the duality relation between the spaces 1( )H    and 1
0( )H  . Note that

2
0 ( )H   is a dense subspace of 1 2

0{ ( ); ( )}v H Av L    . The bilinear form *( , ) = ,a v w Av w   correspond-
ing to the operator A is of the following form

0
, =1

( , ) = ( ) ( )
n

qj
j qq j

v wa v w a x a x vw dx
x x



   
   


and satisfies conditions (1). Since the continuous embedding of 1
0 ( )H   in 2 ( )L   is compact, it follows from

properties of self-adjoint coercive operators mapping a Hilbert space into its dual [12] that there exists a
system of orthonormal in 2( )L   and complete in 1

0 ( )H   eigenfunctions 1{ }k kv 
=  of the operator

1 1
0: ( ) ( )A H H     corresponding to the eigenvalues 2

1{ }k k 
= , such that 1 20 ...    , k   as

k   .
Let us consider nonclassical problem for ultraparabolic partial differential equation

1 2 1 2 1 2
1 2

= ( , , ),    ( , , ) (0, ) (0, ),u u Au f x t t x t t T T
t t
 

   
 

(9)

with the nonlocal initial and homogeneous boundary conditions
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2 2

1 1 1

( ,0, ) = ( , ),
     ,

( , , 0) = ( , , ) ( , ),
u x t x t

x
u x t u x t x t


  




(10)

1 2 1 2 1 2( , , ) = 0, ( , , ) (0, ) (0, ),u x t t x t t T T  (11)

where   is the boundary of  ,  R. Note, that vector-functions defined on 1 2(0, ) (0, )T T   can be
identified with vector-functions defined on 1 2(0, ) (0, )T T  and ranging in the corresponding function spaces
on  . Hence, the nonlocal in time problem (9)-(11) can be stated as the problem of finding a vector-function

2 1
0( ; ( ))u L H  , 2 1

1 2/ , / ( ; ( ))u t u t L H       , which satisfies equation (9) in the space 1( ; ( ))D H    of
distributions on  ranging in 1( )H   , where the partial derivatives 1/u t  , 2/u t   are treated as first-order
generalized derivatives 1

1 2 0/ , / ( ; ( ))u t u t D H      . In addition, we seek for u, which satisfies condi-
tions (10) in the spaces 2 2

2(0, ; ( ))L T L   and 2 2
1(0, ; ( ))L T L  , respectively, and boundary conditions (11) are

valid because the trace of vector-function from 1
0 ( )H   vanishes on the boundary of the domain  . Thus,

the nonlocal in time problem (9)-(11) is a particular case of the nonclassical problem (4), (5), with 1
0= ( )V H  ,

2= ( )H L  . The following existence and uniqueness theorem is valid for nonlocal in time problem (9)-(11).
Theorem 5. If 2 2

2(0, ; ( ))L T L  , 2 1
2(0, ; ( ))L T H   , 2 2

1(0, ; ( ))L T L   , 2 1
1(0, ; ( ))L T H  

and satisfy compatibility condition ( ,0) ( , ) ( ,0)x x x     ,  for almost all x ,  and

2 1

1 2
, , ( ; ( ))f ff L H

t t
  

 
 

,  then problem (9)-(11)  has a unique solution 2 1
0( ; ( ))u L H  ,

2 1
1 2/ , / ( ; ( ))u t u t L H        and the following estimate is valid

2 1 2 2 2 1
0 2 22 1 2 1

2 2 2 1 2 1
1 1 2 1 2 1

2 2
2

( ; ( )) (0, ; ( )) (0, ; ( ))
1 2( ; ( )) ( ; ( ))

(0, ; ( )) (0, ; ( )) ( ; ( ))
1 2( ; ( ) ) ( ; ( ))

.

L H L T L L T H
L H L H

L T L L T H L H
L H L H

u uu c
t t

f ff
t t
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maTematika

abstraqtuli ultraparaboluri
gantolebisaTvis aralokaluri amocanis Sesaxeb

g. avaliSvili*, m. avaliSvili**

* i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti, zust da sabunebismetyvelo mecnierebaTa
  fakulteti, Tbilisi, saqarTvelo
**saqarTvelos universiteti, informatikis, inJineriisa da maTematikis skola, Tbilisi, saqarTvelo

(warmodgenilia akademiis wevris e. nadaraias mier)

warmodgenil naSromSi ganxilulia ultraparaboluri gantoleba aralokaluri
sawyisi pirobebiT abstraqtul hilbertis sivrceebSi. aralokaluri amocanisaTvis
damtkicebulia arsebobis da erTaderTobis Sedegi veqtorul mniSvnelobaTa mqone
ganawilebebis sivrceebSi mniSvnelobebiT hilbertis sivrceebSi. agebuli da gamokvleulia
aralokaluri amocanis amonaxsnis Sesabamisi klasikuri amocanebis amonaxsnebis
mimdevrobiT aproqsimaciis iteraciuli algoriTmi. araklasikuri amocanisaTvis
abstraqtul hilbertis sivrceebSi miRebuli zogadi Sedegis gamoyenebiT sobolevis
sivrceebSi Seswavlilia droiT aralokaluri sawyis-sasazRvro amocana ultraparaboluri
gantolebisaTvis.
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