
anzor xelaSvili

Tanamedrove fizikis 

safuZvlebi

nawili I 

fardobiTobis Teoriis elementebi 
zogadi fizikis kursSi

nawili II



anzor xelaSvili

Tanamedrove fizikis safuZvlebi, naw. II



ANZOR KHELASHVILI

FOUNDATIONS OF  
MODERN PHYSICS

VOL. II. MATHEMATICAL PROBLEMS  
OF QUANTUM MECHANICS

TBILISI 2022 



Tbilisis saxelmwifo universitetis n. amaRlobelis 
saxelobis maRali energiebis fizikis instituti 

anzor xelaSvili

Tanamedrove fizikis  
safuZvlebi

nawili II. kvanturi meqanikis  
maTematikuri kontrastebi. 

magistrantebis da doqtorantebisaTvis  
fizikis specialobiT

eZRvneba Cemi maswavleblebis
 naTel xsovnas

Tbilisi 2022



winamdebare wigni warmoadgens meore nawils kursisa `Tanamedrove 
fizikis safuZvlebi~. pirveli nawili exeboda fardobiTobis special-
uri da zogadi Teoriebis swavlebas zogadi fizikis kursSi. axla yur-
adReba gadagvaqvs me-20 saukunis kidev erT fundamentur moZRvrebaze 
_ kvantur meqanikaze. Tuki pirveli nawili gankuTvnili iyo damwyebi 
studentisaTvis, meore nawili, piriqiT, ganekuTvneba ufrosi kur-
sis studentebs, magistrantebs da doqtorantebs, romlebsac ukve 
gavlili aqvT kvanturi meqanikis sabakalavro kursi. aseTi `naxtomi~ 
ganpirobebulia im garemoebiT, rom arsebul saxelmZRvaneloebSi 
sruliad an TiTqmis sruliad ar eqceva yuradReba maTematikuri xas-
iaTis mniSvnelovan siaxleebs, romelTa gareSe SeuZlebelia kvanturi 
meqanikis Tanamedrove sakiTxebSi orientireba. 

saqme is gaxlavT, rom kvanturi meqanikis operatorTa didi naw-
ili aris SemousazRvreli operatori hilbertis sivrceSi. maTTvis 
hilbertis sivrce aris usasrulo ganzomilebis. amis gamo Tavs iCens 
faqizi maTematikuri xasiaTis momentebi, romlebiTac usasrulo gan-
zomilebis sivrceebSi fizikurad dakvirvebadi sidideebis (damzer-
adebis) Tvisebebi Zireulad gansxvavdeba damzeradebisgan sasrulo 
ganzomilebis sivrceebSi. esaa gansxvaveba ermitul da TviTSeuRle-
bul operatorebs Soris, rac xSirad metad arsebiTia.

winamdebare wignSi miqceulia yuradReba funqcionaluri analizis 
saTanado sakiTxebze da garCeulia mTeli rigi paradoqsebisa, roml-
iTac xasiaTdeba `tradiciuli~ kvanturi meqanika. 

wigni ar aris dawerili tradiciuli saxelmZRvanelos formiT, 
masSi Tavmoyrilia sakmaod farTo xasiaTis informaciuli masala, 
ZiriTadad, maTematikidan.miuxedavad amisa, magistrantebi da doqto-
rantebi bevr saintereso problemas gaecnobian am wignSi. 

wigni saintereso unda iyos maTematikuri fizikis sferoSi mo-
muSave mecnieri TanamSromlebisaTvisac da rac mTavaria, xels Seu-
wyobs Teoriuli fizikis da funqcionaluri analizis paralelur 
Seswavlas. 

wignSi maTematikuri xasiaTis damxmare masala gadmocemulia wvri-
li SriftiT. 

avtori siamovnebiT miiRebs yvela saqmian SeniSvnas wignis Sinaar-
sis da gamoyenebuli meTodikis Taobaze. 

dakabadoneba da ydis dizaini: giorgi bagrationi

© anzor xelaSvili, 2022

gamomcemloba `nekeri~, 2022 

ISBN 978-9941-501-31-9



_ 5 _

winasityvaoba

kvanturi meqanikis warmoSoba da ganviTareba me-20 
saukunis 20-ian wlebSi iyo udidesi winsvla fizikur 
mecnierebaSi isaak niutonis moZRvrebis Semdeg. kvanturi 
meqanikis ideebma mogvces gansakuTrebuli Zvrebi kaco-
briobis Cveulebriv azrovnebaSi. kvanturi meqanika aris 
arsebiTi moZRvreba Tanamedrove atomur, molekulur, 
birTvul da elementarul nawilakTa fizikaSi, agreTve 
qimiasa da kondensirebuli garemos fizikaSi. 

arsebobs kvanturi meqanikis uamravi saxelmZRvanelo, 
TviT dirakis [Dirac P.A.M.Dirac, “The Principles of Quantum me-
chanics” 4th edn(Oxford: Oxford Univ. Press., 1958) da Sifis Schiff 
L, “Quantum Mechanics” (McGraw-Hill, New Zrvrebis York, 3nd ed, 
1965] cnobili wignebis CaTvliT, qarTul enaze aris er-
TaderTi saxelmZRvanelo (i. vaSakiZe, v. mamasaxlisovi, 
g. WilaSvili, `kvanturi meqanika~, Tsu gamomc. Tbili-
si, 1959, 1978), romlebiTac kvanturi meqanika iswavla 
fizikosTa araerTma Taobam. dRes igrZnoba, rom verc 
erTi arsebuli saxelmZRvanelo ver akmayofilebs kvan-
turi meqanikis Tanamedrove moTxovnebs, radgan ukanask-
nel periodSi kvanturma meqanikam ganicada sagrZnobi 
progresi da misi ar gaTvaliswineba saxelmZRvaneloebSi 
ubralod xelsac ki uSlis axalgazrdas gaerkves sagnis 
Tanamedrove problemebSi. magaliTad, saxelmZRvaneloeb-
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Si gadmocemuli kvanturi meqanikis maTematikuri apara-
ti Camoyalibebulia hilbertis sasrulo ganzomilebis 
mqone sivrceebSi, maSin roca kvanturi meqanika xSirad 
gamoiyenebs usasrulo ganzomilebis sivrceebs. aseT 
sivrceebSi bevri Sedegi imeorebs sasrul-ganzomilebi-
ani sivrceebisTvis damaxasiaTebel Sedegebs, magram aris 
arsebiTi gansxvavebebic, romelTa gauTvaliswineblo-
bas SeuZlia migviyvanos absurdul daskvnebamde. dasawy-
isisaTvis moviyvanoT erTi kargad cnobili magaliTi: 
Turme yvela operators ar gaaCnia Spuri _ diagonal-
uri elementebis jami matricul warmodgenaSi. aseTia 
erTeulovani operatori, I . misi Spuri udris 1

i
∑ , rac 

aris hilbertis sivrcis ganzomileba, romelic usasru-
loa usasrulo ganzomilebis sivrceSi. kerZod SevniS-
noT, rom Tu sasrulo-ganzomilebis sivrceSi koor-
dinatis Q  da impulsis P operatorebi akmayofileben 
[ ], 1Q P i=   komutaciis Tanafardobas, misi Spuris ga-
moTvla gvaZlevs winaaRmdegobriv Sedegs 0 1i Tr=  , am-
itom komutaciis Tanafardobis realizacia SesaZlebe-
lia mxolod usasrulo ganzomilebis mqone hilbertis 
sivrceSi, sadac Spuri ar arsebobs. (ufro dawvrilebiT 
es sakiTxi ganxiluli gveqneba qvemoT). kidev erT Tvise-
bas mivaqcevT yuradRebas: amave komutaciis Tanafardo-
bidan gamomdinareobs Tanafardoba 1n n nPQ Q P inQ −− = −
, (mtkicdeba induqciis meTodis gamoyenebiT), saidanac 
miiReba utoloba (am faqtis Sesaxeb pirvelad miuTiTa 
vintnerma 1947 wels) 

1 2 nnn Q P Q− ≤ ⋅ , 

e.i. 2 P Q n⋅ ≥  yvela n -isTvis, maT Soris usasru-
lod didi mniSvnelobebisTvis. es ki ewinaaRmdegeba op-
eratorTa SemosazRvrulobas. amitom, an P , an Q , an 
orive operatori unda iyos SemousazRvreli, anu Seu-
Zlebelia maT Sesaxeb msjeloba, Tu ar vizrunebT maTi 
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gansazRvris areebze (ix. qvemoT). terminebi `ermituli~ 
da `TviTSeuRlebuli~ gansxvavdeba erTmaneTisgan Se-
mousazRvreli operatorebisaTvis, maSin, roca erT-
maneTs Tanxvdebian matricebisTvis, an zogadad, Semosaz-
Rvruli operatorebisaTvis. mxolod TviTSeuRlebuli 
operatorebisTvis aris ZalaSi koreqtuli fizikuri Si-
naarsis mqone speqtraluri Teoremebi. 

cnobilia, rom fizika da maTematika arian mWidrod 
dakavSirebuli disciplinebi. axali Sedegebi fizikaSi 
xSirad iwveven maTematikis axali ganStoebebis warmoqm-
nas, xolo maTematikis axali koncefciebi hpovebs gamoy-
enebas fizikaSi. kvanturi meqanika asrulebs fundamen-
tur rols Tanamedrove fizikis TiTqmis yvela sferoSi. 
analogiur rols maTematikaSi asrulebs funqcionaluri 
analizi. Tumca SesaZlebelia kvanturi meqanikis ZiriT-
adi safuZvlebis Seswavla wrfivi algebris meSveobiT, 
ufro Rrma gaazreba SeuZlebelia funqcionaluri anal-
izis elementebis gareSe. unda aRiniSnos, rom amis gamo 
kvanturi meqanika da funqcionaluri analizi, rogorc 
maTematikuri fizikis safuZveli, me-20 saukunis dasawy-
isidan viTardebodnen TiTqmis erTmaneTis paralelu-
rad. migvaCnia, rom Tanamedrove maTematikuri fizikis 
miRwevebis gaTvaliswineba kvanturi meqanikis gaZliere-
buli kursis Seswavlis procesSi aucileblobiT aris ga-
mowveuli. gansakuTrebiT es exeba swavlebas magistratu-
rasa da doqtoranturaSi mas Semdeg, rac axalgazrdam 
gaiara kvanturi meqanikis tradiciuli kursi bakalavri-
atSi swavlebis periodSi, romelSic SedarebiT Serbile-
bulia maTematikuri simkacre. swored am mizans emsax-
ureba winamdebare mokle monografia. 

monografia agebulia Semdegi struqturis mixedviT: 
pirvel rigSi moyvanilia is ZiriTadi da kargad cnobili 
paradoqsebi, romlebsac adgili aqvs kvanturi meqanikis 
tradiciuli formulirebisas. naCvenebia paradoqsebis 
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warmoqmnis arsi, xolo, yovelive amis Semdeg miqceulia 
yuradReba maTi warmoSobis mizezebze. amis Semdeg ga-
nixileba is ZiriTadi Tvisebebi, romlebic moeTxoveba 
kvanturi meqanikis operatorebs sistemis speqtraluri 
kanonzomierebebis aRwerisaTvis, rogoricaa: ermitulo-
ba, TviTSeuRlebuloba, gansxvaveba maT Soris, opera-
torTa gansazRvris areebi (rasac Cven mokled domenebs - 
Domains vuwodebT), yuradRebas vaqcevT domenebis rols 
SemousazRvreli operatorebisaTvis. mogvyavs zogierTi 
saWiro Teoremebi (xSirad, damtkicebis gareSe, magram 
detaluri ganmartebebiT). yovelive amis Semdeg vubrun-
debiT Tavidan moyvanil paradoqsebs da vcdilobT maT 
axsnas. mniSvelovani adgili ukavia operatoris TviT-
SeuRlebuli gafarToebis cnebis gamoyenebas mTeli rigi 
fizikuri amocanebis gasaanalizeblad. naCvenebi gvaqvs 
TviTSeuRlebuli gafarToebis praqtikuli midgome-
bis (e.w. pragmatuli midgomis) simZlavre rig fizikuri 
amocanebSi. masala ilustrirebulia uamravi magaliTiT, 
romelTa nawili amoxsnilia, nawili ki miecema mkiTxvels 
amosaxsnelad. 

vTvliT, rom monografia gamodgeba kvanturi meqani-
kis winmswrebi kursis Sesaswavlad, agreTve saleqciod 
da sadiplomo samuSaoTa dasamuSaveblad. 

qvemoT gadmocemuli gveqneba funqcionaluri anal-
izis zogierTi Tema, romelic arsebiTia fizikisaTvis 
da, samwuxarod, naklebad cnobilia fizikosebisTvis.

cnobil sabWoTa maTematikoss mark kreins, mas Semdeg, 
rac gaecno p. dirakis kvanturi meqanikis kurss, naxevrad 
xumrobiT aRuniSnavs, rom `fizikosebi operatorebs yas-
bebiviT eqceviano~. 



_ 9 _

sarCevi

Sesavali . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
kvanturi meqanikis postulatebi . . . . . . . . . . . . . . . . . . . 13

maTematikuri formalizmi . . . . . . . . . . . . . . . . . . . . . . . . . . 20
mdgomareobaTa sivrce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
operatorebi da maTi domenebi, ganmartebebi . . . . . . . 21

hilbertis sivrceebi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
wrfivi veqtoruli sivrce, dualuri sivrce,  

riczis Teorema  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
dirakis bra da ket aRniSvnebi . . . . . . . . . . . . . . . . . . . . . . 29
wrfivi operatorebi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
gare namravli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
ermituli da TviTSeuRlebuli operatorebi,  

Teoremebi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
sakuTari veqtorebi da sakuTari mniSvnelobebi,  

Teoremebi  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
sruli orTogonaluri sistemebis Tvisebebi . . . . . . . 37

speqtraluri Teorema  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
stiltiesis integrali (cneba). . . . . . . . . . . . . . . . . . . . . . 40
ricz _ neigus Teorema speqtris Sesaxeb . . . . . . . . . . . 41
magaliTebi: diskretuli speqtris SemTxveva, 

 uwyveti speqtris SemTxveva . . . . . . . . . . . . . . . . . . . . . 42

kvanturi meqanikis maTematikuri  
paradoqsebi (7 paradoqsi) . . . . . . . . . . . . . . . . . . . . . . . . 45

hilbertis da aRWurvili hilbertis sivrceebi . . . . 52
gawarmoebis operatoris SemousazRvreloba . . . . . . . 52



_ 10 _

SeuRlebuli operatori, wina-hilbertis  
sivrce, aqsiomebi  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

hilbertis sivrce, separabeluri  
hilbertis sivrce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

hilbertis sivrcis magaliTebi.  
hilbertis sivrceebis klasifikacia  . . . . . . . . . . . . 56

SemousazRvreli wrfivi operatorebi . . . . . . . . . . . . . 58
SemosazRvruli da SemousazRvreli operatorebi da 

maTi ermitulad SeuRlebuli operatorebi . . . . . . 59
helinger _ teplicis Teorema . . . . . . . . . . . . . . . . . . . . . 60

operatorebi hilbertis sivrceSi . . . . . . . . . . . . . . . . . . 65
sxvadasxva fizikuri operatorebis magaliTebi . . . . . 66
operatoris ermitulad SeuRleba . . . . . . . . . . . . . . . . . 69

damzeradebi kvantur meqanikaSi da  
TviTSeuRlebulobis mniSvneloba . . . . . . . . . . . . . . . 72
damzeradebi da ganzogadebuli sakuTari  

funqciebi, Svarcis sivrce . . . . . . . . . . . . . . . . . . . . . . 75
helinger-teplicis Teorema.  

gelfandis tripleti . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
aRWurvili hilbertis sivrceebi . . . . . . . . . . . . . . . . . . . 79

kvanturi meqanika da hilbertis sivrceebi . . . . . . . . . 86
talRuri meqanika . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
matriculi meqanika . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
kavSirebi hilbertis sivrceebs Soris . . . . . . . . . . . . . . 89
invariantuli formalizmi  . . . . . . . . . . . . . . . . . . . . . . . . 90
damzeradebis daxasiaTeba . . . . . . . . . . . . . . . . . . . . . . . . . . 90

paradoqsebis analizi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
ganuzRvrelobis Tanafardobis modifikacia . . . . . . . 98
wrewirze moZravi nawilaki . . . . . . . . . . . . . . . . . . . . . . . . 103
TviTSeuRlebulobis kriteriumi. . . . . . . . . . . . . . . . . . 104



_ 11 _

operatoris TviTSeuRlebuli gafarToeba  
da gamoyeneba kvantur meqanikaSi . . . . . . . . . . . . . . . 106
mTavari mosazrebebi operatorebis  

TviTSeuRlebulobisaTvis . . . . . . . . . . . . . . . . . . . . . . 106
impulsis operatori sasrulo intervalSi . . . . . . . . 106
fon neimanis meTodi: simetriuli  

operatorebis TviTSeuRlebuli gafarToeba . . . 113
impulsis operatoris TviTSeuRlebuli  

gafarToeba . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
hamiltonis TviTSeuRlebuli gafarToeba . . . . . . . . 117
hamiltoniani mTel realur RerZze . . . . . . . . . . . . 117
hamiltoniani dadebiT naxevarRerZze . . . . . . . . . . 117
hamiltoniani sasrulo intervalSi . . . . . . . . . . . . 117
usasrulo potencialuri kedeli.  

formalizmis gamoyeneba . . . . . . . . . . . . . . . . . . . . . . 117
Tavisufali erTganzomilebiani  

hamiltonianis magaliTi . . . . . . . . . . . . . . . . . . . . . . 117
TviTSeuRlebuli gafarToeba erTze meti  

ganzomilebis SemTxvevaSi. pragmatuli  
midgoma hamiltonis operatorisaTvis . . . . . . 117

daskvnisaTvis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

gamoyenebuli da rekomendebuli literatura . . . . 138



_ 12 _

Sesavali

damzeradi sidideebi kvantur meqanikaSi, rogorc wesi, 
warmoidgineba ermituli operatorebiT (an matricebiT). 
ermitul matricebs axasiaTebT metadre mniSvnelovani 
Tvisebebi, rogoricaa namdvili sakuTari mniSvnelobe-
bi, saTanado sakuTari veqtorebi ki orTogonaluria da 
moWimaven mTel sasrul-ganzomilebian hilbertis sivrc-
es, da a.S. magram, yvela es Tviseba, sazogadod, ar aris 
uzrunvelyofili usasrulo ganzomilebis hilbertis 
sivrceebSi. ermitulobis piroba xSirad icvleba sime-
triulobis pirobiT, romelic uzrunvelyofs mxolod 
damzeradTa namdvilobas, maSin, roca yvela danarCeni 
Tviseba miiRweva ufro faqizi pirobis _ TviTSeuRlebu-
lobis moTxovniT. 

rogorc davinaxavT winamdebare wignSi, gansxvaveba 
maTematikur ganmartebaSi TviTSeuRlebulobasa da er-
mitulobas Soris Teorias mniSvnelovan problemebs uqm-
nis. 

kvanturi damzeradebis mikuTvneba ermitul opera-
torebTan rCeba fizikurad kargad dasabuTebuli safuZ-
veli nebismieri fizikosisaTvis. ufro iSviaTad aRiniSneba 
xolme, rom damzeradebi sinamdvileSi arian TviTSeuRle-
buli da ara ubralod ermituli operatorebi, da, rom 
es ori koncefcia _ ermituloba da TviTSeuRlebuloba 
sxvadasxvaa, magram xSirad gamoiyeneba sruliad SemTx-
veviT, rogorc erTidaigive. qvemoT ganvixilavT TviT-
SeuRlebulobis koncefciis aucileblobas Cveulebrivi 
kvanturi damzeradebisTvis, rogorebic arian mdebareo-

bis operatori x , impulsis operatori 
d

i dx


, kinetikuri 

energiis operatori 
2 2

22
d

m dx
−


, Sredingeris operatori, 
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( )
2 2

22
d V x

m dx
− +


, da a.S. Cven ar ganvixilavT iseT opera-

torebs, romlebic warmoidgineba kompleqsur nC sivrce-
Si moqmedi n n×  matricebiT, n N∈ , radgan maTTvis er-
mitulobis moTxovna tolfasia TviTSeuRlebulobisa da 
ganixileba tradiciul saxelmZRvaneloebSi. qvemoT, pir-
vel rigSi, gadmovcemT kvanturi meqanikis tradiciuli 
formulirebis mTavar koncefciebs, romlebic gvxvdeba 
saxelmZRvaneloebSi, xolo Semdeg ganvixilavT maTgan 
gamomdinare zogierT paradoqsul Sedegs. 

kvanturi meqanikis postulatebi

arsebobs ZiriTadad sami kargad dadgenili formuli-
reba kvanturi meqanikisa: 1. haizenbergis matriculi 
meqanika (istoriulad, pirveli, magram naklebad praq-
tikuli fizikuri gamoyenebisaTvis); 2. Sredingeris 
talRuri meqanika (standartuli da yvelaze metad ga-
moyenebadi); 3. feinmanis wiriTi integrali (yvelaze ga-
moyenebadi relativisturi kvanturi velebis TeoriaSi). 
pirveli ori formulireba, gansakuTrebiT talRuri 
meqanika, gadmocemulia yvela cnobil saxelmZRvaneloSi, 
rac Seexeba mesame formulirebas, arsebobs mravali spe-
cialuri literatura, maT Soris, qarTul enazec. mxed-
velobaSi gvaqvs wigni: a.xelaSvili, `feinmanis funqcio-
naluri integrali da misi zogierTi gamoyeneba~, gamomc. 
`nekeri~, Tb. 2008. 

sinamdvileSi, arsebobs sul mcire cxra damoukide-
beli gza ararelativisturi kvanturi meqanikis for-
mulirebisa (D.F. Styer et al. Am. J. Phys.70(3), 2002). sazoga-
dod, dakvantvis procedura kvanturi Teoriis asagebad 
mocemuli klasikuri sistemisaTvis ar aris calsaxa da 
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mkacri midgoma jer arc aris ganviTarebuli (H.J. Groene-
wold. “On the principles of elementary quantum mechanics “, Physica 
12 (1946), 405-460; N.N.Bogoliubov, A.A.Logunov, A.I.Oksak I.T. 
Todorov _“Introduction to axiomatic quantum field theory. MP mono-
graph Series 18; 1975). mxolod ori ram moiTxoveba am pro-
cedurisaTvis. erTi _ kvanturi Teoria unda daemTxves 
klasikuri Teoriis Sedegebs formalur 0→ zRvarSi. 
esaa `Sesabamisobis principis~ Sinaarsi. meore _ nawinas-
warmetyvelevi Sedegebi unda iyvnen TanxmobaSi eqsperi-
mentebTan. umartivesi sistemebis (Tavisufali nawilaki, 
harmoniuli oscilatori da ararelativisturi nawilaki 
raime potencialur velebSi) dakvantva gamoiyeneba Tan-
mimdevruli zogadi operatoruli dakvantvis sqemis Ses-
amuSaveblad nebismieri sistemisaTvis kanonikuri hamil-
tonianiT. aseT sqemas uwodeben kanonikur dakvantvas, 
romlis postulatebia:

1. mocemuli fizikuri sistemisaTvis vuSvebT klasi-
kuri meqanikis hamiltoniseul formulirebas. sistemis 
mdgomareobani arian wertilebi luwi ganzomilebis 
fa zur sivrceSi ( ),a b= ×P R , romelic `danomril-
ia~ gan zogadebuli kanonikuri koordinatebiT aq  da 
impul sebiT , 1,...,ap a n= , sadac n  aris Tavisuflebis 
xarisxTa raodenoba. 

2. sistemis evolucias marTaven hamiltonis moZrao-
bis gantolebebi { } { }, , ,a a a aq q H p p H= =   (1)

sadac ( ),H H q p=  aris sistemis hamiltoniani da { },  
aris kanonikuri puasonis frCxili, romelic nebismieri 
ori funqciisaTvis f  da g  fazur sivrceSi ganimarteba 
ase 

{ },
a a a a a

f g f gf g
q p p q

 ∂ ∂ ∂ ∂
= − ∂ ∂ ∂ ∂ 
∑  (2) 

gvaqvs e.w. fundamenturi puasonis frCxilebi: 
{ } { }, , 0a b a bq q p p= =  da { },a b abq p δ= . klasikuri damzer-
adebi ( ),a b= ×P R  arian lokaluri fizikuri sidideebi, 



_ 15 _

romlebic aRiwerebian fazuri cvladebis namdvili fun-
qciebiT da adgenen asociatiur komutatiur algebras. 

3. kvanturi meqanikis mdgomareobebi ganmartebulia 
rogorc veqtorebi ψ  saTanado e.w. separabelur hil-
bertis sivrceSi H . ori veqtoris skalaruli namravli 
aRiniSneba, rogorc ( )1 2,ψ ψ , an 1 2ψ ψ . Tu daSvebulia, 
rom nebismieri mdgomareoba ψ ∈H SeiZleba realizdes 
fizikurad da sruldeba superpoziciis principi, ma-
Sin mdgomareoba 1 1 2 2a aψ ψ ψ= + , sadac 1 2,a a ∈C , aris 
agreTve realizebadi. 

4. yovel klasikur damzerads ( ),f f x p=  calsaxad 
miewereba wrfivi TviTSeuRlebuli operatori f̂ , rome-
lic moqmedebs hilbertis sivrceSi H . am operators 
ewodeba kvanturi damzeradi. iTvleba, rom f̂  aris kargad 
ganmartebuli (mkacrad es xdeba sasrul-ganzomilebian 
hilbertis sivrceebSi da, agreTve, SemosazRvruli op-
eratorebisTvis usasrulo ganzomilebian hilbertis 

sivrceSi). Tu asea, f̂ operatori calsaxad ganisazRvre-
ba matriculi elementebiT 1 2

ˆ, fψ ψ . 1 2,ψ ψ∀ , e.i. misi 

matriciT ˆ,mn m nf e fe=  H -is raime orTogonalur ba-
zisSi{ }1ne ∞

. yvela aseTi operatorisTvis SegviZlia Semo-

vitanoT misi SeuRlebuli f̂ + ase (gansxvavebiT komple-
qsuri SeuRlebisgan mas uwodeben ermitul SeuRlebas, 
xSirad hilbertulad SeuRlebasac)

( ) ( )1 2 1 2 1 2
ˆ, , , ,f fψ ψ ψ ψ ψ ψ+ = ∀ ∈H  (3)

da amitom, involucia (SeuRleba) ˆ ˆf f +→  ganimarteba 
operatorTa algebraSi TvisebebiT 

( ) ( )ˆ ˆ ˆ ˆ,f f af af
+ +

+ += =  , Tavze xazi niSnavs kompleq-
surad SeuRlebas, 

( )f g f g+ + ++ = +  (4) 

operatori f̂  aris TviTSeuRlebuli, Tu ˆ ˆf f += , anu 
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Tu 

( ) ( )1 2 1 2 1 2
ˆ ˆ, , , ,f fψ ψ ψ ψ ψ ψ= ∀ ∈ H  (5)

nebismieri f̂ kvanturi damzeradis saSualo mniSvne-

loba (molodini) f̂
ψ

 ψ mdgomareobaSi da misi disper-

sia f∆  ganimarteba rogorc 

( )
( )

ˆ,ˆ ,
,

f
f

ψ

ψ ψ

ψ ψ
=  

2
2ˆ ˆ ˆf f f

ψ ψ
∆ = −  (6)

damzeradebi arian TviTSeuRlebuli operatorebi, 
radgan saTanado sakuTari mniSvnelobebi unda iyvnen nam-
dvili da sakuTari veqtorebi adgendnen orTogonalur 
baziss H -Si. speqtri Seicavs yvela SesaZlo gazomvebs, 
xolo sruli orTonormirebuli erToblioba sakuTari 
mdgomareobebisa gansazRvraven gazomvebis albaTobriv 
interpretacias. 

5. Sesabamisobis principi niSnavs kavSirs klasikuri 
damzeradebis puasonis frCxilebsa da kvanturi damzer-
adebis komutatorebs Soris. saxeldobr,

{ } ( )1 2 1 2
1 ˆ ˆ, ,f f f f O
i
 → +  


 (7)

mdebareobis operatori q̂  da impulsis operatori 
p̂  arian TviTSeuRlebuli da akmayofileben kanonikur 
komutaciis Tanafardobebs

[ ] [ ] [ ] { }ˆ ˆ ˆ ˆ ˆ ˆ, , 0, , ,a b a b a b a b abq q p p q p i q p i δ= = = =   (8)

Sesabamisobis principi adgens kvanturi damzeradebis 

formas Semdegi saxiT ( ) ( )ˆ ˆˆ ˆ,f f x p O= +  , sadac ( )Ô   ise 
airCeva, rom uzrunvelhyos TviTSeuRlebuloba. radgan 
x̂  da p̂  ar komutireben, maTi rigiTobis gamo, es gadasv-
la ar aris calsaxa. 
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kvantur meqanikaze gadasvla hamiltonis formalizmSi 
xdeba operatorebze gadasvliT: 

( ) ( )ˆ ˆ, ,H x p H x p→

magram es wesi ar akonkretebs Tu rogor unda moveqceT 
arakomutirebadi operatorebis , mag., x̂  da p̂  namravls. 
klasikur fizikaSi viciT, rom xp px= . amitom maT mim-
devrobas sxvadasxva wevrebSi araviTari mniSvneloba ar 
aqvs. kvantur meqanikaSi ki operatorTa mimdevroba ar-
sebiTia da apriorulad ar aris naTeli ra eTanadeba xp  
namravls kvantur meqanikaSi. es aris operatorTa mow-
esrigebis problema. samwuxarod, ar arsebobs calcaxad 
gansazRvruli recepti, romelic gvetyoda ra rigiT 
unda davsvaT operatorebi kvantur meqanikaze gadasvli-
sas. arsebobs sxvadasxva wesi, romelic gamoiyeneba aseT 
SemTxvevebSi. aseTia, magaliTad, normaluri mowesri-
geba. am wesis Tanaxmad, koordinatisa da impulsis nam-
ravlSi impulsi unda idges koordinatis win, anu 

. .
ˆ ˆ

N O
xp px→

. .
ˆ ˆ

N O
px px→

. .
2 2ˆ ˆ

N O
x p px→

. .
2ˆ ˆ

N O
xpx px→

da a.S. 
garda normaluri mowesrigebisa, yvelaze xSirad ga-

moiyeneba e.w. veilis mowesrigeba. am SemTxvevaSi xde-
ba simetrizacia yvela SesaZlo kombinaciebis mixedviT 
erTnairi woniT, e.i. 

( )
. . 1 ˆˆ ˆ ˆ

2

W O
xp xp px→ +
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( )
. . 1 ˆˆ ˆ ˆ

2

W O
px xp px→ +

( )
. .

2 2 21 ˆ ˆ ˆˆ ˆ ˆ ˆ
3

W O
x p x p xpx px→ + +

( )
. .

2 21 ˆ ˆ ˆˆ ˆ ˆ ˆ
3

W O
xpx x p xpx px→ + +  

da a.S. 
zemoT da SemdegSi . .N O  da . .W O  miuTiTebs normal-

ur/veilis mowesrigebis gamoyenebaze.
kvantur meqanikaSi es Tanafardobebi gaigeba ukve sa-

Tanado operatorebisaTvis. normaluri mowesrigebisas 
advilad davrwmundebiT, rom nebismieri kvanturi hamil-
toniani H  aris: 

( ) ( ). . . . ˆ ˆ,
2

i p x xN O N O dpx H x dp x p p H x e H x p
π

′−
′ ′= =∫ ∫ 


, (9)

sadac gamoyenebuli gvaqvs impulsis operatoris bazi-
sis sisrule,

1dp p p =∫

da ganmartebebi. amasTan furie gardaqmnas aqvs saxe: 

( ) ( )1,
2

i px
p x e x p

π

−
= =


 (10)

(Tavze xazi aRniSnavs kompleqsurad SeuRlebuls)
xolo veilis wesiT mowesrigebisas hamiltonianis ma-

triculi elementisaTvis miiReba (ix. mag., a. xelaSvili, 
`feinmanis funqcionaluri integrali da misi zogierTi 
gamoyeneba~, `nekeri~, Tbilisi, 2008): 

( ) ( ). . ,
2 2

i p x xW O dp x xx H x e H p
π

′− − ′+ ′ =  
 ∫ 


 (11)

amrigad, veilis wesiT mowerigebuli hamiltonianis 
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matriculi elementebi gamoixatebian saSualedo werti-
lis miweriT. es garemoeba gansakuTrebiT farTod gamoi-
yeneba kvanturi meqanikis funqcionaluri integraliT 
formulirebisas. 

6. nebismieri ori komutirebadi damzeradi SeiZleba 
erTdroulad gaizomos, radgan komutativoba gulisx-
mobs saerTo sakuTari veqtorebis arsebobas. 

komutirebadi k̂f damzeradebis minimaluri raodenoba

ˆ ˆ1, 2,..., ; , 0, ,k lk N f f k l = = ∀  , romelTa saerTo speqtri 

aris gadaugvarebeli, gansazRvravs damzeradTa srul 

sistemas. 
7.  nebismieri kvanturi ( )tψ  sistemis droSi evolu-

cia imarTeba Sredingeris droiTi gantolebiT

ˆi H
t
ψ ψ∂

=
∂

  (12)

da sawyisi pirobiT ( )0 0tψ ψ= , sadac Ĥ  operatori 
Seesabameba klasikur hamiltonians H . amiT amoiwureba 
kanonikuri dakvantvis postulatebi, romlebic warmod-
genilia kvanturi meqanikis saxelmZRvaneloebSi. es pos-
tulatebi iwvevs zogierT paradoqss, romlebic garCeu-
li gvaqvs qvemoT. 

jer vixilavT nawilakis moZraobas wrfeze, romelic 
x∈R  cvladiT aris parametrizebuli. Semdeg ganvixi-
lavT agreTve ufro rTul SemTxvevebsac, rogoricaa: 
SemosazRvruli intervali, sami an meti ganzomileba da 
a. S. 
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maTematikuri formalizmi

mdgomareobaTa sivrce

ganvixiloT nawilakis moZraoba wrfeze x∈ R . gav-
rceleba SemosazRvrul intervalze ar qmnis raime siZne-
les. 

ψ  talRuri funqciis albaTobrivi interpretaciis 
gamo moiTxoven, rom 

( ) 2
, 1x t dxψ =∫

R

, yvela t∈R -sTvis.

amitom, talRuri funqcia, romelic uwyvetad aris 
damokidebuli drois t  parametrze, unda iyos kvadratu-
lad integrebadi sivrculi x  cvladis mixedviT: 

:ψ × →R R C

( ) ( ) ( ), , tx t x t xψ ψ→ ≡ , Tanac ( )2 ,t L dxψ ∈ R .

aq, ( )2 ,L dxR  aris kvadratulad integrebadi fun-
qciebis klasi,

( ) ( ) 22 , :L dx f dx f x
 

= → < ∞ 
 

∫
R

R R C ,

skalaruli namravliT

( ) ( ) ( )2,
L

f g dx f x g x= ∫
R

, ( )2, ,f g L dx∈ R  (13)

xazi funqciis Tavze aqac aRniSnavs funqciis komple-
qsur SeuRlebas.

SemdgomSi am sivrces davukavSirebT furies gardaqm-
naTa hilbertis sivrces ( )2 ,L dpR  impulsze damok-
idebuli talRuri funqciebisTvis

F : ( ) ( )2 2, ,L dx L dp→R R
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f f→F , sadac ( )( ) ( )1 exp
2

if p dxf x px
π

 = − 
 ∫  R

F  (14)

operatorebi maTi domenebi. ganmartebebi

Cven ganvixilavT nebismier hilbertis sivrces H da 
ara marto konkretul kvadratulad integrebadi fun-
qciebis sivrces. 

ganmarteba 1: operatori hilbertis sivrceSi H aris 
wrfivi asaxva

( ):A A
Aψ ψ

→

→

D H

 
 (15)

sadac D ( )A  warmoadgens mkvriv wrfiv qvesivrces H
-Si. am qvesivrces ewodeba A -s gansazRvris are (Domain)- 
anu, mokled domeni. 

(amrigad, mkacrad rom vTqvaT, hilbertis sivrcis op-
eratoria wyvili ( )( ),A AD , romelic Sedgeba hilbertis 
sivrceSi operaciis mikuTvnebiT da hilbertis sivrcis 
qvesimravliT, romelzec es operatori moqmedebs). 

Tu B aRniSnavs sxva operators H -Si (domeniT D
( )B ), maSin vityviT, rom A  operatori tolia B  opera-
torisa, Tu maTi moqmedeba da domeni erTmaneTs emTxve-
va, e.i. Tu

A Bϕ ϕ= da yvela ϕ -sTvis D ( )A = D ( )B
am dros vwerT, A B= . 
rogorc araerTxel mivaqcieT yuradReba, operatori 

ar aris ubralod formaluri moqmedeba, aramed ori op-
eratori, gansxvavebuli domenebiT ganixileba, rogorc 
sxvadasxva. 

domenis specifika vlindeba A  operatoris SeuRlebu-
li A+  operatoris ganmartebisas
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ganmarteba 2: 
A  operatorisTvis H -Si, SeuRlebuli A+  operato-

ris domeni ganimarteba ase 

( ) { }, , ,A Aϕ ϕ ϕ ψ ϕ ψ+ = ∈ ∃ ∈ = D H H yvela ( )Aψ ∈D -sTvis, 

am dros ( )Aϕ +∈D -isTvis, ganvmarteT A ϕ ϕ+ =  , e.i. 

( ), , , ,A A Aϕ ψ ϕ ψ ϕ ψ ψ+= = ∈ D  (16) 

ganvixiloT kvlav hibertis sivrce ( )2 [0,1],L dx=H  
da impulsis operatori P  domeniT

( ) ( ) ( ){ }; 0 0 1D P ψ ψ ψ ψ′= ∈ ∈ = =H H  (17)

mocemuli ganmartebis Tanaxmad, P+ operatoris dome-
ni aseTia 

( ) { } ( ); , , ;D P P D Pϕ ϕ ϕ ψ ϕ ψ ψ+ = ∈ ∃ ∈ = ∈ H H

xolo operatoruli preskripcia ganisazRvreba Tana-
fardobiT

, ,P Pϕ ψ ϕ ψ+= , yvela ( )Pψ ∈D -isTvis
nawilobiTi integraciiT miviRebT 

( ) ( ) ( ) ( ) ( ) ( )
1

0

( ) 1 1 0 0 0ddx P i x i
dx
ϕϕ ψ ψ ϕ ψ ϕ ψ + = − − = ∫   , ( )Pψ ∈D  (18)

es ki gviCvenebs, rom ( )Pψ ∈D -is mier dakmayofile-
buli sasazRvro piroba (17) ukve sakmarisia zedapiruli 
wevris mospobisaTvis, rac amtkicebs, rom P+ iseve moq-
medebdes, rogorc P . anu 

( ) { },dP i P
dx

ϕ ϕ+ + ′= − = ∈ ∈ D H H  (19)

amrigad, P+  operatoris domeni ufro didia, vidre 

P -si: ( ) ( )P P+⊂D D , radgan is ar izRudeba raime 
damatebiTi pirobebiT, rogorc ( )PD .
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kvantur meqanikaSi fizikurad damzeradi sididee-
bi aRiwerebian hilbertis sivrcis operatorebiT, rom-
lebic arian TviTSeuRlebuli. Tumca fizikis uamrav 
saxemZRvaneloSi TviTSeuRlebulis cneba ermitulis si-
nononimad gamoiyeneba, romlebic moqmedeben usasrulo 
ganzomilebis hilbertis sivrceSi. maT Soris arsebuli 
gansxvaveba gavlenas axdens fizikaze. 

ganmarteba 3: 
A  operatori H -Si aris ermituli, Tu 

, ,A Aϕ ψ ϕ ψ= , yvela ( ), Aϕ ψ ∈D -sTvis

anu A Aϕ ϕ+ = , yvela ( )Aϕ∈D -sTvis. 

(sxva sityvebiT, A  operatori ermitulia, Tu A+  moq-
medebs iseve, rogorc A  yvela veqtorze, romlebic mie-
kuTvneba ( )AD -s, Tumca sinamdvileSi A+ unda ganisaz-
Rvros ufro farTo areSi, vidre aris ( )AD )

A  operatori H -Si aris TviTSeuRlebuli, Tu A  da 
A+ Tanxvdeba erTmaneTs ( )A A+= , anu, cxadi saxiT, Tu

A Aϕ ϕ+ =  da ( ) ( )A A+=D D  yvela ( )Aϕ∈D -sTvis. (20)

amitom, nebismieri TviTSeuRlebuli operatori aris 
ermituli, magram ermituli operatorisTvis ar aris 
savaldebulo iyos TviTSeuRlebuli. Cveni wina Sedegi 
gviCvenebs am ukanasknel faqts. Cven ukve vnaxeT, rom P  
da P+ operatorebi moqmedeben erTnairad, magram P+ -is 
domeni aris mkacrad farTo, vidre P -si: ( ) ( )P P+⊂D D , 
amasTan ( ) ( )D P D P+≠ . aqedan gamomdinareobs, rom P  
operatori aris ermituli, magram ar aris TviTSeuRle-
buli: P P+≠ .

SeiZleba gvindodes gavarkvioT, rom aris Tu ara 
SesaZlebeli davaxasiaToT ermituli operatori odnav 
zedmeti TvisebiT, raTa is gaxdes TviTSeuRlebuli. es 
damatebiTi Tviseba mJRavndeba Semdegi SedegiT, romelic 
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mtkicdeba maTematikur wignebSi. Tu hilbertis sivrcis 
operatori A  aris TviTSeuRlebuli, maSin misi speqtri 
aris namdvili, xolo sxvadasxa sakuTari mniSvnelobebis 
Sesabamisi sakuTari veqtorebi urTierTorTogonaluria; 
garda amisa, sakuTari veqtorebi ganzogadebul sakuTar 
veqtorebTan erTad qmnian veqtorTa srul sistemas hil-
bertis sivrceSi. 

am Sedegs ar aqvs adgili operatorebisaTvis, rom-
lebic mxolod ermitulia. es faqti dasturdeba adre 
ganxilulidan: ermituli operatori P  ar uSvebs raime 
sakuTar an ganzogadebul funqciebs da amitom, ar aris 
TviTSeuRlebuli. 

aqedan gamomdinare vaskvniT, rom sakuTari fun-
qciebis sruli sistemis arseboba fundamenturi Tvise-
baa damzeradebis fizikuri interpretaciisTvis. sas-
wavlo wignebSi vkiTxulobT, rom `ermituli operatori, 
romlis orTonormirebuli sakuTari veqtorebi gansaz-
Rvraven baziss hilbertis sivrceSi, arian damzeradi~ 
(ix. mag., messias wigni). am midgomis ukmarisobaze gveqneba 
qvemoT saubari. axla ki SevniSnoT Semdegi: hilbertis 
sivrcis mocemuli operatorisTvis Cveulebrivad mar-
tivia ermitulobis garkveva ( Tundac, nawilobrivi inte-
graciiT), amasTan erTad arsebobs martivi kriteriumebi 
TviTSeuRlebulobis Sesamowmeblad. 

da, bolos, davubrundeT operatorebis speqtrs, rom-
lis mixedviT Cven SevamowmebT zogad ideebs. ganmartebis 
Tanaxmad, TviTSeuRlebuli operatoris speqtri hil-
bertis sivrceSi aris namdvili ricxvebis ori krebulis 
gaerTianeba, 

(1) e.w. diskretuli an wertilovani speqtri, anu A
-operatoris sakuTari mniSvnelobebi, romlebisTvisac 
sakuTari veqtorebi miekuTvneba A -s gansazRvris domens 
da

(2) e.w. uwyveti speqtri, e.i. ganzogadebul sakuTar 
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mniSvnelobaTa sistema (anu A -s sakuTari mniSvnelobebi, 
romlebisTvisac sakuTari veqtorebi ar miekuTvnebian 
hilbertis sivrces H ). 

Semdegi ori magaliTi kargad aris cnobili fizikaSi:
(1) wrfeze moZravi nawilakisTvis mdebareobis da im-

pulsis damzeradebi orive iRebs nebismier namdvil mniS-
vnelobebs. amitom Sesabamis operatorebs aqT uwyveti da 
SemousazRvreli speqtri: SpQ = R  da SpP = R . mkacr 
mtkicebas moviyvanT qvemoT. Sp  niSnavs speqtrs! 

(2) erTeulovan inervalSi moqceuli nawilaki, romel-
sac edeba perioduli sasazRvro pirobebi da misi talRu-
ri funqcia miekuTvneba hilbertis sivrces [ ]( )2 0,1 ,L dx , 
akmayofilebs sasazRvro pirobebs ( ) ( )0 1ψ ψ= . am SemTx-
vevaSi mdebareobis operators aqvs uwyveti da Semosaz-
Rvruli speqtri intervalSi[ ]0,1 . impulsis operatoris 
speqtri ki aris diskretuli da SemousazRvreli, rac 
niSnavs, rom impulsma SeiZleba miiRos mxolod romelime 
diskretuli, Tumca nebismierad didi mniSvneloba. 

kvadratulad integrebadi funqciebi warmoadgenen 
e.w. hilbertis sivrcis elementebs _ veqtorebs. amitom 
mizanSewonilia pirvel rigSi gavecnoT hilbertis sivr-
ceebs. 
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hilbertis sivrceebi:

hilbertis sivrcis koncefcia Semoitana hilbertma  
( ~ 1910 ), rogorc sasrulo ganzomilebiani evkliduri 

( )1 2, ,...,n
nR x x x  sivrcis ganzogadeba n →∞  zRvarSi. is 

aris veqtoruli sivrce. 

wrfivi veqtoruli sivrce

wrfivi veqtoruli sivrce aris elementebis (veqtorebis) er-

Toblioba, romelic aris Caketili Sekrebis da skalarze gamravlebis 

mimarT. anu, sxva sityvebiT rom vTqvaT, Tuφ  da ψ  arian veqtorebi, 

maSin veqtoria agreTve ,a bφ ψ+  sadac a  da b  arian nebismieri ska-

larebi. Tu skalarebi miekuTvneba kompleqsuri (an namdvili) ricx-

vebis velebs, vlaparakobT kompleqsur (namdvil) wrfiv veqtorul 

sivrceebze. Zalian bevr wrfiv veqtorul sivrceebs Soris yvelaze 

met interess CvenTvis warmoadgens ori maTgani: 

1. diskretuli veqtorebi, romlebic warmoidginebian kompleq-

suri ricxvebisgan Sedgenili svetis saxiT, 

1

2

.

.

.

a
a
 
 
 
 
 
 
 
 

 (21)

an striqonis saxiT: ( )1 2, ,....,b b
2. garkveuli tipis funqciebis sivrceebi, magaliTad, rogori-

caa, yvela diferencirebadi funqciebi. 

advilad SevamowmebT, rom es magaliTebi akmayofileben wrfivi 

veqtoruli sivrceebis gansazRvras. 

veqtorTa erTobliobas (sistemas) { }nφ vuwodebT wrfivad da-

moukidebels, Tu maTi arc erTi aratrivialuri wrfivi kombinacia 

ijameba nuliskan, anu Tu gantolebidan 0n n
n

c φ =∑  gamomdinareobs 

mxolod, rom yvela 0nc = . Tu es piroba ar sruldeba, erToblioba 
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wrfivad damokidebulia, am dros erTobliobis wevri SegveZleba ga-

movsaxoT sxva wevrebis wrfivi kombinaciis saxiT. wrfivad damoukide-

beli veqtorebis maqsimalur raodenobas ewodeba sivrcis ganzomileba, 

xolo wrfivad damoukidebeli veqtorebis maqsimalur sistemas ewodeba 

sivrcis bazisi. nebismieri veqtori am sivrceSi SeiZleba gamoisaxos am 

bazisuri veqtorebis wrfivi kombinaciis saxiT.

yovel wyvils veqtorebisa wrfiv sivrceSi eTanadeba Sinagani nam-

ravli (an skalaruli namravli), ( ),ψ φ  romelsac aqvs Semdegi Tvise-

bebi:

(a) ( ),ψ φ  aris kompleqsuri ricxvi

(b) ( ) ( ), ,φ ψ ψ φ= .

(c) ( ) ( ) ( )1 1 2 2 1 1 2 2, , ,c c c cφ ψ ψ φ ψ φ ψ+ = +  (22)

(d) ( ), 0φφ ≥ , toloba miiReba maSin da mxolod maSin, roca 0φ =

meore da mesame Tvisebebidan gamomdinareobs, rom 

( ) ( ) ( )1 1 2 2 1 1 2 2, , ,c c c cψ ψ φ ψ φ ψ φ+ = +

amitom amboben, rom Sinagani namravli aris wrfivi Tavisi meore 

argumentiT, da aris antiwrfivi Tavisi pirveli argumentiT.

zemoaRniSnuli veqtoruli sivrceebis SemTxvevaSi gvaqvs Semdegi 

Sinagani namravlebi:

(1)  Tu ψ  aris veqtor-striqoni elementebiT 1 2, ,...a a , xolo φ  

aris veqtor-sveti elementebiT 1 2, ,...,b b  maSin 

( ) 1 1 2 2, ...a b a bφ ψ = + +

(2) Tu ψ  da φ  arian x -is funqcebi, maSin 

( ) ( ) ( ) ( ), x x w x dxψ φ ψ φ= ∫  (23)

sadac ( )w x aris raime arauaryofiTi woniTi funqcia. 

Sinagani namravli azogadebs sigrZis da kuTxis cnebebs nebismieri 

sivrceebisTvis. Tu ori veqtoris Sinagani namravli nulis tolia, 

vityviT, rom veqtorebi orTogonaluria. veqtoris norma (anu sigrZe) 
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ganisazRvreba ase ( )1/2,φ φ φ= . gvaqvs ori mniSvnelovani Teorema:

Svarcis utoloba, ( ) ( ) ( )2
, , ,ψ φ ψ ψ φ φ≤  (24)

samkuTxedis utoloba, ( )ψ φ ψ φ+ ≤ +  (25)

orive SemTxvevaSi toloba maSin gvaqvs, roca veqtori aris meo-

reze ricxviTi gamravleba, anu cψ φ= . 

veqtorTa { }iφ  simravle aris orTonormaluri, Tu veqtorebi 

urTierTorTogonaluria da aqvT erTis toli norma. maTi Sinagani 

namravli akmayofilebs pirobas ( ),i j ijφ φ δ= . wrfivi veqtoruli V
sivrcis Sesabamisad V -ze arsebobs wrfivi funqcionalebis dualuri 

sivrce. wrfivi funqcionali F  yovel φ  veqtors akuTvnebs ( )F φ  
skalars ise, rom 

( ) ( ) ( )F a b aF bFφ ψ φ φ+ = +  (26)

yvela veqtorisaTvis φ  da ψ , da nebismieri skalarebisTvis, a  da

b .

wrfivi funqcionalebi TavisTavad SeiZleba adgendnen wrfiv 

sivrces V ′ , Tu Cven ganvmartavT or funqcionals Semdegnairad

( )( ) ( ) ( )1 2 1 2F F F Fφ φ φ+ = +  (27)

ricz-is Teorema: arsebobs urTierTcalsaxa Sesabamisoba V ′ -Si 
wrfiv F -funqcionalebsa da f veqtorebs Soris V -Si, iseTi, rom 

wrfiv funqcionalebs aqvT saxe

( ) ( ),F fφ φ= , (frCxilebiT aRniSnulia Sinagani namravli). (28)

sadac f  fiqsirebuli veqtoria, xolo φ  - nebismieri veqtori. am-

itom V  da V ′  sivrceebi arsebiTad izomorfulia. amJamad Cven mov-

iyvanT am Teoremis mtkicebas, romelic ar iTvaliswinebs krebadobis 

sakiTxebs, romlebic warmoiSveba usasrulo ganzomilebis sivrceSi. 

mtkiceba: naTelia, rom nebismieri mocemuli f veqtori V -Si gan-

sazRvravs wrfiv funqcionals zemoT moyvanili ganmartebis mixedviT. 

amitom gvWirdeba davamtkicoT, rom nebismieri wrfivi F  funqcio-

nalisTvis SevZlebT calsaxad avagoT f veqtori, romelic daakmayo-
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filebs (24)-s. { }nφ iyos V -Si orTonormaluri bazisuri veqtorebi, 

( ),n m nmφ φ δ= . aviRoT nebismieri veqtori V -Si 
n n

n
xψ φ=∑ . Tana-

fardobidan (22) vwerT

( ) ( )n n
n

F x Fψ φ=∑  (29)

avagoT axla Semdegi veqtori 

( )n n
n

f F φ φ=   ∑  (30)

misi Sinagani namravli nebismier ψ  veqtorze aris (ix. 24) 

( ) ( ) ( ), n n
n

f F x Fψ φ ψ= =∑  (32)

amrigad, Teorema damtkicda.

dirakis bra da ket aRniSvnebi

dirakis aRniSvnebiT, romelic Zalian popularulia kvantur meqa-

nikaSi, veqtorebs V -sivrceSi ewodeba ket veqtorebi, da aRiniSneba 

ase φ , xolo wrfiv funqcionalebs dualur V ′  sivrceSi ewodeba 

bra veqtorebi da aRiniSneba ase: F . amrigad, Semogvaqvs bra sivrcis 

cneba, rogorc veqtoruli sivrcisa ket veqtorebis sivrcis `dual-

ur~ sivrceSi. bra sivrce moWimulia sakuTar bra-veqtorebze { }a′ , 

romlebic Seesabameba sakuTar ketebs { }a  

riczis Teoremis Tanaxmad, arsebobs urTierTcalsaxa Sesabamiso-

ba bra da ket sivrceebs Soris, romelic formalurad ase SeiZleba 

warmovidginoT:

DC

α α↔

sadac DC  miuTiTebs dualur Sesabamisobaze (dual correspondence). 
uxeSad rom vTqvaT, bra sivrce SeiZleba gavigoT, rogorc raRac sax-

is sarkuli warmosaxva ket sivrcisa. c α -s dualuri bra aris c α ,  

da ara c α . ufro zogadad, gvaqvs 
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DC
c c c cα β α βα β α β+ ↔ +  (33)

SemovitanoT bra da ket veqtorebis Sinagani namravli, β α . am 

namravlSi bra dgas marcxniv, xolo ket _ marjvniv,

( ) ( )β α β α= ⋅  (34)

es namravli, sazogadod, aris kompleqsuri ricxvi. Sinagani nam-

ravlis Sedgenisas erTi veqtori yovelTvis aiReba bra sivrcidan, 

meore ki _ ket sivrcidan. 

unda aRiniSnos, rom riczis Teorema adgens antiwrfiv damok-

idebulebas brasa da kets Soris. Tu F F↔ , maSin

1 2 1 2c F c F c F c F+ ↔ +  (35)

sasurvelia gvaxsovdes, rom upirvelesi ganmarteba bra veqtori-

sa aris rogorc wrfivi funqcionali ket veqtorebis sivrceSi. Cven 

dagvWirdeba ufro zogadi sivrceebis ganxilva. davinaxavT, rom urT-

ierTcalsaxa kavSiri, riczis Teoremidan gamomdinare, aRar Sesrul-

deba e.w. `aRWurvil~ (Rigged, оснащенном ) hilbertis sivrceebSi (ix. 

qvemoT). 

wrfivi operatorebi

veqtorul sivrceSi operators gadayavs veqtorebi 
sxva veqtorebSi; sxva sityvebiT rom vTqvaT, Tu A  aris 
operatori, xolo ψ  - veqtori, maSin Aψ aris sxva veqto-
ri. operatori mTlianad ganimarteba Tavisi moqmedebiT 
yvela veqtorze mocemul sivrceSi (an Tavisi qvesivrciT, 
domeniT, romelSic operatoris moqmedeba kargad aris 
gansazRvruli). wrfivi operatori akmayofilebs pirobas

( ) ( ) ( )1 1 2 2 1 1 2 2A c c c A c Aψ ψ ψ ψ+ = +  (36)

ori operatoris toloba, A B=  niSnavs, rom A Bψ ψ=
yvela veqtorisaTvis am operatorebis saerTo domenSi. 
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amave dros ganimarteba operatorebis jami da namravli 
( ) ( );A B A B AB A Bψ ψ ψ ψ ψ+ = + = , aseve yvela 

ψ -isTvis. (37)
am ganmartebidan gamomdinareobs, rom operatorTa nam-

ravli aris aucileblad asociatiuri, ( ) ( )A BC AB C= , 
magram ar aris aucilebeli komutatoruli iyos.

magaliTi 1. 
diskretuli veqtorebis sivrceSi, sadac veqtorebi 

warmoidgineba svetis saxiT, wrfivi operatorebi arian 
kvadratuli matricebi. marTlac, nebismieri operator-
uli gantoleba N -ganzomilebian sivrceSi SegviZlia ga-
davaqcioT matricul gantolebad. ganvixiloT, magaliT-
ad, operatoruli gantoleba 

M ψ φ=  (38)

avirCioT raime orTogonaluri bazisi { }1 , 1, 2,...,u i N= , 
romelSic gavSaloT veqtorebi, 

,j j k k
j k

a u b uψ φ= =∑ ∑  (39)

vimoqmedoT operatorul gantolebaze marcxnidan  

iu -iT, miiReba (Tu iu qmnian svets, maSin ( ), 1, 2,...,iu j N=  

qmnian striqons), 

i j j i k k i
j k

u M u a u u b b= =∑ ∑  (40)

amas ki aqvs matriculi gantolebis saxe

,ij j i ij i j
j

M a b M u M u= ≡∑  (41)

am gziT nebismieri problema N -ganzomilebian wrfiv 
veqtorul sivrceSi gadaiTargmneba matricul prob-
lemaSi. swored es faqti metyvelebs matriculi meqani-
kis ekvivalentobaze Sredingeris talRur meqanikasTan.

igivenairad SegviZlia moviqceT usasrulo-gan-
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zomilebis veqtorul sivrceSi, Tuki iq gveqneboda 
Tvladi orTonormaluri bazisi, oRond SevxvdebodiT 
usasrulo jamis krebadobis amocanas. am sakiTxs Semd-
gomSi davubrundebiT. 

magaliTi 2. 
funqciebis sivrceSi operatorebi xSirad iReben dif-

erencialuri an integraluri operatorebis saxes. mag-
aliTad, aseTi operatoruli gantoleba 

1x x
x x
∂ ∂

= +
∂ ∂

SeiZleba ucnaurad mogveCvenos, Tu daviviwyebT, rom 
operatorebi gansazRvrulia Tavisi moqmedebiT veqtore-
bze. amitom zeda magaliTi ase unda gavigoT: 

( ) ( ) ( ) ( ),
x

x x x x x
x x

ψ
ψ ψ ψ

∂∂
= + ∀  ∂ ∂

 (42)

SegviZlia ganvsazRvroT operatorebi, romlebic moq-
medeben marcxnivi mimarTulebiT e.w. bra _ veqtorebze, 
rogorc:

( ) ( ) , ,A Aφ ψ φ ψ φ ψ= ∀  (43)

es gamoiyureba trivialurad dirakis aRniSvnebSi. 
miuxedavad amisa, azri aqvs gavSifroT es Tanafardoba 
ufro detalurad. 

bra veqtori faqtobrivad aris wrfivi funqcionali 
ket veqtorebis sivrceze, romelic dawvrilebiT aRiniS-
neba ase:

( ) ( ), ,Fφ φ⋅ = ⋅  (44)

sadac φ  aris Fφ -is Sesabamisi veqtori riczis Teore-
mis mixedviT, da wertili aRniSnavs veqtoruli argumen-
tis adgils. 

SegviZlia ganvmartoT A  operatoris moqmedeba bra 
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funqcionalze ase

( ) ( )AF F Aφ φψ ψ ψ= ∀  (45)

am Tanafardobis marjvena mxare akmayofilebs ψ  
veqtoris wrfivi funqcionalis ganmartebas da marTlac 
gansazRvravs axal funqcionals, AFφ . riczis Teoremis 
mixedviT unda arsebobdes iseTi ket veqtori χ , rom

( ) ( ) ( ),AF Fφ χψ χ ψ ψ= =  (46)

radgan mocemuli A -sTvis χ  calsaxad ganisazRvreba 
φ -iT, unda arsebobdes operatori †A  iseTi, rom †Aχ φ=
. amitom wina formulas vwerT, rogorc 

†A
AF Fφ φ

= . (47)

wina ori formulidan gvaqvs: ( ) ( ), ,Aφ ψ χ ψ= , da ami-
tomac 

( ) ( )† , , ,A Aφ ψ φ ψ=  yvela φ  da ψ -saTvis (48)

es ki aris A  operatoris SeuRlebulis, †A -is Cveu-
lebrivi ganmarteba. mTeli es aratrivialuri maTematika 
Tavmoyrilia dirakis (43) martiv gantolebaSi. 

SeuRlebuli operatori formalurad ganisazRvreba 
dirakis aRniSvnebSi imis moTxovniT, rom Tu φ  da ψ

arian saTanadod ket da bra veqtorebi, maSin †Aφ ω≡  

da A φ ω≡  agreTve Seesabamebian bras da kets. radgan 

ω ψ ψ ω= , gamomdinareobs, rom 

† , , ,A Aφ ψ ψ φ φ ψ= ∀  (49)

es ekvivalenturia wina Tanafardobisa. Tumca ufro 
martivia, vidre riczis TeoremiT Semoyvana, magram es 
formaluri meTodi aRar aris samarTliani †A -operato-
ris arsebobis dasamtkiceblad. 
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gare namravli

SeuRlebuli operatoris zogierTi Tviseba gamomdinareobs pirda-

pir misi ganmartebidan: 

( ) ( ) ( )† † †† † † † †; ;cA cA A B A B AB B A= + = + =  (50)

bra da ket veqtorebis Sinagan namravlTan erTad, φ ψ , romel-

ic aris skalari, SeiZleba ganvmartoT gare namravli, ψ φ . es obi-

eqti aris operatori. marTlac, namravlis asociaturobis daSvebiT 

miviRebT

( ) ( )ψ φ λ ψ φ λ=  (51)

da radgan operatori ganimarteba misi moqmedebis miTiTebiT nebi-

smier veqtorze sxva veqtoris warmosaqmnelad, es gantoleba mTli-

anad ganmartavs ψ φ -s, rogorc operators. moyvanili Tvise-

bebidan gamomdinareobs, rom 

( )†
ψ φ φ ψ=

es Tanafardoba gvibiZgebs, rom davweroT ( )†
ψ ψ= . Tumca 

realurad araviTari vneba ar aris am TanafardobaSi, is ver iqne-

ba misaRebi, radgan iyenebs `SeuRlebis~ simbolos, † , da is ar aris 

operatori da ar SeuZlia daakmayofilos fundamenturi ganmarteba. 

operatorisTvis mniSvnelovani maxasiaTebelia misi Spuri 

j j
j

TrA u A u=∑  (52)

matricis Spuri aris misi diagonaluri elementebis jami. opera-

torisTvis usasrulo ganzomilebis sivrceSi Spuri arsebobs mxolod 

maSin, Tu usasrulo jami krebadia. 

ermituli da TviTSeuRlebuli  
operatorebi, Teoremebi

operators, romelic udris Tavis SeuRlebuls, ewodeba TviT-

SeuRlebuli, rac niSnavs Semdegs: 

A Aφ ψ ψ φ=  (53)
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da A -s domeni emTxveva A+ -is domens, (e.i. φ  veqtorebis krebuls, 

romelzec Aφ -c aris kargad ganmartebuli) . Tu operatori mxolod 

moyvanil tolobas akmayofilebs, mas ewodeba ermituli, ermituli 

matricis analogiurad, romlisTvisac ij ijM M= . gansxvaveba ermit-

ul operatorebsa da TviTSeuRlebul operatorebs Soris arsebiTia 

mxolod usasrulo ganzomilebis veqtorul sivrceebSi. ermitul op-

eratorebs maTematikaSi xSirad `simetriulsac~ uwodeben. moviyva-

noT ramdenime Teorema ermituli operatorisaTvis. 

Teorema 1. 

Tu A Aψ ψ ψ ψ= , yvela ψ -sTvis, maSin 1 2 2 1A Aφ φ φ φ=  

da amitom, A A+= , sadac aviReT 1 2 1 2, , , ,a b a bψ φ φ φ φ= + ∀

-sTvis

mtkiceba: gavweroT piroba cxadi saxiT:

2 2
1 1 2 2

1 2 2 1

A a A b A

ab A ba A

ψ ψ φ φ φ φ

φ φ φ φ

= + +

+ +

es gamosaxuleba unda iyos namdvili. pirveli ori wevris nam-

dviloba eWvs ar iwvevs. maSasadame, unda ganvixiloT marto mesame 

da meoTxe wevrebi. Tu nebismier parametrebs ase aviRebT 1a b= = ,  

miiReba piroba 

1 2 2 1 1 2 2 1A A A Aφ φ φ φ φ φ φ φ+ = +

Tu axla avrCevT 1,a b i= = , miiReba

1 2 2 1 1 2 2 1i A i A i A i Aφ φ φ φ φ φ φ φ− = − +

i -ze Sekvecis Semdeg, am ori gantolebidan gamomdinareobs, rom 

1 2 2 1A Aφ φ φ φ=  (54)
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sakuTari veqtori da sakuTari mniSvneloba

Tu raime veqtorze moqmedi operatori warmoqmnis imave veqtorze 

gamravlebul skalars, maSin am veqtors ewodeba sakuTari veqtori, 

xolo skalars _ sakuTari mniSvneloba

A aφ φ=  (55)

antiwrfivi urTierToba brasa da kets Soris gvaZlevs marcxniv 

moqmed gantolebas, 

A aφ φ+ =  (56)

Teorema 2. Tu A  aris ermituli operatori, misi yvela sakuTari 

mniSvneloba namdvilia. 

mtkiceba: gvaqvs A aφ φ= . ermitulobis gamo A Aφ φ φ φ= .  

CavsvaT sakuTar mniSvnelobaTa gantolebaSi: 

;A A a aφ φ φ φ φ φ φ φ= =

anu a a= . Sedegi gviCvenebs, rom TviTSeuRlebuli operatorisT-

vis †A A= - bras SeuRlebuli agreTve aris sakuTari veqtori, imave 

sakuTari mniSvnelobiT: †A aφ φ=
Teorema 3. 

ermituli operatoris sxvadasxva sakuTari mniSvnelobebis Sesa-

bamisi sakuTari veqtorebi unda iyvnen orTogonaluri. 

mtkiceba: gvaqvs 1 1 1 2 2 2;A a A aφ φ φ φ= =
ermitulobis gamo, 

( )
1 2 2 1 1 2 1 2 1 2

1 2 2 1

0 A A a a

a a

φ φ φ φ φ φ φ φ

φ φ

= − = − =

= −

amitom 2 1 0φ φ = , Tu 1 2a a≠ .

Tuki 1 2 ( )a a a= = maSin nebismieri wrfivi kombinacia gadagvarebu-

li sakuTari veqtorebisa 1φ  da 2φ  aris agreTve sakuTari veqto-

ri erTidaigive sakuTari mniSvnelobiT a . 

Tu davuSvebT, rom veqtorebs aqvT sasrulo norma, SevZlebT maT 
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masStabur gardaqmnas, raTa hqondeT erTeulovani norma. amitom yov-

elTvis vimuSavebT sakuTari veqtorebis orTonormirebuli sistemiT, 

( ),i j ijφ φ δ=

saxelmZRvaneloebSi iTvleba (mtkicdeba), rom ermituli opera-

torebis sakuTari veqtorebis orTonormaluri sistema aris sruli; 

rac niSnavs, rom is qmnis baziss, romelic moWimavs srul veqtorul 

sivrces. 

jer ganvixiloT

sruli orTogonaluri sistemebis Tvisebebi

Tu { }iφ veqtorebis sistema aris sruli, nebis mi eri veqtori υ  

SegviZlia gavSaloT mis mixedviT: 
i i

i
υ υ φ=∑ . orTogonalo-

bis pirobis daxmarebiT advilad vpoulobT gaSlis koeficientebs 

,i iυ φ υ= . amitom vwerT

( ) ,i i i i
i i

υ φ φ υ φ φ υ υ = = ∀ 
 

∑ ∑  (57)

radgan es gantoleba kmayofildeba nebismieri υ  veqtorisaTvis, 

frCxilebSi moTavsebuli operatori unda iyos erTeulovani, 

i i
i

Iφ φ =∑  (58)

Tu i i iA aφ φ=  da sakuTari veqtorebi qmnian srul orTogo-

nalur sistemas, maSin nebismieri operatori SegviZlia gamovsaxoT 

Secvlili formiT misi sakuTari veqtorebis da saTanado sakuTari 

mniSvnelobebis mixedviT: 

i i i
i

A a φ φ=∑  (59)@

axla SegviZlia gamoviyenoT operatoris diagonaluri warmodgena, 

Tu ganvmartavT operatoris funqcias, 

( ) ( )i i i
i

f A f a φ φ=∑  (60)

am mniSvnelovan Sedegze dayrdnobiT zogierTi avtori damtkice-
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bis gareSe uSvebs, rom kvanturi meqanikis ermitul operatorebs 

gaaCnia sakuTar veqtorTa sruli sistemebi. aris ki ase? 

nebismieri operatori sasrulo N - ganzomilebian veqtorul 

sivrceSi SegviZlia gamovxatoT N N× matriciT. 

Mφ λφ=
matriculi gantolebis aratrivialuri amoxsnis arsebobis pirobaa 

Mφ λφ=det 0M I− =det 0M I− =  (61)

determinantis gaSla gvaZlevs N -xarisxis polinomials λ -s 

mixedviT. yovel fesvs unda eTanadebodes sakuTari veqtori. Tu yve-

la N sakuTari mniSvneloba gansxvavebulia, unda arsebobdes saku-

Tari veqtorebi, romlebic aucileblad moWimaven N ganzomilebian 

sivrces. ufro frTxili argumentebia mosatani Tanxvedri fesvebis 

SemTxvevaSi. 

es argumentebi ar gamodgeba usasrulo ganzomilebis sivrceebSi. 

marTlac, Tu N xdeba usasrulo, saqme gveqneba usasrulo xarisxo-

van mwkrivTan λ -s mixedviT, romelsac ar aris aucilebeli hqondes 

raime fesvebi, krebadobis drosac ki. (specialuri SemTxvevebis garda 

usasrulo ganzomilebis matricebi ganusazRvrelia). umartivesi kon-

trmagaliTia impulsis operatori /P id dx= − , gansazRvruli dif-

erencirebadi funqciebis sivrceSi a x b≤ ≤ . misi SeuRlebuli, P+

gansazRvris Tanaxmad aris 

( ) ( ) ( ) ( )
b b

a a

x P x dx x P x dxφ ψ ψ φ+ = =∫ ∫

( ) ( ) ( ) ( )
b

b

a
a

x P x dx i x xφ ψ ψ φ = +  ∫  (62)

bolo striqoni moiZebneba nawilobiTi integraciiT. Tu sasazRv-

ro pirobebi isea SerCeuli, rom bolo wevri ganuldes, maSin P cxa-

dad ermituli operatori iqneba. 

sakuTari mniSvnelobebis gantoleba 

( ) ( )di x x
dx
φ λφ− =  (63)

aris diferencialuri gantoleba, romlis amoxsnaa 
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( ) ( .)i xx ce c constλφ = = . magram rogorc sakuTari mniSvnelobebis gan-

toleba P -operatorisaTvis, Cven gvainteresebs mxolod sakuTari 

funqciebi raime veqtorul sivrceSi. SeiZleba ganimartos ramdenime 

sxvadasxva veqtoruli sivrce, imisda mixedviT, Tu rogor sasazRvro 

pirobebs davadebT. qvemoT aris SesaZlo CamonaTvali:

•	 arc erTi sasazRvro piroba _ yvela kompleqsuri λ aris sa-

kuTari mniSvneloba. raki P ar aris ermituli, es ar gvainteresebs. 

•	 ( ), ,a b xφ= −∞ = +∞  SemosazRvrulia, roca x →∞ . λ -s  

yvela namdvili mniSvneloba aris sakuTari. sakuTari funqciebi ar 

aris normirebadi, magram isini adgenen srul sistemas im SinaarsiT, 

rom nebismieri funqcia warmoidgineba furie-integralad, romelic 

SeiZleba gavigoT rogorc talRuri funqciebis uwyveti kombinaciebi. 

•	 / 2, / 2,a L b L= − = + perioduli sasazRvro pi ro bebiT 

( ) ( )/ 2 / 2L Lφ φ− = ; 

sakuTari mniSvnelobebi adgenen diskretul speqtrs, 2 /n n Lλ λ π= =
, sadac n - mTeli ricxvia, dadebiTi an uaryofiTi. sakuTari funqcie-

bi adgenen srul orTonormirebul sistemas, sisrule mtkicdeba fu-

rie-mwkrivebis TeoriaSi. 

•	 ( ), , 0,a b x as xφ= −∞ = +∞ → →±∞
Tumca P -operatori ermitulia, mas ar aqvs sakuTari funqciebi 

am sivrcis SigniT.

ganxiluli magaliTebi gviCvenebs, rom usasrulo ganzomilebis 

veqtorul sivrceSi ermitul operators SeiZleba ar hqondes sa-

kuTari veqtorebis sruli sistema, rac damokidebulia operatoris 

zust bunebaze da veqtorul sivrceze. sabednierod, SesaZlebelia 

formulirebis iseTnairi Secvla, rom aRar iyos saWiro kargad gan-

sazRvruli sakuTari veqtorebis arseboba 
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speqtraluri Teorema

zemoT Semoyvanili gare namravli 
i iφ φ , Sedgenili erTeulo-

vani normis veqtorebisgan, aris proeqciuli operatoris magaliTi. 

sazogadod, TviTSeuRlebuli operatori Π , romelic akmayofilebs 

Tanafardobas 2Π = Π , aris proeqciuli operatori. misi moqmedebaa 

daagegmilos veqtoris komponenti, romelic imyofeba romelime qve-

sivrceSi da gaaqros am qvesivrcis orTogonaluri yvela komponenti. 

Tu A  operators aqvs gadagvarebuli speqtri, SegviZlia SevadginoT 

proeqciuli operatori qvesivrceze, romelic moWimulia gadagvare-

buli ia a= -s Sesabamisi sakuTari veqtorebiT, 

( ) , ii i a a
i

P a φ φ δ=∑  (64)

da A  operatori gadavweroT ase

( )
a

A aP a=∑  (65)

aq ajamva xdeba sakuTari mniSvnelobebis speqtrze. (magram, radgan 

( ) 0P a = , Tuki a  ar aris sakuTari mniSvneloba, uvnebelia ajamva 

gavavrceloT speqtris gareTac).

zemoT CamoTvlili magaliTebi gveubneba, rom sirTuleebi ga-

mowveulia uwyveti speqtriT, amitom sasurvelia es bolo toloba 

gadavweroT iseTi formiT, rom gamodges rogorc diskretuli, aseve 

uwyveti speqtrisaTvis. yvelaze moxerxebulad es keTdeba stiltie-

sis integralis daxmarebiT, romlis ganmarteba aseTia

( ) ( ) ( ) ( ) ( )1
1

lim
b n

k k kn ka

g x d x g x x xσ σ σ −→∞
=

= −  ∑∫ ,

zRvari ise unda aviRoT, rom yvela intervali ( )1k kx x −−  miiswra-

fodes nulisken, roca n →∞ . aradacemad ( )xσ  funqcias ewodeba 

zoma. Tu ( )x xσ = , maSin stiltiesis integrali gadadis Cveulebriv 

rimanis integralSi. Tu arsebobs /d dxσ , maSin gvaqvs

( ) ( ) ( )
( ) ( )Stielties Rieman

dg x d x g x dx
dx
σσ  =  

 ∫ ∫
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aratrivialuri ganzogadeba gvaqvs, roca ( )xσ  ar aris uwyveti. 

magaliTad, davuSvaT, rom 

( ) ( )x h x cσ θ= − , 

sadac ( ) 0xθ = , Tu 0x <  da ( ) 1xθ = , roca 0x >  _ esaa Cveule-

brivi Teta-funqcia. 

ganmartebidan naTelia, rom erTaderTi wevri, romelic Seitans 

aranulovan wvlils, gvaqvs, roca 1kx c− <  da kx c> . amitom integra-

li iqneba toli ( )hg c .

wyvetadi zomis funqcia

Teorema: (riczi, neigu- 1955): 

yovel TviTSeuRlebul A  operators Seesabameba ( )E λ  proeqci-

uli operatorebis erTaderTi ojaxi namdvili λ -ebiT da Semdegi 

TvisebebiT:

(i) Tu 1 2λ λ< , maSin ( ) ( ) ( ) ( ) ( )1 2 2 1 1E E E E Eλ λ λ λ λ= =

formalurad rom vTqvaT, ( )E λ - aproeqtirebs qvesivrceze λ≤ .

(ii) 0ε > , maSin ( ) ( ) , , 0E Eλ ε ψ λ ψ ε+ → →

(iii) ( ) 0, ,E asλ ψ λ→ → −∞

(iv) ( ) 0, ,E asλ ψ λ→ → +∞

(v) ( )dE Aλ λ
+∞

−∞

=∫  (66)
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(66) gantoleba aris (59) gantolebis ganzogadeba nebismier TviT-

SeuRlebul operatorze, romelsac SeiZleba hqondes diskretuli 

an uwyveti speqtri, an am oris narevi. (60)-is saTanado ganzogadeba 

iqneba

( ) ( ) ( )f A f dEλ λ
+∞

−∞
= ∫  (67)

diskretuli speqtris magaliTi: 

roca (66) formulas gamoviyenebT operatorisTvis sufTa diskret-

uli speqtriT, erTaderTi wvlili integralSi warmoiSveba wyvetidan 

( ) ( )i i i
i

E aλ φ φ θ λ= −∑
es xdeba sakuTar mniSvnelobebze, wyveta aλ =  wertilSi aris 

zustad ( )P a . amitom (66) dadis (59)-ze. 

uwyveti speqtris magaliTi:

magaliTisTvis ganvixiloT mdebareobis operatori Q ,  

ganmartebuli rogorc ( ) ( )Q x x xψ ψ= . trivialurad mowmdeba, rom 

Q Q+= . axla sakuTari mniSvnelobebis gantolebas ( ) ( )Q x x xφ φ=

aqvs formaluri amonaxsnebi

( ) ( )x xφ δ λ= −  (68)

magram delta ar aris kargad gansazRvruli funqcia, da Tu mk-

acrad vityviT, ar gvaqvs sakuTari funqciebi. 

miuxedavad amisa, speqtraluri Teorema kvlav gamoiyeneba. pro-

eqciis opertatorebi Q -sTvis arian gansazRvruli gantolebidan: 

( ) ( ) ( ) ( )E x x xλ ψ θ λ ψ= −

romelic aris 

( ) ,x xψ λ<  da 0 , roca x λ> .

advilad mowmdeba (63), rom 

( ) ( ) ( ) ( ) ( ) ( )dE x d x x x x Q xλ λ ψ λ θ λ ψ ψ ψ
+∞ +∞

−∞ −∞

= − = =  ∫ ∫  (69)
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gamoTvlisas gaviTvaliswineT, rom λ aris saintegracio cvladi, 

xolo x  aris mudmivi. 

dirakis pioneruli formulirebis Tanaxmad miRebulia, rom kvan-

tur meqanikaSi Semdegnairad davweroT formaluri sakuTar mniS-

vnelobaTa gantoleba Q -s tipis operatorisaTvis, romelsac aqvs 

uwyveti speqtri, 

Q q q q=
xolo orTonormirebis piroba aviRoT Semdegi formiT

( )q q q qδ′ ′′ ′ ′′= −

cxadia, rom am formalurad sakuTari veqtoris nor-

ma aris usasrulo, radgan es toloba niSnavs, rom q q = ∞ .  

nacvlad (66) speqtraluri Teoremisa Q -sTvis diraki wers

Q q q q dq
∞

−∞

= ∫ , (70)

rogorc (66)-is uwyvet analogs. dirakis formulireba ar gamodge-

ba hilbertis sivrcis maTematikuri formulirebisTvis, romelic 

uSvebs mxolod sasrulo normis veqtorebs. proeqciis operatori, 

formalurad mocemuli ase 

( )E q q dq
λ

λ
−∞

= ∫ , (71)

kargad aris gansazRvruli hilbertis sivrceSi,magram misi war-

moebuli, ( ) /dE q dq q q=  ar arsebobs hilbertis sivrcis Car-

CoebSi, radgan q q = ∞ . 

uamravi cda, raTa CaesvaT kvanturi meqanika maTematikurad mkacr 

hilbertis sivrcis CarCoebSi, aRmoCnda uSedego. yvelaze mimzidve-

lad gamoiyureba hilbertis sivrcis iseTnairi gafarToeba, rom us-

asrulo normis veqtorebis ganxilva iyos SesaZlebeli. am problemis 

Sesaxeb qvemoT gveqneba saubari. manamde ki moviyvanoT kidev erTi 

mniSvnelovani Teorema, romelic exeba damzeradi sidideebis siste-

mas.
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Teorema 

Tu A  da B  arian TviTSeuRlebuli operatorebi, romelTagan 

orives gaaCnia sakuTari veqtorebis sruli krebuli, da Tu isini 

komutireben AB BA= , maSin iarsebebs orive A  da B operatorebis 

sakuTar veqtorTa sruli sistema. 

am Teoremis mtkiceba moyvanilia nebismier saxelmZRvaneloSi da 

aq ar gavimeorebT. 

Teorema advilad zogaddeba urTierTkomutirebadi operatore-

bis nebismieri raodenobisTvis, agreTve adgili aqvs Sebrunebul Te-

oremasac: Tu A  da B operatorebs aqvT saerTo sakuTari veqtorebis 

sruli erToblioba, maSin es operatorebi komutireben, AB BA= . 

adgili aqvs agreTve Semdeg Teoremas:

Teorema 

nebismieri operatori, romelic komutirebs komutirebad opera-

torTa sruli sistemis yvela wevrTan, unda iyos am krebulis opera-

torebis funqcia. 

kvanturi meqanikis arsebul saxelmZRvaneloebSi, TiTqmis gamon-

aklisis gareSe, Teoria Camoyalibebulia zemoT gadmocemuli maTem-

atikuri aparatis CarCoebSi. gzadagza miniSnebuli gvqonda, rom mTel 

rig sakiTxebSi sivrcis ganzomileba gansxvavebul rols asrulebs, 

ris gamoc SeiZleba warmoiqmnas paradoqsaluri situaciebi. amitom 

droa gadavideT zogierTi cnobili paradoqsis gadmocemaze saTana-

do maTematikuri ganxilvis WrilSi. amasTan erTad yuradRebas va-

qcevT hilbertis sivrcis zogierT siRrmiseul sakiTxebsac.
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kvanturi meqanikis maTematikuri 
paradoqsebi 

pirvel rigSi moviyvanoT im paradoqsebis Sinaarsi, 
romlebic dakavSirebulia maTematikuri xasiaTis prob-
lemebTan. 

paradoqsi 1. 
erT-ganzomilebaSi mdebareobis Q  da impulsis P op-

eratorebi akmayofileben haizenbergis komutaciis Tana-
fardobas

[ ],Q P i= 1  (72)

Tu orive mxaris Spurs aviRebT da gaviTvaliswinebT, 
rom Spuris niSnis SigniT operatorTa gadasma dasaSvebia, 
marcxena mxareSi miiReba nuli, [ ], 0Tr Q P = , xolo mar-
jvena mxareSi nulisgan gansxvavebuli sidide ( ) 0i Tr ≠1 .  
ra daskvna gamomdinareobs aqedan?

paradoqsi 2.

ganvixiloT talRuri funqciebi ϕ  da ψ , romlebic 

arian kvadratulad integrebadi R sivrceSi (namdvil 

RerZze). aviRoT impulsis operatori 
dP i
dx

= −  . Cava-

taroT nawilobiTi integracia gamosaxulebaSi 

( )( )( ) ( )( ) ( ) ( )( )dx x P x dx P x x i xϕ ψ ϕ ψ ϕψ
+∞ +∞

+∞

−∞
−∞ −∞

= −   ∫ ∫   (73)

radgan ϕ  da ψ  arian kvadratulad integrebadi, 
Cveulebriv ixilaven funqciebs, romlebic qrebian, roca 
x →±∞ . amitom bolo wevri ganuldeba, anu P operato-
ri gamodis ermituli. rogorc qvemoT vnaxavT, arseboben 
kvadratulad integrebadi funqciebi, romlebic ar qre-
bian usasrulobaSi. rogor SevaTavsoT erTmaneTTan es 
ori SemTxveva?
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maTematikis saxelmZRvaneloebis Tanaxmad funqciebis 
kvadratulad integrebadoba, sazogadod, jer kidev ar 
niSnavs, rom aseTi zRvari arsebobs funqciebisTvisac, 
da, amitom funqciebi aucileblad ar nuldebian usasru-
lobaSi. arseboben kidec funqciebi, romlebic kvadratu-
lad Sejamebadia R -Si, magram SemousazRvreli usasru-
lobaSi. aseTi magaliTia funqcia ( ) ( )2 8 2exp sinf x x x x= − .  
(B.R. Gelbaum, J.M.H. Olmstem, “Counterexamples in analysis”, 
Berlin, 1964). es funqcia mocemulia naxazze, sadac fun-
qciis periodi 20-jer aris gazrdili _ ukeT rom gamoCe-
niliyo oscilaciebis gazrdili raodenoba. 

arsebobs ufro metad cnobili funqciis magaliTi, 
romelic aris uwyveti, dadebiTi da integrebadi R -Si, 
Tumca ar miiswrafis nulisken, roca x →±∞  (ix. Semdegi 
naxazi):

ganvixiloT funqcia ( ) ( )
2

n
n

f x f x
∞

=

=∑ , sadac nf  qreba 



_ 47 _

R -Si, garda 2

2
n

 siganis intervalebisa, romlebSic nf

-is grafiki aris samkuTxedi, simetriuli n -is mimarT 

simaRliT 1. am samkuTxedis farTobia 2

1
n

. xolo sruli 

farTobisTvis gvaqvs 
( ) 2

2

1
n

dxf x
n

+∞ ∞

=−∞

= < ∞∑∫ ,

magram f  funqcia ar miiswrafis nulisken, roca 
x →±∞ . 

am faqtis miuxedavad SegviZlia Tu ara vamtkicoT, 

rom 
dP i
dx

= −   operatori aris ermituli? 

paradoqsi 3. 
ganvixiloT axla operatori 

3 3A PQ Q P= +  (74)

romelic agreTve ermituli unda iyos R -Si, radgan am 
Tvisebebisaa Q da P . am operatoris ermitulad SeuRle-
buli operatoria 

( )3 3 3 3A PQ Q P Q P PQ A
++ = + = + =

aqedan gamomdinareobs, rom A - operatoris sakuTari 
mniSvnelobebi aris namdvili. miuxedavad amisa, advilad 
SevamowmebT, rom funqciisaTvis

( )
3/2

2

1 1exp , 0
42

0, 0

x for x
f x x

for x

− −  ≠  =  
 =

 (75)

miiReba ˆ ,Af i f= −   rac niSnavs, rom A  operatori 
uSvebs warmosaxviT sakuTar mniSvnelobas (- i ). amave 
dros f  funqcia aris usasrulod diferencirebadi R
-Si da kvadratulad integrebadi, radgan 
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( ) ( ) ( ) ( )21/ 222 2 1/ 23

0 0 0

2 1
xxdx f x dx f x dxx e e

−
∞∞ ∞ ∞

−−

−∞

 
= = = = 

 ∫ ∫ ∫  

raSia Secdoma? 

paradoqsi 4. 
ganvixiloT [0,1] intervalSi moZravi nawilaki da aRvw-

eroT talRuri funqciiT ψ , romelic akmayofilebs 
sasazRvro pirobebs ( ) ( )0 0 1ψ ψ= = . maSin impulsis op-

eratori 
dP i
dx

= −   aris ermituli, radgan nawilobiTi 

integracia gvaZlevs 

( ) ( )( )( ) ( )( )
1

1

0
0

0dx P P x i xϕ ψ ϕ ψ ϕψ− = − =  ∫   (76)

da radgan operatori ermitulia, misi sakuTari mniS-
vnelobebi unda iyos namdvili. maTi gansazRvrisaTvis ga-
moviyenoT sakuTar mniSvnelobaTa gantoleba

( )( ) ( ) ( ), , 0p p pP x p x pψ ψ ψ= ∈ ≠R , (77)

amoxsnaa ( ) { }exp , 0p p p
ix c px cψ  = ∈ − 

 
C . sasaz-

Rvro piroba ( )0 0pψ =  axla niSnavs, rom 0pψ ≡ , radgan 

gamomdinareobs 0pc = . amitom P -s ar aqvs sakuTari fun-
qcia. ufro metic, misi speqtri aris mTeli kompleqsuri 
sibrtye, da amitom P  ar warmoadgens damzerads. rogor 
unda gavigoT es sakvirveli rezultati?

paradoqsi 5.
Tu polarul koordinatebs SemovitanT sibrtyeze 

an sferul koordinatebs sivrceSi, maSin polaruli 
kuTxe ϕ  da momentis komponenta ZL  arian kanonikurad 
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SeuRlebuli cvladebi klasikur meqanikaSi. kvantur Te-
oriaSi ϕ -cvladi xdeba gamravlebis operatori ( )ψ ϕ  

funqciisa ϕ -ze da ZL i
ϕ
∂

= −
∂

 akmayofilebs komutaciis 

Tanafardobas 

[ ], ZL iϕ = 1  (78) 

ZL  operatori moqmedebs periodul talRur funqci-
aze ( ) ( )0 2ψ ψ π=  da aris ermituli. ufro metic, ZL -s 
aqvs orTogonalur sakuTar funqciaTa mψ sruli siste-
ma

( ) ( )1, exp ,
2Z m m mL m imψ ψ ψ ϕ ϕ
π

= = , m∈Z  (79)

orTonormalizebis qveS gvesmis skalaruli namravlis 
gamoyeneba 

( ) ( ) ( )
2

1 2 1 2
0

, d
π

ψ ψ ϕψ ϕ ψ ϕ= ∫
(74) komutatoris gasaSualoebiT mψ  mdgomareobaSi 

da ZL -is ermitulobis gaTvaliswinebiT vRebulobT

( )
, ( ) , ,

, , , 0
m m m Z m m Z m

Z m m m m m m

i i L L

L m m m

ψ ψ ψ ψ ψ ϕ ψ

ψ ϕψ ψ ϕψ ψ ϕψ+

− = − = − =

= − = − =

1 

  
 (80) 

cxadia, rom raRac faqizi momenti unda iyos sadRac 
gamoyvanisas. 

paradoqsi 6. 
davumatoT axla cotaodeni wina Sedegs. 1927 wels pau-

lim SeniSna, rom komutaciis Tanafardoba (74) koSi-Svar-
cis utolobis gamoyenebiT ukavSirdeba haizenbergis 

ganuzRvrelobaTa Tanafardobas 
2

P Q∆ ∆ ≥


. radgan am 
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komutaciis Tanafardobas igive saxe aqvs, rac (72)-s, 
imave gziT unda migveRo ganuzRvrelobaTa Tanafardoba 

2ZL ϕ∆ ∆ ≥


  (81) 

magram fizikuri situacia gveubneba, rom es utoloba 
ar unda iyos swori. yovelTvis SegviZlia vipovoT mdgo-
mareoba, romlisTvisac / 4ZL π∆ <   da maSin ϕ  kuTxis 
ganuzRvreloba unda iyos meti, vidre 2π , rasac ar aqvs 
fizikuri Sinaarsi, radgan ϕ  iRebs mniSvnelobebs inter-
valSi [0,2π ). rogor unda SeiZlebodes, rom (78) Tana-
fardoba iyos koreqtuli, Tumca (81) ara? 

sxvaTa Soris, am magaliTidan vxedavT, rom ganuzRvr-
elobis Tanafardoba 

[ ]1 ,
2

A B A B∆ ∆ ≥  nebismieri ori damzeradisTvis A  

da B , (romlis gamoyvana SeiZleba inaxos kvanturi meqa-
nikis nebismier saxelmZRvaneloSi) ar aris samarTliani, 
sazogadod. 

paradoqsi 7. 
ganvixiloT m  masis nawilaki usasrulo potencialur 

ormoSi

( ) ( )0, , 0
,

x a a
V x

otherwise
 ≤ >= 
∞

 

hamiltoniani ormos SigniT emTxveva Tavisufals: 
2 2

22
dH

m dx
= −


. ganvixiloT mdgomareoba

( ) ( )2 2
5/2

15
4

x a x
a

ψ = − , ,x a≤  da ( ) 0xψ = , am aris gareT (82)
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es aris mocemul momentSi nawilakis normirebuli 

talRuri funqcia. naTelia, rom 
4 4

2
2 4 0

4
dH

m dx
ψψ = =


. ami-

tom 2H -is saSualo mniSvneloba ψ  mdgomareobaSi nulis 
tolia

( ) ( )( )( )2 2 2, 0
a

a

H H dx x H x
ψ

ψ ψ ψ ψ
+

−

= = =∫  (83)

meores mxriv, saSualo mniSvnelobis gansazRvra Segvi-
Zlia H -is sakuTari funqciebiT da sakuTari mniSvne-
lobebiT ase (amoxsna ix., kvanturi meqanikis nebismier 
saxelmZRvaneloSi usasrulo siRrmis potencialuri or-
mosTvis)

n n nH Eϕ ϕ= , sadac ( )
2 2

2
2 , 1, 2,...

8nE n n
ma
π

= =


 (84)

axla gamoviyenoT albaTobis Teoriidan cnobili for-
mula

22 2

1
, ,n n n n

n
H E W W

ψ
ϕ ψ

∞

=

= =∑
Tu am gzas gavyvebiT, ar miviRebT nulovan mniSvnelo-

bas, radgan 2 0nE >  da 
1

0 1, 1n n
n

W W
∞

=

≤ ≤ =∑ . aq nW -iT aR-

niSnulia n  mdgomareobis gamoCenis albaTobis simkvrive. 

marTlac, cxadi gamoTvlebi iZleva 
4

2
2 4

15
8

H
m aψ

=


. ro-

meli pasuxia swori da sad warmoiSva gadacdoma? 
saTanado gamoTvlebi da pasuxebi yvela CamoTvlil 

paradoqsze mocemuli gveqneba garkveuli maTematikuri 
aparatis _ funqcionaluri analizis Sesabamisi formal-
izmis ganxilvis Semdeg. 
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hilbertis da aRWurvili hilbertis 
sivrceebi

rogorc qvemoT davinaxavT, riczis Teoremis Tanaxmad 
sasrul-ganzomilebian veqtorul sivrceebSi gvaqvs er-
Ti-erTze (urTierTcalsaxa) Sesabamisoba operatorebsa 
da matricebs Soris. zog SemTxvevebSi operatorTa Ses-
wavla daiyvaneba matricebis Seswavlaze, romlebic arian 
namdvili an kompleqsuri ricxvebis krebulebi. 

gawarmoebis operatori ar aris SemosazRvruli oper-
atori hilbertis kvadratulad integrebadi funqciebis 

sivrceSi. magaliTad, aviRoT funqcia ( ) ( )f x x a= − , 
miiReba

( ) ( )2 21 ( ) / 2
2

b

a

f x a dx b a f b a= − = − ⇒ = −∫

maSin, roca ( )/ 1/ 2df dx x a= −  gvaZlevs 

( )
2 1

4

b

a

dxDf
x a

= = ∞
−∫ , anu D = ∞ .

e.i. gawarmoebis operatori SemousazRvrelia. 
winadadeba: operatori SemosazRvrulia maSin da mx-

olod maSin, Tu mas sasrulo normis veqtori gadayavs 
isev sasrulo normis veqtorSi. 

SeuRlebuli operatori, rogorc zemoT ukve aRvniSneT, 

ganimarteba ase y A x x A y+=  an Ax y x A y+= .  

sasrul-ganzomilebian SemTxvevaSi SegviZlia gamovT-
valoT SeuRlebulis matriculi warmodgena am gan-
martebis gamoyenebiT da ganvazogadoT yvela bazisze 
msgavsebis gardaqmniT. amitom ar wamoiWreba operatoris 
SeuRlebulis arsebobis sakiTxi. usasrulo ganzomilebis 
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sivrceSi ki unda vamtkicoT arsebobis sakiTxi. amitom 
amtkiceben Teoremas: 

Teorema: Ax y x A y+= formuliT ganmartebu-
li SeuRlebuli operatori arsebobs. ufro metic, 

A A+= . e.i. operators da mis SeuRlebuls aqvT erT-

nairi norma! 
usasrulo ganzomilebis sivrceSi am Teoremis analo-

gi rTuli dasamtkicebelia da moiTxovs usasrulo-gan-
zomilebis saTanado speqtralur Teorias. 

ganmarteba 1. wina-hilbertis sivrce (an Sinagani nam-
ravlis sivrce) aris veqtoruli sivrce X raime K - vel-
ze, romelic dasaxlebulia skalaruli (anu, Sinagani) 
namravliT, e.i. funqciiT . . :V V K× → , romelsac aqvs 
Semdegi 3 Tviseba: 

1. wrfiv-naxevrianoba (sesqilinearity- полторалинейнность)
x w x x wλυ µ λ υ µ+ = +  - wrfivoba meore argu-

mentis mimarT da 
w x x w xλυ µ λ υ µ+ = + - anti-wrfivoba pirve-

li argumentis mimarT

2.  w wυ υ= - antisimetriuloba

3.  0 0υ υ υ> ≠ , - dadebiTad gansazRvruloba 

Sinagani namravli gansazRvravs normas X -ze Semdeg-
nairad

, 0x x x= ≥  (85)

da metrikas

( ), ,d x y x y x y x y= − = − −  (86)

amitom Sinagani namravlis sivrceebi arian normirebu-
li metrikuli sivrceebi.

(1) Tvisebis meore striqonis gamo, ityvian, rom Sina-
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gani namravli aris pirveli argumentis mixedviT SeuRle-
bulad wrfivi, xolo meoris mixedviT wrfivi. orive 
Tvisebis erTdroulad gamosaxatavad vityviT, rom Sina-
gani namravli aris erTnaxevrad wrfivi, rac niSnavs, rom 

is aris `
11
2

-jer wrfivi~. advilad mowmdeba, rom Sinagan 

namravlTa sivrce akmayofilebs mniSvnelovan paralelo-
gramis tolobas

( )2 2 2 22x y x y x y+ + − = +  (87)

saxelwodeba nasesxebia elementaruli geometriidan. 
Turme yvela normirebuli sivrce ar aris Sinagani nam-
ravlis sivrce. 

hilbertis sivrce aris wina-hilbertis sivrce, rome-
lic aris sruli (metrikuli sivrceebis SinaarsiT, e.i. 
koSis yoveli mimdevroba ikribeba raime zRvrisken imave 
sivrceSi).

Sexseneba: koSis mimdevroba ase ganimarteba:

0, : , , n mN n m Nε ψ ψ ε∀ > ∃ ∀ > − <

rac `Cveulebriv~ enaze niSnavs Semdegs: mimdevro-
ba { }nx metrikul sivrceSi ( ),X X d=  iwodeba koSis (an 
fundamentur) mimdevrobad, Tu yoveli dadebiTi 0ε >
ricxvisTvis arsebobs ricxvi ( )N N ε=  iseTi, rom 

( ),m nd x x ε<  yvela ,m n N> -isTvis.

aseT sivrces ewodeba sruli, Tu koSis yvela mimdev-
roba X -Si krebadia (anu, aqvs zRvari, romelic aris X
-is elementi) 

magaliTi sivrcisa, romelic ar aris sruli, aris ra-
cionaluri ricxvebis simravle Q , romelic aris real-
uri R ricxvebis simravlis qvesimravle. 
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sruli sivrcis mniSvnelovani Tviseba imaSia, rom 
yoveli Caketili qvesivrce aris sruli. gavixsenoT, rom 
Caketili sivrce Seicavs yvela sasazRvro wertils. ami-
tom H -is Caketili vetoruli qvesivrce aris sruli da 
TavisTavad aris hilbertis sivrce. 

namdvili an kompleqsuri hilbertis sivrce ewodeba 
hilbertis sivrces, romelSic K = R -namdvil ricxvTa 
simravlea an K =C - aris kompleqsur ricxvTa simravle. 

hilbertis sivrceebi arsebiTad ganimartebian maTi 
bazisebiT. 

vambobT, rom hilbertis H  sivrce aris separabelu-
ri, anu arsebobs Tvladi bazisi S ⊂H , romelic yvelgan 
mkvrivia H -Si. sxva sityvebiT: yoveli veqtori ϕ∈H  
aris zRvari { }nϕ  mimdevrobisa S -Si. magaliTad, racio-
naluri ricxvebis erToblioba adgens Tvlad baziss da 
aris mkvrivi yvelgan namdvili ricxvebis sivrceSi, ami-
tomac R  aris separabeluri. 

yvelaze mniSvnelovani Sedegi CamoTvlili Tvisebebi-
sa aris sisrule da orTogonaluroba { }nψ veqtorebis 
sistemisaH -Si. nebismieri veqtori H -Si SeiZleba ase 
CavweroT:

0
lim , ;

N

n n n n i j ij n nN n
c c cψ ψ ψ ψ ψ δ ψ ψ

→∞
=

= ≡ = =∑ ∑
anu yvela veqtorisaTvis adgili aqvs Tanafardobas:

n n
n

ψ ψ ψ ψ=∑
romelsac simbolurad CavwerT ase

1n n
n
ψ ψ =∑

rac aris sisrulis piroba.

normis sasrulobis moTxovna gulisxmobs, rom 
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2
i

i
cψ ψ = < ∞∑

sasrulo ganzomilebis hilbertis sivrceSi CamoTvli-
li Tvisebebi avtomaturad sruldeba. da, piriqiT, usas-
rulo ganzomilebis hilbertis sivrceebSi es moTxovnebi 
Zalian mniSvnelovania. 

hilbertis sivrcis magaliTebi:

rogorc vnaxeT, hilbertis H sivrcis orTonor-
maluri bazisi aris B veqtorTa erToblioba H
-Si, romelSic sruldeba: , ,ww w Bυυ δ υ= ∈  da 

, ,
B

x x x x
υ

υ
∈

= ∀ ∈∑ H .

a) evkliduri sivrce nR . am sivrceSi Sinagani namrav-
li ase ganimarteba:

1 1, ... n nx y ξη ξ η= + +  (88)

sadac ,i iξ η  arian ,x y veqtorebis komponentebi. gvaqvs

( )1/21/2 2 2
1, ... nx x x ξ ξ= = + +

xolo evkliduri metrika ase ganisazRvreba

( ) ( ) ( )
1/21/2 2 2

1 1, , ... n nd x y x y x y x y ξ η ξ η = − = − − = − + + − 

b)  unitaruli sivrce nC . Sinagani namravli ase 
ganimarteba:

1 1, ... n nx y ξη ξ η= + +  (89)
norma aris 

( ) ( )1/2 2 2
1 1 1... ...n n nx ξ ξ ξ ξ ξ ξ= + + = + +

advilad SevamowmebT danarCen Tvisebebsac.



_ 57 _

g) kvanturi meqanikisTvis yvelaze mniSvnelovania 
kvadratulad integrebadi funqciebis sivrce, 2 ( )L R, dx
an zogadad sivrce [ ]2 ,a bL . 

norma ganimarteba ase

( )
1/2

2
b

a

x x t dt
 

=  
 
∫ , (90)

romelic moiZebneba Sinagani namravlidan 

( ) ( ),
b

a

x y x t y t dt= ∫
gamoyenebebSi ufro xSirad gvxvdeba kompleqsu-

ri sidideebis sivrce, sadac ( ) ( ),
b

a

x y x t y t dt= ∫ , anu 

( )
1/2

2
b

a

x x t dt
 

=  
 
∫  (91)

SeniSvna: araTvladi mdebareobis da impulsis bazisebi 
ar arian swori bazisebi, radgan arc brtyeli talRebi da 
arc delta funqciebi ar arian kvadratulad integreba-
di funqciebi. 

Teorema: (hilbertis sivrceebis klasifikacia) el-
ementTa nebismieri raodenobis sistemisaTvis izo-
morfizmis sizustiT arsebobs mxolod erTi hilbertis 
sivrce. kerZod, ori hilbertis sivrce izomorfulia 
maSin da mxolod maSin, Tu maTi ganzomilebebi emTxveva! 
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SemousazRvreli wrfivi operatorebi 
hilbertis sivrceSi

SemousazRvreli wrfivi operatorebi farTod gamoi-
yeneba kvantur meqanikaSi. maTi Teoria ufro rTulia, 
vidre SemosazRvruli operatorebisa. qvemoT Cven Semov-
ifarglebiT mxolood hilbertis sivrciT, rac yvelaze 
sainteresoa fizikisaTvis. sinamdvileSi SemousazRvrel 
operatorTa Teoriis ganviTareba stimulirebuli iyo 
adreul 1920-ian wlebSi, raTa kvanturi meqanikisaTvis 
miecaT mkacri maTematikuri safuZveli. Teoriis siste-
maturi ganviTarebis mcdelobebi ekuTvniT, pirvel rig-
Si, fon neimans (1929-30,1936) da stouns (1932). 

SemousazRvreli operatorebisaTvis domenebis ganx-
ilva da maTi gagrZeleba gaxda upirvelesi problema. 
imisaTvis, rom A  operatoris hilbertulad (ermitu-
lad) SeuRlebuli A+  operatori arsebobdes, A unda 
iyos mkvrivad ganmartebuli H -Si, e.i. misi domeni 

( )AD  unda iyos mkvrivi. 
praqtikul problemebSi xSirad gvxvdeba wrfivi op-

eratorebi, romlebic arian Caketili an aqvT Caketili 
wrfivi gagrZelebebi. 

gavixsenoT, rom A  operatoris domeni ( )AD  aris hilbertis 

sivrcis yvela ψ  veqtorebis sistema, iseTi, rom Aψ  aris agreTve 

hilbertis sivrcis kargad gansazRvruli wevri. 

domeni niSnavs wrfiv qvesivrces H -Si, romelzec A -s moqmede-

bas aqvs azri. domenis wrfivoba aucilebelia A -s wrfivobasTan 

TanxmobisTvis superpoziciis principis dasakmayofileblad. kerZod, 

A -s formalur moqmedebasTan asocirebuli domeni gvesmis rogorc 

(wrfivi) qvesivrce ( )A ⊂D H , romlis elementebi akmayofileben 

pirobas Aψ ∈H . es cneba praqtikulad araarsebiTia, roca A  op-

eratori aris SemosazRvruli H -Si, saxeldobr roca 
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,
op

A < ∞

sadac : sup , , , 0
op

A
A

ψ

ψ
ψ ψ

ψ∈
= ∈ ≠

H
H

anu, rodesac formaluri moqmedeba nebismier ψ ∈H -ze iZle-

va Aψ ∈H . es Tviseba igulisxmeba kvanturi meqanikis sabakalav-

ro kursebSi, rogorc dirakis wignSia aRniSnuli: “wrfivi operato-

ri ganixileba rogorc savsebiT gansazRvruli misi moqmedebiT ket 

veqtorze”.

SevTanxmdeT Semdeg klasifikaciaze: vityviT, rom A  aris oper-

atori H -ze, Tu misi domeni aris mTeli H , da aris operatori 

H -Si, Tu misi domeni Zevs H -Si, magram ar aris mTeli H . garda 

amisa, aRniSvna 

S A⊂
niSnavs, rom A  aris S -is gagrZeleba. 

SemousazRvreli wrfivi operatorebi da maTi ermitu-
lad SeuRlebuli operatorebi

mosalodnelia, rom SemousazRvreli wrfivi operatorebi gansx-

vavdeba SemosazRvrulisgan da sakiTxavia, Tu ra kiTxvebs unda mi-

vaqcioT yuradReba. cnobili Sedegi (ix. qvemoT) gveubneba, rom gan-

sakuTrebuli roli miekuvneba operatoris domens da gagrZelebis 

problemas. operatoris bevri Tviseba damokidebulia domenze. Se-

mosazRvruli operatorisTvis TviTSeuRlebuloba ase ganvsazRvreT 

, ,Ax y x Ay= , (92) 

rac metad mniSvnelovani Tvisebaa. xolo Semdegi Teorema gviCven-

ebs, rom am tolobis damakmayofilebeli SemousazRvreli operatori 

SeuZlebelia ganimartos mTel H -ze. 
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helinger-teplicis Teorema  
(SemosazRvruloba) 

Tu A  wrfivi operatori ganmartebulia mTel kompleqsur hil-

bertis sivrceze H  da akmayofilebs zemoT moyvanil pirobas yvela 

,x y∈H -sTvis, maSin is SemosazRvrulia.

mtkiceba:

aq da Semdeg damtkicebani ixileT wignSi E.Kreyszig, “Introductory 
functional analysis with applications, 1978

davuSvaT sawinaaRmdego: H  Seicavdes iseT mimdevrobas, rom 

1,n ny Ay= →∞

ganvixiloT nf  funqcionali aseTi

( ) , ,nf x Ax y x Ay= =

sadac 1,2,...,n =  da gamoviyeneT (92). yvela nf  ganmartebulia 

mTel H -ze da aris wrfivi. TiToeuli fiqsirebuli n -isTvis nf  

SemosazRvrulia Svarcis utolobis gamo 

( ) ,n n nf x x Ay Ay x= ≤

ufro metic, yoveli fiqsirebuli x∈H -isTvis ( )( )nf x mimdev-

roba SemosazRvrulia, radgan Svarcis utoloba da 1ny =  gvaZlevs 

( ) ,n nf x Ax y Ax= ≤
aqedan da SemosazRvruli operatorebis Sesaxeb Teoremidan 

vaskvniT, rom ( )n nf x f x k x≤ ≤ , Tu aviRebT, nx Ay= , miviRebT

( )2 ,n n n n n nAy Ay Ay f Ay k Ay= = ≤

amitom, nAy k≤ , rac ewinaaRmdegeba Cven daSvebas nAy →∞  da 

amtkicebs Teoremas. 

advilad davrwmundebiT, rom A -operatori uwyvetia maSin da mxo-

lod maSin, Tu is aris SemosazRvruli; sasrulo ganzomilebis hil-

bertis sivrceSi yvela operatori aris SemosazRvruli, rac aRar 

xdeba usasrulo ganzomilebis sivrceSi.

sainteresoa, rom uwyvetobis cneba wrfivi operatorebisTvis aris 
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globaluri: Tu operatori uwvetia wertilSi, aseve moxdeba yvelgan 

hilbertis sivrceSi da piriqiT, Tu is aris SemousazRvreli, is iqne-

ba wyvetadi yvelgan. amis gageba SegviZlia imis SeniSvniT, rom ψ -is 

uwyvetoba, romelic moicema ase

0, 0 : : A Aε δ ϕ ϕ ψ δ ψ ϕ ε∀ > ∃ > ∀ − < ⇒ − <

SeiZleba gadaiTargmnos mtkicebaSi saTavis (0-is) mimarT Semdeg-

nairi gadaweriT 

f ϕ ψ= −  da ( ) ( ) ( ) ( )A A A A fψ ϕ ψ ϕ− = − =

amis magaliTad ukve gvqonda Q  da P  operatorebisTvis zemoT 

miRebuli Tanafardoba 

2 P Q n≥  ,

radgan is samarTliania nebismieri n -isTvis, ris gamoc erT-erTi 

operatorTagan an orive unda iyos Semousazrvreli. 

SemousazRvreli operatorebis magaliTebi 

cnobili magaliTebidan moviyvanoT harmoniuli oscilatoris en-

ergiis operatori 2
2 21

2 2
pH m x
m

ω= +

romelic aris SemousazRvreli, radgan gvaqvs mdgomareobebi nψ  

iseTi, rom ( ) ( ) , 1n n
n nH Eψ ψ ψ= = , energiis nebismierad didi 

mniSvnelobisTvis. 

amave amocanaSi mdebareobis x  operatorisTvis mdgomareobebi 

( )
2 2/2

1/4 1/2

x n
n e

n
ψ

π

−

=  arian normalizebuli, magram 

( )
22

2
n nxψ =

xdeba nebismierad didi.
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erT ganzomilebaSi ( )
2 2

1ax
x a

ψ
π

= ∈
+

H , magram xψ ∉H

am magaliTebidan naTeli xdeba, rom xandaxan operatoris moqmede-

ba H -is veqtorze SeiZleba ar iyos ganmartebuli (e.i. ar iZleodes 

mdgomareobas H -Si). swored amitom SemoaqvT operatoris domeni, 

qvesivrce H -Si, romelzec A  moqmedebs rogorc 

( )Aψ ∈ ⊂D H, Tu Aψ ∈H  

es ganmarteba metad moqnilia, radgan saSualebas gvaZlevs movax-

dinoT SesaZlo gafarToeba domenisa, rogorc qvemoT davrwmundebiT. 

imis aucilebloba, rom saqme gvqondes SemousazRvrel opera-

torebTan, gvaiZulebs moviTxovoT ufro metad zusti pirobebi din-

amikur cvladebTan dakavSirebuli operatorebisaTvis. 

pirvel rigSi gavixsenoT, rom operatori aris ermituli anu si-

metriuli, Tu 

( ), ,f g A Af g f Ag∀ ∈ =D

dinamikuri cvladis saSualo mniSvneloba unda iyos namdvili 

nebismier mdgomareobaSi. amisTvis aucilebeli da sakmarisi pirobaa, 

rom A  iyos ermituli. 

sasrulo ganzomilebian ( )N  sivrceSi, es moTxovna ekvivalen-

turia pirobisa, rom operatoris matriculi warmodgena mocemul 

bazisSi iyos ermituli. davuSvaT, rom { }ie iyos orTonormaluri 

bazisi da ganvsazRvroT matrica 
N

i ji j
j

A e A e
=

=∑ . wina Tvisebidan ga-

momdinareobs, rom ij jiA A=  da ( )i i ij j i
i ij

A c e A c e  = 
 
∑ ∑ . amasTan 

dakavSirebiT adgili aqvs mniSvnelovan Teoremas (helinger-teplicis 

Teorema): operatori, romelic gansazRvrulia yvelgan H -Si, Tvise-

biT 

A Aφ ψ φ ψ=

aris aucileblad SemosazRvruli. aqedan gamomdinare, vaskvniT, 



_ 63 _

rom SemousazRvreli operatorebisaTvis “namdvilobis” piroba 

moiTxovs ufro frTxil Seswavlas. 

advilia movifiqroT magaliTebi, rodesac A  operatoris for-

maluri moqmedeba ar gadaiyvans ψ veqtors Aψ veqtorSi H -dan.

sami mTavari mizezi, romlis gamo mocemuli ψ  veqtori SeiZleba 

ar iyos ( )AD  domenSi:

1. Tu A  operatoris moqmedeba ar aris ganmartebuli ψ -sTvis, 

e.i. Aψ  ar miekuTvneba hilbertis sivrces. 

magaliTad, ganvixiloT hilbertis sivrce da masSi impulsis op-

eratori 
dA i
dx

= − . cxadia, Aψ  rom arsebobdes, ψ  unda iyos dif-

erencirebadi TiTqmis yvelgan. magram rom iyos hilbertis sivrceSi, 

unda iyos kvadratulad integrebadi. es ki ar niSnavs, rom iyos dif-

erencirebadi yvelgan. es SezRudva, Tumca arsebiTia, magram gvxvdeba 

Zalian iSviaTad. 

2. operatoruli miwera kargad aris gansazRvruli, magram miRe-

buli veqtori ar imyofeba hilbertis sivrceSi. ganvixiloT igive mag-

aliTi mdgomareobaSi 2 xx eψ −= . axla ψ  aris hilbertis sivrce-

Si, radgan igi kvadratulad integrebadia, normirebulic ki aris, 

magram misi warmoebulia 

( ) ( )1 2
2

xx ex x
x x

ψ
−

′ = −  (93)

es funqcia kargad aris ganmartebuli yvelgan, saTavis garda, 

magram ar aris kvadratulad integrebadi, rac advilad mowmdeba, 

radgan gamoTvlisas vxvdebiT Semdegi saxis integrals: 

0

te
t

∞ −

= ∞∫ . 

(SeamowmeT). amitom, ψ ′ ar miekuTvneba hilbertis sivrces. 

sxva saintereso magaliTebs kidev SevxvdebiT teqstSi. 

3. xandaxan saWiroa, rom ( )AD  SevzRudoT Cven TviTon imis 

moTxovniT, rom A  operatori iyos ermituli, rac xSirad ukavSird-

eba ψ -ze raime sasazRvro pirobebis dadebas, e.i. Cven TviTon moviTx-

ovT operatoris ermitulobas. amis magaliTad gamodgeba momentis 
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operatoris z  mdgeneli, 
Z

dL
i dϕ

=


 polarul ϕ  kuTxeze damok-

idebul kvadratulad integrebad funqciaTa 2L sivrceSi. nebismieri 

ψ  da χ funqciebisaTvis nawilobiTi integracia gvaZlevs 

( ) ( ) ( ) ( ), , 2 2 0 0Z ZL L
i

χ ψ χ ψ χ π ψ π χ ψ= + −  


 (94)

amitom ZL  aris ermituli, oRond misi domeni SezRudulia ψ  

funqciebiT ise, rom ( ) ( )2 0ie αψ π ψ= , sadac α  raime ricxvia. 
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operatorebi hilbertis sivrceSi

am nawilSi gadmovcemT operatorebis da maTi ermit-
ulad SeuRlebulebis zust ganmartebas, agreTve ermit-
ul da TviTSeuRlebul (anu fizikurad damzerad) opera-
torebs.

Semdgomi ganxilva exeba ara marto kvadratulad inte-
grebadi funqciebis hilbertis sivrces, aramed nebismi-
er hilbertis sivrces, romelic misi izomorfulia, e.i. 
nebismier kompleqsur hilbertis sivrces, romelsac aqvs 
Tvladi usasrulo bazisi; kvadratulad integrebadi 
funqciebis hilbertis sivrces ganvixilavT magaliTebis 
saxiT, rogorc mis realizacias. 

iseve, rogorc funqcias :f →R R  aqvs Tavisi gan-
sazRvris are (domeni) ( )D f ⊂ R , hilbertis sivrcis A  
operatorsac :A →H H  aqvs aseTi domeni. 

ganmarteba 1 . operatori hilbertis H  sivrceSi aris 
wrfivi asaxva

( ):A A →D H  (95)

Aψ ψ→
sadac ( )AD  aRniSnavs mkvriv wrfiv qvesivrces H -Si.  

swored am qvesivrces hqvia A operatoris gansazRvris 
domeni. 

mkvrivi qvesivrce ase ganimarteba: ganvixiloT sivrcis qvesistema 

H 0 
.vityviT rom H 0 

aris “mkvrivi H -Si”, Tu H -is nebismieri 

wertilis yoveli maxlobloba Seicavs H 0
 -is elements. es piroba 

niSnavs, rom Tu mocemulia nebismieri 0δ >  da nebismieri f ∈H , 

yovelTvis SegviZlia vipovoT iseTi 0g∈H , rom f g δ− < . 

mkacrad rom vTqvaT, hilbertis sivrcis operatori 
aris wyvili ( )( ),A AD , romelic Sedgeba operaciis (moq-
medebis) miwerisgan hilbertis sivrceSi, da sivrcis qve-
sivrcisgan, romelzec is moqmedebs. 
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Tu B  aRniSnavs sxva operators hilbertis sivrceSi 
(domeniT ( )BD ), vityviT, rom A operatori udris B
-operators, Tu orive faqtori _ moqmedeba da gansaz-
Rvris domenebi erTmaneTs emTxveva, e.i. Tu 

A Bϕ ϕ= , yvela ( ) ( )A Bϕ∈ =D D , (96)

am SemTxvevaSi vwerT A B= . 
ase, rom ori operatori unda CavTvaloT gansxvaveb-

ulad, Tu isini, Tumca moqmedebdnen erTnairad, magram 
hqondeT sxvadasxva domenebi. 

am bolo situaciis tipuri magaliTi warmoiqmneba 
garkveul fizikur amocanebSi kompaqtur an naxevrad-us-
asrulo intervalebze: operatoris domeni SeizRudeba 
raime sasazRvro pirobiT, romlis SerCeva nakarnaxevia 
fizikuri amocaniT. cxadia, rom ori araekvivalenturi 
eqsperimentuli gazomva sazogadod, sxvadasxva Sedegam-
de migviyvans.. sinamdvileSi uamravi gaugebroba, romel-
zec qvemoT gveqneba saubari, warmoiqmneba am faqtis gamo. 

sxvadasxva fizikuri operatorebis magaliTebi 

rogorc magaliTi, ganvixiloT sami sxvadasxva opera-
tori hilbertis sivrceSi ( )2 ,L dx=H R  da Semdeg kidev 
sxva, [ ]( )2 0,1L  sivrceSi.

(1a) . mdebareobis Q operatori nawilakisa namdvil Re-
rZze aris gamravlebis operatori ( )2 ,L dx=H R - Si:

( )( ) ( ) ,Q x x x xψ ψ= ∀ ∈R  (97)

Q -s ganmartebis maqsimaluri are (maqsimaluri dome-
ni) aris is, romelic uzrunvelhyofs Qψ funqciis arse-
bobas da kvlav mikuTvnebas hilbertis

sivrcisadmi: 
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( ) { }

( ) ( )

max

222 2,

D Q Q

L dx Q dxx x

ψ ψ

ψ ψ ψ

= ∈ ∈

  = ∈ ≡ < ∞ 
  

∫
R

H H

R  (98)

cxadia, rom es aris ( )2 ,L dxR -is sakuTari qvesivrce, 
romelic aris mkvrivi. 

(1.b). analogiurad, impulsis operatoris 
dP

i dx
=


 

ganmartebis maqsimaluri domeni ( )2 ,L dxR  hilbertis 
sivrceSi aris 

( ) ( ) ( ){ }2 2
max , ,D P L dx L dxψ ψ ′= ∈ ∈R R  (99)

(1g). zog gamoyenebebSi mosaxerxebelia gvqondes gan-
sakuTrebuli domeni, romelic rCeba invariantuli op-
eratoris moqmedebiT. Q -operatorisTvis aseTi domeni 
moicema Svarcis sivrciT ( )S R , romelic aris swrafad 
dacemadi funqciebis sivrce. 

gavixsenoT, rom funqcia :f →R C , miekuTvneba 
( )S R -s, Tu is aris usasrulod diferencirebadi da, 

TviTon da misi warmoebulebi ecemian usasrulobaSi 
nebismieri polinomialis Sebrunebulze swrafad. es niS-
navs, rom ( ) ( )maxS Q⊂R D  da

( ) ( ):Q S S→R R  (100)
Svarcis sivrce warmoadgens agreTve invariantul 

domens impulsis operatorisaTvis 
dP

i dx
=


 sivrceSi 

( )2 ,L dxR , anu ( ) ( ):P S S→R R . 
ukanasknel magaliTSi ganxiluli Q  da P  operatore-

bi ganmartebis Tanaxmad gansxvavdebian wina or magaliT-
Si ganxilulisgan. magram, roca gvaqvs usasrulo inter-
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vali, es gansxvaveba ZiriTadad maTematikuria, radgan 
fizikuri gazomva ar iZleva saSualebas gavakeToT gansx-
vaveba or gansxvavebul domens Soris. aqve aRvniSnoT, 
rom kvadratulad integrebadoba usasrulo intervalSi 
aucileblobiT ar niSnavs, rom veqtorebi ecemodnen ar-
gumentis didi mniSvnelobisTvis.(rogorc es zemoT davi-
naxeT) 

ganvixiloT talRuri funqciebi ϕ  da ψ , romlebic 
arian kvadratulad integrebadi R sivrceSi (namdvil 

RerZze). aviRoT impulsis operatori 
dP i
dx

= −  . Cava-

taroT nawilobiTi integracia gamosaxulebaSi 

( )( )( ) ( )( ) ( ) ( )( )dx x P x dx P x x i xϕ ψ ϕ ψ ϕψ
+∞ +∞

+∞

−∞
−∞ −∞

= −   ∫ ∫  (101)

radgan ϕ  da ψ  arian kvadratulad integrebadi, 
Cveulebriv ixilaven funqciebs, romlebic qrebian, roca 
x →±∞ . amitom bolo wevri ganuldeba, anu P operato-
ri gamodis ermituli. 

wina magaliTSi vixilavdiT impulsis operatoris maq-
simalur domens, 

( ) ( ) ( ){ }2 2
max , ,D P L dx L dxψ ψ ′= ∈ ∈R R  (102)

am domens mikuTnebul funqciebs axasiaTebs garkveu-
li regularobis Tvisebebi R -Si da maTi warmoebulic 
unda iyos kvadratulad integrebadi. amave dros, isini 
unda iyvnen uwyveti da x →±∞  zRvarSi unda nuldebod-
nen; es niSnavs, rom P operatori ( )maxD P -ze moqmedi, 
aris ermituli. magram, zemoxsenebuli funqcia, romel-
ic SemousazRvrelia usasrulobaSi, diferencirebadia , 
Tumca misi warmoebuli ar aris kvadratulad integreba-
di, ar miekuTvneba ( )maxD P -s. anu moyvanili funqcia ar 
uzrunvelhyofs impulsis operatoris ermitulobas. es 
aris pasuxi zemoT dasmul kiTxvaze. 
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domenis sxva arCevania Svarcis sivrce, sadac funqcie-
bi, romlebzec P  operatori moqmedebs, xasiaTdeba swra-
fi dacemiT usasrulobaSi. 

ganvixiloT agreTve magaliTi nawilakisa Semosaz-
Rvrul intervalSi, [0,1]. 

am SemTxvevaSi talRurma funqciam sazogadod, unda 
daakmayofilos raime sasazRvro pirobebi, romlebic 
aucileblad unda miviRoT mxedvelobaSi. magaliTad, us-
asrulo sworkuTxa ormosTvis P -s domeni, bunebrivad, 
SeiZleba iyos

( ) ( ) ( ){ }; 0 0 1P ψ ψ ψ ψ′= ∈ ∈ = =D H H  (103) 

mokled rom vTqvaT, mivdivarT kvanturi operatoris 
maTematikur da fizikur TvisebebTan. 

operatoris ermituli SeuRleba

ermitulad SeuRlebuli operatoris cneba Semotani-
li gvqonda adre, 

A Aϕ ψ ϕ ψ+=

domenebis specifika asrulebs kritikul rols, rode-
sac Semogvaqvs hilbertis sivrcis A  operatoris SeuRle-
buli operatori A+ : SemousazRvreli operatorebisTvis 
domenebis ganxilva upirveles interess warmoadgens. rom 
arsebobdes A  operatoris SeuRlebuli operatori A+ ,  
es ukanaskneli ise unda iyos ganmartebuli H -Si, rom 
misi domeni ( )AD iyos mkvrivi H -Si. 

ganmarteba 2: A -operatorisTvis H -Si SeuRlebuli 
A+ -operatoris domeni ganimarteba Semdegnairad

( ) ( ){ }, , ,A A Aϕ ϕ ϕ ψ ϕ ψ ψ+ = ∈ ∃ ∈ = ∀ ∈ D H H; D

(aq ϕ  veqtori damokidebulia oriveze A  da ϕ ). roca 

( )Aϕ +∈D , ganvmartavT A ϕ ϕ+ =  , e.i. , ,A Aϕ ψ ϕ ψ+=  
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yvela ( )Aψ ∈D -sTvis. 
rogorc magaliTi, kvlav ganvixiloT hilbertis sivr-

ce [ ]( )2 0,1L  da impulsis operatori domeniT 

( ) ( ) ( ){ }; 0 0 1P ψ ψ ψ ψ′= ∈ ∈ = =D H H  (104)

am ganmartebis Tanaxmad P+ -operatoris domeni moice-
ma ase:

( ) ( ){ }; , , ,P P Pϕ ϕ ϕ ψ ϕ ψ ψ+ = ∈ ∃ ∈ = ∈ D H H D  (105)

xolo P+  operators miewereba Tanafardoba
, ,P Pϕ ψ ϕ ψ+= , yvela ( )Pψ ∈D -sTvis. 

nawilobiTi integracia gvaZlevs 

( ) ( ) ( ) ( ) ( )
1

0

1 1 0 0 0,ddx P x
i dx i

ϕϕ ψ ψ ϕ ψ ϕ ψ
    − = − =       

∫
   (106)

es Tanafardoba gveubneba, rom ( )Pψ ∈D -s mier sa-
sazRvro pirobis dakmayofileba sakmarisia zedapiruli 
wevris ganulebisTvis da gviCvenebs, rom P+  iseve moq-
medebs, rogorc P . amitom 

( ) { },dP P
i dx

ϕ ϕ+ + ′= = ∈ ∈
 D H H

amrigad, P+ -is domeni aris ufro farTo, vidre P -si: 
( ) ( )D P D P+⊂ . 
kvantur TeoriaSi dakvirvebadi fizikuri sididee-

bi (damzeradebi) aRiwereba hilbertis sivrcis TviT-
SeuRlebuli operatorebiT. rogorc araerTxel aRvniS-
neT, TviTSeuRlebulobasa da ermitulobas Soris aris 
faqizi gansxvaveba, roca es operatorebi moqmedeben us-
asrulo ganzomilebis hilbertis sivrceebSi da es gansx-
vaveba arsebiTia kvantur meqanikaSi. 

ganmarteba 3: A  operatori ermitulia H -Si, Tu 

, , ,A Aϕ ψ ϕ ψ=  yvela ( ), Aϕ ψ ∈D -sTvsis, 
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anu ,A Aϕ ϕ+ =  yvela ( )Aϕ∈D  (107)

(sxva sityvebiT, rom vTqvaT, A  operatori ermitu-
lia, Tu A+  moqmedebs igivenairad, rogorc A  yvela 
veqtorze A -s domenidan, Tumca A+  unda ganisazRvros 
ufro farTo qvesivrceSi). 

A  operatori H -Si aris TviTSeuRlebuli, Tu is Tanx-
vdeba mis SeuRlebuls, e.i A Aϕ ϕ+ =  da ( ) ( )D A D A+= , 
yvela ( )Aϕ∈D -sTvis. 

Cven vnaxeT, rom P  iseve moqmedebs, rogorc P+ ,  
magram misi domeni mkacrad naklebia P+ -is domen-
ze: ( ) ( ) ,D P D P+⊂  oRond ( ) ( )D P D P+≠ . am faqtidan 
vaskvniT, rom P  aris ermituli, magram ar aris TviT-
SeuRlebuli: P P+≠ . 

amrigad, yvela TviTSeuRlebuli operatori aris er-
mituli, magram ermituli operatori ar aris aucileb-
lad TviTSeuRlebuli. 

es faqizi gansxvaveba metad mniSvnelovania, radgan 
Tu hilbertis sivrceSi A operatori aris TviTSeuRle-
buli, maSin misi speqtri aris namdvili, xolo sakuTari 
veqtorebi, romlebic Seesabamebian sxvadasxva sakuTar 
mniSvnelobebs, arian urTierTorTogonaluri; ufro 
metic, sakuTari veqtorebi qmnian srul sistemas hil-
bertis sivrceSi.
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damzeradebi kvantur meqanikaSi da 
TviTSeuRlebulobis mniSvneloba

fizikuri sistemebis dakvantva moiTxovs dakvirveba-
di (damzeradi) sidideebis koreqtul ganmartebas (ro-
gorebic arian, hamiltoniani, impulsi, da a.S.), rogorc 
TviTSeuRlebuli operatorebisa, Sesabamis hilbertis 
sivrceSi da maT speqtralur analizs. 

kvanturi meqanikis maTematikuri aparati aris fun-
qcionaluri analizi, ufro zustad, wrfivi operatore-
bis Teoria hilbertis sivrceSi. es sakmarisad faqizi 
dargia da moiTxovs bevri detalis Rrma codnas. am 
mizeziT kvanturi meqanikis standartuli saxelmZR-
vaneloebi ZiriTadad gverds uvlian maTematikur simk-
acres da gadmoscemen garkveuli doziT gamartivebul 
versiebs. es versiebi emyareba sasrulo ganzomilebis 
wrfiv algebraSi gamoyenebul gamocdilebas, rac xandax-
an SeiZleba aRmoCndes arasakmarisi da migviyvanos mTel 
rig paradoqsebTan. 

damzeradi sidideebi, rogorc wesi, warmoidginebian 
ermituli matricebiT, romlebsac aqvT bevri mniSvnelo-
vani Tviseba, rogoricaa, magaliTad, sakuTari veqtorebis 
orTogonaluroba, sakuTari mniSvnelobebis namdviloba, 
sisrule anu mTeli sasrul-ganzomilebiani hilbertis 
sivrcis moWimva da a. S. magram, yvela es Tviseba SeiZleba 
ar muSaobdes zogad usasrulo-ganzomilebian hilber-
tis sivrceSi, sadac ermitulobis Tviseba icvleba sime-
triulobis pirobiT, romelic ganapirobebs damzeradi 
sidideebis saSualo mniSvnelobebis namdvilobas, Tumca 
danarCeni Tvisebebi SeiZleba gagebul iqnas ufro faqizi 
pirobis dadebiT, rasac uwodeben TviTSeuRlebulobas. 

yvelaze kritikuli problema aris SemousazRvre-
li TviTSeuRlebuli (TS) operatorebi, romlebic ver 
ganimarteba mTel hilbertis sivrceSi, anu maT ar Seu-
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ZliaT imoqmedon nebismier kvantur-meqanikur mdgoma-
reobaze. unda gamoviCinoT sifrTxile, radgan operato-
ri misi gansazRvris aris (domenis) gareSe ar aris kargad 
ganmartebuli.

SemousazRvreli simetriuli operatorebis TviTSeuR-
lebuli gafarToebis Teoria asrulebs gadamwyvet rols. 

kvantur meqanikaSi fizikurad damzeradi sididee-
bi aRiwerebian hilbertis sivrcis operatorebiT, rom-
lebic arian TvTSeuRlebuli. Tumca fizikis uamrav 
saxemZRvaneloSi TviTSeuRlebulis cneba ermitulis si-
nononimad gamoiyeneba, romlebic moqmedeben usasrulo 
ganzomilebis hilbertis sivrceSi. SemdgomSi vnaxavT maT 
Soris arsebuli gansxvavebis gavlenas kvantur fizikaze. 

(sxva sityvebiT, A  operatori ermitulia, Tu A+  moq-
medebs iseve, rogorc A  yvela veqtorze, romlebic mie-
kuTvneba ( )AD -s, Tumca sinamdvileSi A+ unda ganisaz-
Rvros ufro farTo areSi, vidre aris ( )AD )

A  operatori H -Si aris TviTSeuRlebuli, Tu A  da 

A+ Tanxvdeba erTmaneTs ( )A A+= , anu, cxadi saxiT, Tu

A Aϕ ϕ+ =  da ( ) ( )A A+=D D  yvela ( )Aϕ∈D -sTvis.  (108)

amitom, nebismieri TviTSeuRlebuli operatori aris 
ermituli, magram ermituli operatorisTvis ar aris 
savaldebulo iyos TviTSeuRlebuli. Cveni wina Sedegi 
gviCvenebs am ukanasknel faqts. Cven ukve vnaxeT, rom P  
da P+ operatorebi moqmedeben erTnairad, magram P+ -is 
domeni aris mkacrad farTo, vidre P -si: ( ) ( )P P+⊂D D
, amasTan ( ) ( )D P D P+≠ . aqedan gamomdinareobs, rom P  
operatori aris ermituli, magram ar aris TviTSeuRle-
buli: P P+≠ .

es gansxvaveba arsebiTia speqtraluri Tvisebebis mi-
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xed viT: Tu hilbertis sivrcis operatori A  aris TviT-
SeuRlebuli, maSin misi speqtri namdvilia da sakuTari 
veqtorebi gansxvavebuli sakuTari mniSvnelobebiT ar-
ian urTierTorTogonaluri. ufro metic, sakuTari 
veqtorebi ganzogadebul sakuTar veqtorebTan erTad 
adgenen veqtorTa srul sistemas hilbertis sivrceSi. 

es Sedgebi ar vrceldeba operatorebze, romlebic ar-
ian mxolod ermituli. sistemis sisrule aris, metadre 
fundamentaluri Tviseba damzeradi sidideebis fiziku-
ri interpretaciisTvis. kvanturi meqanikis saxelmZR-
vaneloebSi (mag.,mesia) damzeradi ganimarteba rogorc 
“ermituli operatori, romlis orTonormaluri saku-
Tari veqtorebi adgenen baziss hilbertis sivrceSi”. am 
midgomis naklze SevniSnoT mxolod Semdegi: mocemuli 
hilbertis sivrcis operatorisTvis Cveulebrivad ad-
vilia Semowmdes, aris Tu ara is ermituli ( mag. nawilo-
brivi integraciis CatarebiT). Tavis mxriv, ermituli op-
eratorisTvisac arsebobs TviTSeuRlebulobis martivi 
kriteriumi, rasac agreTve ganvixilavT. 

SevniSnoT, rom ukve moyvanili ganmartebebi ZalaSi 
rCeba, Tu hilbertis sivrce aris sasrul-ganzomilebi-
ani. am SemTxvevaSi adgili aqvs gamartivebul Sedegebs: 

•	 A  operatori H sivrcidan (romelic SeiZleba axla 
warmovadginoT kompeqsuri n n×  matricis saxiT) da 
misi SeuRlebuli (e.i. ermitulad SeuRlebuli mat-
rica) ganisazRvreba mTel hilbertis sivrceSi, e.i. 

( )A =D H

•	 ermituloba da TviTSeuRlebuloba sinonimebia da

•	 A -s speqtri aris misi yvela sakuTari mniSvnelobebis 
sistema, e.i. gvaqvs sufTad diskretuli speqtri.



_ 75 _

damzeradebi da ganzogadebuli sakuTari 
funqciebi, Svarcis sivrce

rodesac SemovitaneT mdebareobis da impulsis 
damzeradebi namdvil RerZze moZravi nawilakisaTvis, mi-
vuTiTeT, rom isini ar arian ganmartebuli mTel hilber-
tis sivrceSi, aramed mxolod mis sakuTar qvesivrceSi. 
axla ganvixilavT kvantur meqanikuri damzeradebis zo-
gierT mTavar Tvisebas. 

ori teqnikuri detali aris aRsaniSnavi:
(i) Tu A  operatoris speqtri ar aris SemosazRvru-

li (SemousazRvrelia), maSin misi domeni ar SeiZleba iyos 
mTeli H .

(ii) Tu A -s speqtri Seicavs uwyvet nawils, maSin Sesa-
bamisi sakuTari veqtorebi ar miekuTvnebian H -s, aramed 
ufro did sivrces. 

gaverkveT axla am or problemaSi. 
SemousazRvreli operatorebi: operatorTa umar-

tivesi klasiaSemosazRvruli operatorebi: Tu yvela 
veqtorisaTvis ( )Aψ ∈D , gvaqvs

A cψ ψ≤ , sadac 0c ≥  mudmivia, (109)

maSin operators vuwodebT SemosazRvruls. aseve, 
misi speqtric SemosazRvrulia. aseTi operatorebi yov-
elTvis SeiZleba ganimartos mTel hilbertis sivrceSi, 
e.i. ( )A =D H . mniSvnelovani magaliTia unitaruli op-
eratori :U →H H . aseTi operatori SemosazRvrulia, 
radgan is inaxavs normas ( ,Uψ ψ=  yvela ψ ∈H -saT-
vis), amitom (109) piroba kmayofildeba. misi speqtri Zevs 
erTeulovan wrewirze kompleqsur sibrtyeSi da amitom 
SemosazRvrulia. misi furie warmodgenis operatoris 
speqtri diskretulia{ }1, i± ± .

gavixsenoT
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helinger-teplicis Teorema:

A  iyos operatori H -Si, gansazRvruli yvelgan da 
akmayofilebdes ermitulobis pirobas

, , ,A Aϕ ψ ϕ ψ ϕ ψ= ∀ ∈H  (110)

maSin A  SemosazRvrulia. 

miuxedavad amisa, kvantur meqanikaSi gvxvdeba ope-
ratorebi, romlebic akmayofileben ermitulobis (110) 
pirobas maTi gansazRvris domenebSi. magram maTi speq-
tri ar aris SemosazRvruli. marTlac, kanonikuri ko-
mutaciuri Tanafardoba, Tumca adebs raime fundamen-
tur SezRudvas, aris SemousazRvreli, rogorc qvemoT 
davinaxavT paradoqsebis garCevisas. moyvanili Teorema 
aCvenebs, rom SeuZlebelia ganisazRvros es ermituli 
operatorebi mTel hilbertis sivrceSi da rom maTi do-
menebi aucileblobiT warmoadgenen H -is qvesivrceebs, 
romlebic dasaSvebia maTematikuri TvalsazrisiT, zogi 
maTgani ki moiTxoveba fizikis saWiroebiT (mag., sasazRv-
ro pirobebiT, da a.S.). 

rogorc magaliTi, ganvixiloT mdebareobis operato-
ri Q , gansazRvruli Svarcis sivrceSi ( )S R .

Svarcis sivrce:

es operatori aris ermituli, radgan yvela veqtori 
( ), Sφ ψ ∈ R  akmayofilebs pirobas

, ,
R R

Q dx x dxx Qϕ ψ ϕ ψ ϕψ ϕ ψ= = =∫ ∫  (111)

am operatoris speqtri aris mTeli namdvili RerZi 
(rac gamoxatavs imas, rom Q  ar aris SemosazRvruli). 
am kerZo operatorisTvis ukve cxadad SevniSneT, rom 
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SeuZlebelia ganvsazRvroT is hilbertis sivrcis yvela 
veqtorze. saukeTeso SemTxvevaSi, is SeiZleba ganvmar-
toT mis maqsimalur domenze, romelic aris hilbertis 
sivrcis aratrivialuri qvesivrce. 

( )S R  sivrceze ganmartebuli Q  operatori maga-
liTia sakuTari veqtorisa, romelic ukavSirdeba TviT-
SeuRlebuli operatoris uwyvet speqtrs da ar miekuT-
vneba hilbertis sivrces. magram is SeiZleba gavxadoT 
TviTSeuRlebuli domenis gafarToebiT. aseT opera-
torebs uwodeben arsebiTad TviT-SeuRlebuls.

marTlac, 
0xψ sakuTari funqcia, dakavSirebuli 0x  sa-

kuTar mniSvnelobasTan ganimarteba TanafardobiT 

( )( ) ( ) ( )( )0 0 0 00 0; , , 0x x x xQ x x x x R S Rψ ψ ψ ψ= ∈ ∈ ≠  (112)
anu, 

( ) ( )
00 0,xx x x x Rψ− = ∈

es piroba niSnavs, rom ( )
0

0x xψ = , yvela 0x x≠ -saT-
vis. amrigad, 

0xψ  qreba TiTqmis yvelgan da warmoadgens 

nul veqtors ( )2 ,L dxR -Si. amitom Q  operators ar aqvs 
raime sakuTari mniSvneloba: misi diskretuli speqtri 
carielia. 

igivea situacia P  operatorisaTvis ( )S R  sivrceSi, 
romelic agreTve aris arsebiTad TviTSeuRlebuli: sa-
kuTar mniSvnelobaTa gantolebas

( ) ( ) ( )( )( ) ; , , 0p p p pP x p x p Sψ ψ ψ ψ= ∈ ∈ ≠R R

aqvs amoxsna ( ) 1 exp
2p

ipxxψ
π

 =  
 

, magram pψ ∉

( )S R . amitom P -s ar gaaCnia raime sakuTari mniSvne-
loba. 

meore mxriv, es operatorebi uSveben sust (ganzoga-
debul) amonaxsnebs. mag., dirakis funqcias 0x  matare-
bliT ( ) ( )

0 0x x x xδ δ≡ − . imisaTvis, rom SevamowmoT gan-
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toleba ( ) ( )
0 00x xx x x xδ δ=  ganzogadebuli funqciis 

TvalsazrisiT, unda ganvixiloT es Tanafardoba sacdel 
funqciasTan ϕ∈ ( )S R  erTad:

( ) ( ) ( ) ( ) ( )
0 00 0 0x x

R R

dxx x x x x dxx x xδ ϕ ϕ δ ϕ= =∫ ∫  (113)

dirakis funqcia da ganzogadebuli funqcia 
0xxδ ar 

miekuTvnebian Q -s domens ( )S R -Si, aramed miekuTvnebi-
an mis dualur sivrces

( ) ( ){ }:ω′ = →S R S R C , (C -wrfivi da uwyvetia)

anu zomierad ganzogadebuli funqciebis sivrces R
-Si (tempered distributions), romlebic abstraqtulad da mk-
acrad ganisazRvrebian ase

( )
( ) ( )

0

0 0

:x

x

S R

x

δ

ϕ δ ϕ ϕ

→

→ =

C
 (114)

da
( )

( )( ) ( ) ( )
0

0 0 0 0

:x

x x

x S R

x x x x

δ

ϕ δ ϕ δ ϕ ϕ

→

→ = =

C

am ganmartebebiT, (113) iRebs zust saxes 

( )( ) ( )( ) ( )
0 00 ,x xx xδ ϕ δ ϕ ϕ= ∈S R

amitom gantoleba 
0 00x xQ xψ ψ= uSvebs ganzogadebul 

amoxsnas 
0xψ yvela 0x ∈R -isTvis. da radgan arsebiTad 

TviTSeuRlebuli Q  operatorisTvis speqtri aris yve-
la namdvili ricxvi, romlisTvisac gantoleba uSvebs 
an ( ) ( )Q Qψ ∈ =D S (diskretuli speqtri) an ganzoga-
debul funqcias ( )ψ ′∈S R (uwyveti speqtri) , SegviZlia 
davaskvnaT, rom SpQ = R  da Q -s speqtri aris sufTad 
uwyveti. 

analogiurad, funqcia ( ) ( )1 exp /
2p x ipxψ
π

= 


 gan-
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sazRvravs ganzogadebul funqcias pl  aseTnairad:

( )
( ) ( ) ( ) ( )( )

:p

p p

l S

l dx x x pϕ ϕ ψ ϕ ϕ

→

→ = =∫
R

R C

F

furie asaxvisaTvis, 

p pPl pl=  gantolebis amoxsna niSnavs Semdegs:

( )( ) ( ) ( )

( )( ) ( )

p
p p

p

dl d dPl x l p
i dx i dx i dx

p p pl

ϕ ϕϕ

ϕ ϕ

      = = = =           
= =

  F

F
saidanac gamodis, rom SpP = R  (sufTad uwyveti 

speqtri)
am operatorebis sakuTar mniSvnelobaTa problema, 

rac uSvebs uwyvet speqtrs, dadis gelfandis tripletis 
ganxilvaze (aRWurvili (Rigged) hilbertis sivrce)

( ) ( ) ( )2 ,S R L R dx S R′⊂ ⊂

(mkacri dasabuTeba xdeba talRuri paketebis gamoy-
enebiT)

aRWurvili hilbertis sivrceebi

wrfivi algebris erT-erTi ZiriTadi Sedegi mdgomare-
obs TeoremaSi imis Sesaxeb, rom nebismier TviTSeuRle-
bul wrfiv A  operators n -ganzomilebian evklidis 
sivrceSi nR  aqvs sakuTari veqtorebis sruli sistema. es 
Teorema ambobs, rom Tu A  aris TviTSeuRlebuli opera-
tori n -ganzomilebian evklidis sivrceSi nR , moiZebneba 
orTonormirebuli bazisi 1,..., ne e , romlis yvela veqto-
ri aris A  operatoris sakuTari veqtori: k k kAe eλ=
, sadac kλ aris namdvili ricxvi. nebismieri f  veqtori 
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nR  sivrcidan gaiSleba am bazisSi ase: 1 1 ... n nf a e a e= + + , 
xolo operators CavwerT ase:

1
,

n

k k k
k

Af f e eλ
=

=∑  (115)

analogiuri iTqmis unitarul operatorebzec im gan-
sxva vebiT, rom kλ aris kompleqsuri ricxvi, moduliT 
erTi. 

saqme rTuldeba usasrulo ganzomilebis sivrceze 
gadasvlisas. magaliTad, hilbertis sivrceSi arseboben 

unitaruli operatorebi ( 1Uf f U f−= = ), romelTac 

ar aqvT nulisgan gansxvavebuli arc erTi veqtori. 
magaliTi: aseTi operatoris magaliTi SeiZleba iyos wa-

nacvlebis operatori hU hilbertis sivrceSi ( )2 ,L dxR  
wrfeze kvadratulad integrebadi funqciebiT. marTlac, 
aviRoT aseTi funqcia am sivrcidan 

( ) ( ) ( )hU f x f x h af x≡ − =

radgan ( )f x h− -is furie saxe aris ( )i he Fλ λ , sadac 

( ) ( ) i xF f x e dxλλ = ∫ , wina tolobidan gamomdinareobs, 
rom 

( ) ( )i he F aFλ λ λ=

magram es SeiZleba moxdes mxolod im SemTxvevaSi, roca 
( )F λ  funqcia nulis tolia wertilebSi, sadac i xe aλ ≠ , 

anu nulisgan gansxvavebulia mxolod Tvladi simravlis 
wertilebze. radgan ( )F λ -s aqvs integrirebuli mod-
ulis kvadrati, vRebulobT, rom ( )F λ =0. amrigad, hU  
operators ar gaaCnia sakuTari mniSvnelobebi ( )2 ,L dxR  
sivrceSi. miuxedavad amisa, advilad vipoviT funqciebs, 
romlebic ar miekuTvnebian ( )2 ,L dxR  sivrces da arian 
wanacvlebis operatoris sakuTari funqciebi. magaliTad, 

i x i h i x
hU e e eλ λ λ− −= , e.i. i xe λ−  aris hU - operatoris sakuTari 
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funqcia, romelsac Seesabameba sakuTari mniSvneloba i he λ .  
amave dros, rogorc cnobilia, nebismieri f -funqcia 

( )2 ,L dxR -dan SeiZleba gavSaloT i xe λ− -funqciebis mixed-
viT:

( ) ( )1
2

i xf x F e dλλ λ
π

−= ∫ , 

sadac 

( ) ( ) i xF f x e dxλλ = ∫ , 

xolo wanacvlebis operatoris moqmedeba gamoixateba 
tolobiT

( ) ( ) ( )1 1
2 2

i h i x i h i i x
hU f x e F e d e f e d e dλ λ λ λξ λλ λ ξ ξ λ

π π
 = =  ∫ ∫ ∫

sakuTar funqciaTa sistema srulia, radgan nebismieri 
funqciisaTvis adgili aqvs planSerelis tolobas

( ) ( )2 1
2

f x dx F dλ λ
π

=∫ ∫  (116)

amrigad, davinaxeT, rom Tumca hU operators ar aqvs 
sakuTari funqciebi, romlebic Zevs TviTon ( )2 ,L dxR  
sivrceSi, mas aqvs sruli sistema sakuTari funqciebi-
sa, romlebic Zevs am sivrcis gareT. analogiuri situ-
acia warmoiqmneba sxva operatorebisTvisac (magaliTad, 
funqciaze gamravlebis operatorisTvis, romlis saku-
Tari funqcia aris ( )x hδ − ). am funqciebis ganxilva mx-
olod hilbertis kvadratulad integrebadi funqciebis 
kategoriebiT, aris SeuZlebeli. SeiZleba Cveneba, rom 
aseTi ganxilva xdeba SesaZlebeli, Tu TviT hilbertis 
sivrcesTan erTad ganvixilavT mis raime gafarToebas. 

rogorc wesi, hilbertis sivrceebi warmoiSveba wrfivi 
Φ sivrcis ganxilvisas, romelSic mocemulia dadebiTad 
gansazRvruli ermituli biwrfivi funqcionali ( ),φ ψ . 
Tu ( ),φ ψ -s CavTvliT skalarul namravlad Φ -Si, miiRe-
ba saTanado hilbertis sivrce H . amis Semdeg Cveule-
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briv iviwyeben Φ  sivrcis Sesaxeb, saidanac miviReT hil-
bertis sivrce da swavloben TviTon hilbertis sivrces. 
magram, swored rom erTdrouli ganxilva Φ  sivrcisa 
da misi SevsebiT miRebuli hilbertis H  sivrcisa sa-
Sualebas gvaZlevs ganvmartoT hilbertis sivrcis gareT 
mdebare “sakuTari funqciebi”. 

magaliTad, i xe λ−  funqciebi SegviZlia ganvixiloT ro-
gorc wrfivi S funqcionalebi Svarcis sivrceSi, rom-
lebic swrafad ecemian namdvil RerZze nebismieri rigis 
warmoebulebTan erTad. ( )2 ,L dxR  sivrce miiReba S -is-
gan, Tu mas SevavsebT skalaruli namravliT

( ) ( ) ( ), x x dxφ ψ ψ φ= ∫
amrigad, hU  operatoris sakuTari veqtorebi, rom-

lebic ar miekuTvnebian ( )2 ,L dxR sivrces, sxva araferia, 
Tu ar wrfivi funqcionalebi S -wrfiv sivrceSi, romel-
ic Cadgmulia ( )2 ,L dxR  sivrceSi. 

ganmarteba: A  iyos wrfivi operatori wrfiv topolo-
giur sivrceSi Φ . am operatoris ganzogadebuli saku-
Tari veqtori, romelic eTanadeba sakuTar mniSvnelobas 
λ , ewodeba iseT funqcionals Φ  sivrceSi, rom 

( ) ( )F A Fφ λ φ= , (117)

yvela elementisTvis Φ  sivrcidan. 

axla SegviZlia vTqvaT, rom i xe λ−  funqciebi arian S sivrceSi ganx-

iluli wanacvlebis operatoris ganzogadebuli sakuTari veqtorebi. 

furie gardaqmna ( )F λ sxva araferia, Tu ara ( )( ),i xe xλ φ−  funqciona-

lis mniSvneloba . planSerelis pirobis Tanaxmad, ganzogadebul saku-

Tar i xe λ− funqciaTa simravle aris sruli, e.i. tolobidan ( ) 0F λ = , 

gamomdinareobs, rom ( ) 0xφ = . 
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aRWurvili (ganzogadebuli) hilbertis sivrceebi. 

vTqvaT, Tvlad hilbertis sivrceSi Φ gansazRvruls skalaruli 

namravliT ( ),
n

φ ψ  mocemulia kidev erTi skalaruli namravli, e.i. 

dadebiTad gansazRvruli gadaugvarebeli ermituli funqcionali 

( ),φ ψ . amrigad, yovel or elements φ  da ψ  eTanadeba kompleqsuri 

ricxvi ( ),φ ψ , iseTi, rom 

1) ( ) ( ) ( )1 2 1 2, , ,φ φ ψ φ ψ φ ψ+ = +

2) ( ) ( ), ,αφ ψ α φ ψ=

3) ( ) ( ), ,φ ψ ψ φ= ,

4) ( ), 0φ φ ≥ , amasTan ( ), 0φ φ = , marto maSin, Tu 0φ =

5) Tu lim nn
φ φ

→∞
= , maSin ( ) ( )lim , ,nn

φ ψ φ ψ
→∞

=

3) da 5) pirobebidan gamomdinareobs, rom ( ) ( )lim , ,nn
ψ φ ψ φ

→∞
= .  

5)-dan gamomdinareobs, rom ( ),φ ψ  uwyvetia raime normis ( ),
mm

φ φ φ=

mimarT Φ  sivrceSi. 

SegviZlia avagoT hilbertis sivrce H , SevavsoT ra 

Φ  sivrce normis ( ),nφ φ φ=  mixedviT. 
diferencialuri gantolebis amoxsniT damzeradis 

speqtris sapovnelad gvWirdeba mivmarToT aRWurvil 
hilbertis sivrces. saxeldobr, Tu gvsurs vipovoT sru-
li speqtri Sredingeris gantolebisa

H Eψ ψ=

uwyveti E -s sapovnelad gvWirdeba veZeboT amoxs-
nebi hilbertis ( )2L R  sivrcis gareT, radgan amoxsnebi 

( )2L R -Si arsebobs marto diskretuli E -sTvis. aRWurvi-
li hilbertis sivrcis mTavari ideaa vipovoT amoxsnebi, 
romlebic ar arian ( )2L R -Si, aramed SeuRlebul mkvrivad 
ganmartebul Svarcis sivrceSi ( )S R . amitom vagebT gel-
fandis triplets
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( ) ( ) ( )2S R L R S R′⊂ ⊂

aRWurvili hilbertis sivrce ar aris fizikis an kvan-
turi meqanikis gafarToeba, aramed yvelaze bunebrivi 
maTematikuri struqtura, romelic moiTxoveba kvantu-
ri meqanikis Seswavlisas. aRWurvili hilbertis sivrce 
aiaraRebs hilbertis sivrces ganzogadebuli funqciebis 
TeoriiT da uzrunvelyofs srul maTematikur for-
mulirebas. es formalizmi Seiqmna 1960-ian wlebSi. dRei-
saTvis ufro metad Tanxmdebian, rom aRWurvili hilber-
tis sivrcea da ara hilbertis sivrce kvanturi meqanikis 
bunebrivi veli. saxelwodeba warmoadgens pirdapir Targ-
mans rusulidan _ оснащенное гильбертого пространство. re-
alurad mxolod SemousazRvrel operatorebs uwyveti 
speqtriT sWirdebaT es sivrce. 

wrfivi superpoziciis principi da albaTobrivi in-
terpretacia aris ori mTavari principi mikrosamyaros 
Secnobisa. es principebi gvebneba, rom mdgomareobaTa 
sivrce unda iyos wrfivi sivrce (superpoziciis prin-
cipis gamo), romelsac unda davumatoT skalaruli nam-
ravli (raTa gamovTvaloT albaTobis amplitudebi). rac 
Seexeba wrfiv sivrces, Tu is SevaiaraReT skalaruli nam-
ravliT, avtomaturad mivdivarT hilbertis sivrcemde. 

kvantur meqanikaSi damzeradi sidideebi warmoidg-
inebian wrfivi, TviTSeuRlebuli operatorebiT, rom-
lebic hilbertis sivrceSi moqmedeben. am operatorebis 
sakuTari mniSvnelobebi warmoadgenen saTanado damzer-
adebis gazomvis Sedegad miRebul SesaZlo sidideebs. es 
sakuTari mniSvnelobebi, romlebic maTematikurad Seesa-
bamebian operatorTa speqtrs, SeiZleba iyvnen diskretu-
li, uwyveti an maTi kombinaciebi. 

roca A  damzeradis speqtri diskretulia da A  aris 
SemosazRvruli, maSin A  ganmartebulia mTel hilbertis 
sivrceze H  da sakuTari veqtorebic mas miekuTvnebi-
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an. am dros A  arsebiTad aris matrica, anu diskretu-
li speqtris SemTxvevaSi H -s ar sWirdeba gafarToeba. 
magram operatorebis SemousazRvrelobis gamo speqtri 
uwyvet nawilsac Seicavs. maTi gaTvaliswinebis saWiroebiT 
saxelmZRvaneloebSi, rogorc wesi, gamoiyeneba dirakis bra 
_ ket formalizmi, romeli azogadebs ermituli matricebis 
wrfiv algebras. hilbertis sivrcis maTematikuri meTode-
bi arasakmarisi aRmoCnda dirakis formalizmisTvis mkacri 
Sinaarsis misacemad. swored am mizeziT gaxda aucilebeli 
gagvevrco hilbertis sivrce aRWurvilamde. 

SevniSnoT, rom xandaxan mosaxerxebelia Semousaz-
Rvreli operatorebidan gadavideT SemosazRvrulze, 
mag., eqxponenciaciis gamoyenebiT. Tu Q  da P  aRniSnaven 
arsebiTad TviTSeuRlebul operatorebs erTidaimave 
domeniT ( )S R , maSin ( )expaU i aQ≡   da ( )expbV i bP≡   
gansazRvraven unitarul operatorTa erTparametrian 
ojaxs. kerZod, bV  warmoadgens translaciebs 

( )( ) ( ) ( )2, ,bV x x b L dxψ ψ ψ= − ∈ R
 
(118)

es SemosazRvruli operatori uSvebs uwyvet speqtrs, 
romelic Seicavs erTeulovan wrewirs. am operatorebis 
meSveobiT kanonikuri komutatori [ ],Q P i= 1 iRebs vei-
lis formas

i ab

a b b aU V e V U
−

=   (119)

es Tanafardoba SegviZlia ganvixiloT domenebze day-
ovnebis gareSe, radgan mxolod SemosazRvrul opera-
torebs Seicavs. Sedegi gveubneba, rom Sredingeris war-
modgenaSi Q  aris x -ze gamravlebis operatori, xolo 

dP i
dx

= −   arsebiTad aris erTaderTi realizacia kanon-

ikuri komutaciis Tanafardobisa. 
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kvanturi meqanika da  
hilbertis sivrceebi

arsebobs sul mcire 3 hilbertis sivrce, romlebic 
gamoiyeneba nawilakis mdgomareobis aRsawerad kvantur 
meqanikaSi. 

talRuri meqanika. 

Sredingerma pirvel naSromebSi 1926 wels ganixila 
hilbertis sivrce ( )2 ,L dxR kvadratulad integreba-
di funqciebisa (talRuri funqciebisa) skalaruli nam-
ravliT (13) (an, ekvivalenturad, ( )2 ,L dpR  sivrce im-
pulsur warmodgenaSi p -ze damokidebuli). uadgilo 
ar iqneba, Tu gavixsenebT, rom nebismieri elementi ψ ∈

( )2 ,L dxR  SeiZleba gaiSalos mocemul orTonormalur 
bazisSi { }n n N

ϕ
∈

sivrcidan ( )2 ,L dxR :

2

0
, ,n n n n L

n
c cψ ϕ ϕ ψ

∞

=

= = ∈∑ C  (120)

Tu n n
n

cψ ϕ′ ′=∑  aRniSnavs sxva elements ( )2 ,L dxR -dan, 
misi skalaruli namravli ψ -ze iRebs formas

2

0
, n nL

n
c cψ ψ

∞

=

′ ′= ∑  (121)

kerZod, normisTvis gvaqvs 

2 2
n

n
cψ

∞

=∑  (122)

matriculi meqanika

mas Semdeg, rac arCeulia orTonormirebuli bazisi 
{ }n n N
ϕ

∈ ( )2 ,L dxR -sivrcidan, ψ -s gaSla am bazisSi gamo-
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xatavs calsaxa Sesabamisobas ψ  talRur funqciasa da us-
asrulo ( )0 1, ,...c c c=


 kompleqsuri ricxvebis mimdevrobas  

Soris. (122) Tanafardobis gamo ψ  funqcia sasrulo nor-

miT ( ) 22 x dxψ ψ≡ < ∞∫
R

 ekvivalenturia ( )0 1, ,...c c c=


-mimdevrobis Sejamebadobisa 
2

n
n

c < ∞∑ . 

amitom, kvanturi meqanikis formulireba SeiZleba 
kvadratulad Sejamebadi mimdevrobebis hilbertis 2l
sivrceSi, 

( ) 2

2 0 1
0

, ,... n n
n

l c c c c c
∞

=

 
= = ∈ < ∞ 
 

∑ C,

da skalaruli namravliT 

2
2

0
, ; ,n nl

n
c c c c c c l

∞

=

′ ′ ′= ∈∑   

wrfivi operatorebi 2l -Si moicemian usasrulo rigis 
kvadratuli matricebiT. kvanturi meqanikis es formulire-
ba cnobilia, rogorc matriculi meqanika, romelic pirvel 
rigSi Seiqmna bornis, haizenbergis da iordanis mier 1925 
wels. zogierTi Sedegi miiRo dirakma, romelmac Semoita-
na operatorebis komutatorebis cneba, rogorc klasiku-
ri puasonis frCxilebis kvanturi analogi. Semdgom paulim 
miiRo wyalbadis atomis speqtri matriculi meTodiT. 

am warmatebis miuxedavad, matriculi meTodi bundo-
vnad iTvleboda da situacia Seicvala mas Semdeg, rac 
Sredingerma daamtkica misi ekvivalenturoba talRur 
meqanikasTan. Sesabamisoba aseTia 

talRuri funqcia } 1 - 1{ mimdevroba 

( )2Lψ ∈ R, dx   }  ⇔  { 2c l∈


am Sedegma borni miiyvana talRuri funqciis albaTo-
briv onterpretaciamde, rac sabolood gaxda Teori-
is fizikuri principi. dirakis da iordanis naSromebis 



_ 88 _

Semdeg ganmtkicda wrfivi operatorebis Seswavla ab-
straqtul hilbertis sivrceSi. kurantma da hilbertma 
ganaviTares hilbertis sivrcis maTematika 1924-27 wlebSi 
specialurad fizikisaTvis. rac Seexeba hilbertis sivr-
cis aqsiomatikas, is daiwyo fon neimanma mxolod 1927 
wels. SemdgomSi hilbertis sivrcis operatorebis Teoria 
daamuSaves ZiriTadad fon neimanma, Svarcma da gelfandma. 
am kvlevaTa gamoisobiT SesaZlebeli gaxda mdgomareoba-
Ta da damzeradi sidideebis zusti aRwera. sainteresoa 
aRiniSnos, rom Tavisi fundamenturi Sromebi aRniSnulma 
avtorebma Seasrules 23 wlis maxlobel asakSi. 

dirakma, iordanma da fon neimanma, (1926-1931) gamoi-
yenes e.w. separabeluri usasrulo ganzomilebis hil-
bertis sivrce (saSualebas gvaZlevs aviRoT orTogonal-
uri bazisi, romelic Seicavs veqtorTa uTvalav ojaxs). 
dirakma SemoiRo bra da ket aRniSvnebi veqtorebisTvis 
hilbertis sivrceSi. 

am aRniSvnebiT orTonormaluri bazisi { }n n N
n

∈
Φ ≡ ∈H

aris veqtorTa sistema, romlebic akmayofileben or-
Tonormirebis Tanafardobas 

,nmn m n m Nδ= ∈

da Caketilobis (sisrulis) pirobas

0n
n n

∞

=

=∑ 1H

nebismier veqtorTan gamoyeneba gvaZlevs 

0n
n n

∞

=

Ψ = Ψ∑
rac daukavSirda talRur funqcias, ( )n nψ = Ψ . 

skalaruli namravlia 

,
H

A AΦ Ψ ≡ Φ Ψ

amitom bolo gamosaxuleba unda ganvixiloT rogorc 
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ori wrfivi asaxva, 

( )
A

D A

A A

Φ

Ψ → Ψ → Φ Ψ
→ →H C

kavSirebi hilbertis sivrceebs Soris 

sxvadasxva hilbertis sivrceebs Soris kavSiris dasam-
yareblad gvWirdeba unitaruli operatorebi da izo-
morfizmi. 

ganmarteba: ( )1,2i i =H iyos ori kompleqsuri separa-
beluri hilbertis sivrce skalaruli namravliT ,

IH
.  

wrfiv operators 1 2:U →H H  ewodeba unitaruli, Tu
1. U yvelganaa gansazRvruli 1H -Si
2. 1H -is asaxva U -s meSveobiT aris yvelaferi 2H -Si  

da 
3.  U  inaxavs skalarul namravls:

2 1
, ,Uf Ug f g=

H H
, yvela 1,f g∈H

or hilbertis sivrces, dakavSirebuls unitaruli op-
eratoriT, ewodeba izomorfuli da ase iwereba 1 2�H H

amrigad, ori izomorfuli hilbertis sivrce warmoad-
gens erTidaimave abstraqtuli struqturis sxvadasxva 
realizacias da SeiZleba ganvixiloT, rogorc mTlianad 
ekvivalenturi. 

Teorema 
•	 kompleqsuri sivrceebi, 2l , ( )2 ,L dxR  da ( )2 ,L dpR

arian separabeluri da usasrulo-ganzomilebis. 
•	 yoveli kompleqsuri hilbertis sivrce, romel-

ic separabeluria da usasrulo ganzomilebis, izomor-
fulia 2l -isa.

( ) ( )2 2
2 , ,l L dx L dp� � �H R R
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invariantuli formalizmi 

radgan sxvadasxva hilbertis sivrceebi, gamoyenebu-
li kvantur meqanikaSi, yvela erTmaneTis izomorfulia, 
isini warmoadgenen mTlian ekvivalentur maTematikur 
struqturas. magram, praqtikuli TvalsazrisiT zogier-
Ti sivrce ufro moxerxebulia sxvaze. 

fizikuri movlenebis arena aris konfiguraciuli 
sivrce, parametrizebuli x -iT da sasazRvro da regu-
larulobis pirobebi swored exeba am sivrceSi gansaz-
Rvrul talRur funqciebs: privilegia eniWeba hilber-
tis ( )2 ,L dxR  sivrces.

misi upiratesoba Cveulebriv motivirebulia xolme 
evkliduri (kavSiri hilbertTan) ( )n nR C  sivrciT. am 
SinaarsiT abstraqtuli hilbertis sivrce kvantur meqa-
nikaSi ufro zogadia, vidre matricul meqanikaSi. magram, 
arsebobs kritikuli gansxvaveba sasrulo da usasrulo 
ganzomilebian veqtorebul sivrceebs Soris. 

magaliTad, wrfivi operatoris ganmarteba usasrulo 
ganzomilebian hilbertis sivrceSi aucileblad moiTx-
ovs operatoris moqmedebis da domenis specifikas misT-
vis, radgan operatoris speqtri Zalian aris mgrZobiare 
domenis mimarT (sasazRvro pirobebi, da a.S.). magaliTad, 

domenis arCevis mixedviT, impulsis 
dP i
dx

= −  operato-

ris speqtri kompaqtur intervalze [ ],a b ⊂ R SeiZleba 
iyos carieli yvela C -sTvis an qvesivrce R -Si. 

davubrundeT axla damzeradebis daxasiaTebas:

damzeradi ganisazRvreba rogorc ermituli opera-
tori, romlis orTonormirebuli sakuTari veqtorebi 
gansazRvraven baziss hilbertis sivrceSi. aqedan gamom-
dinare, formalurad SegviZlia vaCvenoT, rom mdebareo-
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bis da impulsis operatorebi R -Si arian damzeradebi. 
zogierTi sirTule warmoiqmneba 2R  an 3R ara-dekartul 
koordinatebSi, magaliTad, impulsis radialuri kompo-
nenti rP aris ermituli, magram ar warmoadgens damzer-
ads. ufro metic, arsebobs ufro rTuli operatorebi 
(hamiltoniani, romelic Seicavs rTul potencialebs da 
a. S .an topologiuri tipis potencialebs, rogoricaa, 
aaronov-bomis an anionebis da sxv.). es gvaiZulebs Semo-
vitanoT xelovnuri pirobebi talRuri funqciebisTvis 
(regularuloba, sasruloba, calsaxoba da a. S.); amis 
garda, es iwvevs aucileblobas imisa, rom cxadad gan-
vsazRvroT sakuTari veqtorebis orTonormaluri siste-
ma da SevamowmoT am sistemis sisrule. 

midgomaSi, romelic iTvaliswinebs gansazRvris dome-
nebs, damzeradebi ubralod moicemian TviTSeuRlebuli 
operatorebiT. es moTxovna uzrunvelyofs, rom opera-
tors aqvs namdvili speqtri da rom misi (ganzogadebuli) 
sakuTari veqtorebi gansazRvraven hilbertis sivrcis 
ganzogadebul baziss (hilbertis speqtraluri Teore-
ma) arsebobs martivi kriteriumi ermituli operatoris 
TviTSeuRlebulobis dasadgenad. 

pirvel rigSi gaverkveT paradoqsebis xasiaTSi da vnax-
oT, rogor amovxsnaT isini zemoT ganxiluli maTemati-
kuri aparatis CarCoebSi. 
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paradoqsebis analizi:

•	 paradoqsi 1. pirveli paradoqsis Taobaze gzadag-
za ukve bevri ram iTqva. vTqvaT, komutaciuri Tanafar-
doba [ ], !Q P i= 1  1 kmayofildeba am operatorebiT hilber-
tis sivrceSi H sasrul-ganzomilebaSi n . (e.i. n�H C ). 
am SemTxvevaSi dasaSvebia am operatorebis realizacia
n n×  matricebiT, Spuri kargad aris ganmartebuli da 
miiReba

[ ] ( )0 , 1nTr Q P Tr i i n= = − = − 

Sedegi uazroa. vaskvniT, rom heizenbergis Tanafar-
dobis realizacia ar SeiZleba sasrulo-ganzomilebis 
hilbertis sivrceSi. amitom kvanturi meqanikis for-
mulireba unda moxdes usasrulo-ganzomilebian hilber-
tis sivrceSi, sadac Spuri aRar aris kargad gansazRvru-
li operacia yvela operatorisaTvis. 

Seusabamoba kidev SeiZleba daiZlios sxva gziTac us-
asrulo ganzomilebian hilbertis sivrceSi im daSvebiT, 
rom erT-erTi am operatorTagan unda iyos Semousaz-
Rvreli, amitom es fundamenturi Tanafardoba ar Sei-
Zleba ganvixiloT, Tu ar vizrunebT operatorebis dome-
nebze ( )2 ,L dxR sivrceSi. rogorc adre vnaxeT, 

am paradoqsis farglebSi SegviZlia ganvixiloT kidev 
erTi uazro Sedegi, romelic gamomdinareobs fundamen-
turi komutaciis Tanafardobidan, [ ], xx p i=  , romelze 
dayrdnobiTac koSis utolobis gamoyenebiT miiReba hai-
zenbergis ganuzRvrelobis principi

2
x p∆ ⋅∆ ≥



pψ  iyos impulsis p̂  operatoris normirebuli saku-
Tari funqcia, ˆ p pp pψ ψ= . ermitulobis gamo miviRebT
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meores mxriv, Tu Cven jer komutators gamovTvlid-
iT, miiReboda

[ ]( ) ( )ˆ ˆ, , , 0p p p px p i iψ ψ ψ ψ= = ≠ 

miviReT winaaRmdegoba.
am cxadi paradoqsis amoxsna sxvadasxvaa sxvadasxva 

tipis intervalebSi. kerZod, ( intervali sasrulia Tu 
usasrulo), amis mixedviT impulsis operatori TviT-
SeuRlebulia an ara, an Tu arsebobs, ar aqvs sakuTari 
veqtorebi da ar miekuTvnebian ˆ ˆpx -is domens. codna op-
eratoris domenis Sesaxeb kritikulia da ar unda avua-
roT gverdi praqtikul gamoTvlebSi. garda amisa, nax-
evrad sasrulo an sasrulo intervalebSi kanonikuri 
komutaciis Tanafardoba da ganuzRvrelobaTa Tanafar-
doba erTmaneTs ewinaaRmdegeba. realurad, problema 
imaSia, rom saqme gvaqvs SemousazRvrel operatorebTan, 
romelTaTvis komutatoris gamoTvla ar aris koreqtu-
lad ganmartebuli. 

•	 paradoqsi 2. 
dP i
dx

= −   operatoris maqsimaluri 
domeni aris 

( ) ( ) ( ){ }2 2
max . .D P L R dx L R dxψ ψ ′= ∈ ∈

am ares mikuTvnebul funqciebs aqvT garkveuli reg-
ularulobis Tviseba da maTi warmoebuli kvadratulad 
integrebadia R -Si. kerZod, es funqciebi uwyvetia da 
nulisken miiswrafian, roca x →±∞ . es niSnavs, rom 

( )maxD P -ze moqmedi P operatori aris ermituli. 
sxva arCevania Svarcis sivrce ( ) ( )maxR P⊂S D , rome-

[ ]( ) ( ) ( )
( ) ( )
( ) ( )

ˆ ˆ ˆˆ ˆ ˆ, , , ,

ˆ ˆ ˆ, ,

ˆ ˆ, , 0

p p p p p p

p p p p

p p p p

x p xp px

p x p x

p x x

ψ ψ ψ ψ ψ ψ

ψ ψ ψ ψ

ψ ψ ψ ψ

= − =

= − =

 = − = 
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lic Cadgmulia maqsimalur domenSi, da aqvs ufro swra-
fi dacema usasrulobaSi. 

•	 paradoqsi 3. Svarcis sivrce ( ) ⊂S R ( )2 ,L R dx  
aris invariantuli domeni ,P Q operatorebisTvis, amitom 

aseve unda gvqondes 3 3A PQ Q P= + operatorisTvis:

( ) ( ):A →S R S R
nawilobiTi integracia ase ganmartebuli operator-

isTvis gvarwmunebs, rom A  operatori aris ermituli

( ) ( ), , , ,g Af Ag f f g A R= ∈ =D S

funqcia f  miekuTvneba hilbertis ( )2 ,L dxR  sivrc-
es, magram ar miekuTvneba A -s domens, radgan is usas-
rulobaSi ar ecema ufro swrafad, vidre nebismieri Se-
brunebuli polinomiali, magaliTad,

( ) ( )3 3/2 2exp 1/ 4x f x x x∝ −  ar aris SemosazRvruli, 
roca x →±∞ . Sedegad, i−   ar aris A  operatoris saku-
Tari mniSvneloba. magram, 

i−   aris A+  operatoris sakuTari mniSvneloba, rome-
lic moqmedebs iseve, rogorc A . amrigad, vadgenT, rom 
P  aris ermituli, da misi SeuRlebuli moqmedebs sxva 
domenSi, amitom is ar aris TviTSeuRlebuli. 

•	 paradoqsi 4. 
ganvixiloT me-4 paradoqsis meore nawili, anu P  op-

eratoris speqtri. radgan is ar aris TviTSeuRlebu-
li,sazogadod Seicavs narCen speqtrs. rac ganmartebis 
Tanaxmad, aris yvela kompleqsuri ricxvi z∈C , romel-
ic ar aris P -s sakuTari mniSvneloba, magram misTvis z
aris P+ -is sakuTari mniSvneloba. am magaliTSi, aRniSnu-
li operatorebis domenebia 

( ) ( ) ( ){ }
( ) { }

, 0 0 1P H H

P H H

ψ ψ ψ ψ

ϕ ϕ+

′= ∈ ∈ = =

′= ∈ ∈

D

D
 (123)
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Sesabamisad. amitom ( )P+D -s mikuTvnebuli funqciebi 
ar akmayofileben raime sasazRvro pirobas, maSin, roca 

( )PD -s mikuTvnebulebi nuldebian sazRvrebze 0,1x = .  

radgan funqciebi ( ) 1exp ,
2p x px pϕ  = ∈ 

 
C , arian P+ -is  

sakuTari mniSvnelobebis gantolebis amoxsnebi

( ) ( ) ( )( )( ) , , 0p p p pP x p x Pϕ ϕ ϕ ϕ+ += ∈ ≠D  (124)

yvela kompleqsuri ricxvi aris P+ -is sakuTari mniS-
vneloba, magram arc erTi maTgani aris P -s sakuTari 
mniSvneloba, radgan pϕ ar nuldeba sazRvarze da amitom 
ar xvdeba ( )PD -Si. aqedan gamomdinare, P -s narCeni 
speqtri aris C . marTlac, es warmoadgens P -s srul 
speqtrs, radgan misi diskretuli da uwyveti speqtrebi 
arian carieli. 

es magaliTi fizikoss tovebs gaugebrobaSi: radgan P  
ar aris TviTSeuRlebuli, misi speqtri pirdapir inter-
pretacias ar emorCileba. magram, is mainc Seicavs in-
formacias, romelic saWiroa fizikaSi. 

•	 ganvixiloT kidev erTi magaliTi: sasrulo [ ]0,a  
intervalSi moZravi nawilaki, romlis aRmweri talRu-
ri funqcia akmayofilebdes nulovan sasazRvro pirobas 
kideebze. SegviZlia CavTvaloT, rom nawilaki moZraobs 
sasrulo siganis usasrulo sworkuTxa ormoSi. misi 
talRuri funqciebia 

( )
2 2

2
2

2 sin ;
2n n

n nx x E n n N
a a ma

πψ  = = ∈ 
 



es sistema aris orTogonaluri bazisi [ ]2 0,L a -Si, 
rac uzrunvehyofs hamiltonianis TviTSeuRlebulobas. 
radgan hamiltonianis speqtri gadaugvarebelia, misi sa-
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kuTari funqciebi saerTo unda iyos masTan komutirebad 
impulsis operatorTan. gamoTvla gvaZlevs

2ˆ cos( )n n n
n nP i x p

a a a
π πψ ψ= − ≠  (125)

rac ewinaaRmdegeba Teorias. paradoqsi gamovline-
baa araswori daSvebisa, rom P̂  da H  komutireben, 

2ˆ / 2H P m= . orive am operators aqvs TavTavisi domeni, 
da amitom komutatori ar aris kargad gansazRvruli. 

•	 paradoqsi 5. ϕ  kuTxeze gamravlebis operatori 
hilbertis sivrceSi [ ]( )2 0, 2 ,H L dπ ϕ=H  yvelgan gansaz-
Rvrulia da TviTSeuRlebuli

, ,g f g fϕ ϕ= , yvela ,g f ∈H

is, rac exeboda 
dP i
dx

= −  operators gamogvadgeba 

Z
dL i

dϕ
= −  -isTvis

[ ]( )2 0, 2L π -Si. nawilobiTi integracia iZleva

( ) ( ) ( ) ( ) ( )

( )

2

0
2 2 0 0Z

Z

dgd gL f i f i g f g f
d

f D L

π
ϕ ϕ π π

ϕ
   + = − −    

∈

∫  

polaruli kuTxiT periodulobis gamo ZL is funqcie-
bi arian perioduli. 

( ) ( ) ( ){ }, , 0 2Z Z
dL i D L f H f H f f

d
π

ϕ
′= − = ∈ ∈ = H H

saTanadod, zedapiruli wevri nuldeba maSin da mx-
olod maSin, Tu ( ) ( )0 2g g π= ; es ki niSnavs, rom ZL+  op-
eratori moqmedebs iseve, rogorc ZL  da uSvebs imave 
domens. amitom, zeda domeniT ganmartebuli operatori 
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aris TviTSeuRlebuli. 
rom movZebnoT [ ],ZL ϕ komutatoris domeni SevniSnoT, 

rom nebismieri ori operatorisTvis gvaqvs 

( ) ( ) ( )
( ) ( ) ( ){ }
A B A B

AB f B Bf A

+ = +

= ∈ ∈

D D D

D D D
amitom 

[ ]( ) ( ) ( )Z Z ZL L Lϕ ϕ ϕ= D D D
sadac 

( ) ( ) ( ){ } ( )Z Z Z ZL f L L f H Lϕ ϕ= ∈ ∈ = =D D D DH

( ) ( ) ( ){ }Z ZL f H f Lϕ ϕ ϕ= ∈ = ∈D D DH

magram, funqcia ,f fϕ=  romelic gamoCnda bolo ga-
mosaxulebaSi da iRebs mniSvnelobebs 

( ) ( )
( ) ( ) ( )
0 ( ) 0 0

2 ( ) 2 2 2

f f

f f f

ϕ

π ϕ π π π

= =

= =





da ( )Zf L∈ D  niSnavs, rom ( ) ( )0 2 ,f f π=   e.i. 

( )2 0f π =

sabolood, 

( ) ( )
( ) ( ){ }
[ ]( ) ( ) ( ){ }

, 2 0

, , 0 0 2

Z Z

Z

Z

L L

L f H f H f

L f H f H f f

ϕ

ϕ π

ϕ π

=

′= ∈ ∈ =

′= ∈ ∈ = =

D D

D

D

H H

H H

 (127)

ZL -is sakuTari funqciebi ( ) ( )1 exp
2m imψ ϕ ϕ
π

=  ar 

miekuTvnebian komutatoris domens, radgan ar nuldebi-
an sazRvrebze 0 da 2π . dasawyisSi mocemuli gamoyvana 
uazroa. 
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ganuzRvrelobis Tanafardobis modifikacia

ganvixiloT ori damzeradi A  da B  (e.i. TviTSeuRle-
buli operatorebi hilbertis sivrceSi) da mdgomareoba 
ψ H∈H . ganuzRvrelobaTa Tanafardoba iwereba cnobili 
formiT 

[ ]1 , ,
2

A B i A Bψ ψ ψ ψ∆ ∆ ≥  (128)

sadac ( ) ( ) 22
; ,A A A A Aψ ψ ψ

ψ ψ∆ = − =1 , aseve B

-sTvis. ase, rom marcxena mxare ganisazRvreba mxolod are-
Si ( ) ( )A Bψ ∈ D D , rac zustad aris H -is qvesivrce, 
romelic Seicavs yvela ψ  mdgomareobas. marjvena mxare 
ganmartebulia qvesivrceSi [ ]( ) ( ) ( ),A B AB BA= D D D , 
romelic aris sazogadod Zalian mcire. magram, raki A  
da B  arian TviTSeuRlebulni, ganuzRvrelobaTa Tana-
fardoba asec gadaiwereba 

1 , ,
2

A B i A B i B Aψ ψ ψ ψ ψ ψ∆ ∆ ≥ −  (129)

axla domenebi marcxniv da marjvniv erTmaneTs emTx-
veva, e.i. ( ) ( )A BD D . amrigad, ganuzRvrelobaTa nam-
ravli ori damzeradisa A  da B , ar ganisazRvreba maTi 
komutatoriT, aramed gadaiwereba ermituli formiT 

(wrfivnaxevriani formiT) 
( ) ( ), , , , ,A B i Af Bg i Bf Ag f g A BΦ = − ∈ D D  (130)

am Tanafardobis miReba martivia, da iZleva Semdegs: 

Tu ( )2. ,dA P i B Q x L R dx
dx

= = − = = = H

marjvena mxareSi nawilobiTi integracia tardeba da 
gvaqvs / 2P Qψ ψ∆ ∆ ≥  ,xolo ( ) ( )P Qψ ∈ D D . e.i. hai-
zenbergis fundamenturi Tanafardoba ZalaSia. 

meores mxriv, Tu 

[ ]( )2, 0, 2 ,Z
dA L i B L d

d
ϕ π ϕ

ϕ
= = − = ∈ = H , zedapir-
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uli wevri nawilobiTi integraciisas ar qreba da mivya-
varT ganuzRvrelobis Tanafardobaze: 

( ) ( ) ( ) ( )2
1 2 2 ,

2Z Z ZL D L D D Lψ ψϕ π ψ π ψ ϕ∆ ∆ ≥ − ∈ =


  (131)

amrigad, am ganuzRvrelobaTa namravli xdeba / 2 -ze 
naklebi. aRsaniSnavia, rom 

[ ]( ),ZL ϕD domens mikuTvnebuli ψ  funqciebisaTvis, 

e. i. Tu ( )2 0ψ π =  (128) SeiZleba gamoviyenoT da miiReba 
(131) igive Sedegi. 

•	  rac Seexeba bolo paradoqss, misi amoxsnac Ses-
aZlebelia: Tu ganvixilavT mTel namdvil RerZze gan-
sazRvrul talRur funqcias da ar SemovifarglebiT 
[ ],a a− +  intervaliT. wyvetadoba ψ ′′  funqciisa kidura 
wertilebSi niSnavs, rom ( )xψ ′′′′  moicema dirakis funqci-
is warmoebuliT 

( ) ( ) ( )5/2

15 ,
2

x x a x a x R
a

ψ δ δ′′′′ ′ ′= − + − − ∈    (132)

amis Casma 2, Hψ ψ -Si gvaZlevs igive aranulovan Se-

degs, rasac 2
.

1
n n

n
E W

∞

=
∑ . SeniSnuli gaugebroba modis iqidan, 

rom gamoTvlebisas swored ar iyo gaTvaliswinebuli sa-
sazRvro pirobebi. 

ganvixiloT cxadi gamoTvlebi:
usasrulo potencialuri ormo aris maTematiku-

ri idealizacia sasrulo 0V simaRlis ormosi zRvarSi, 
roca 0V →∞ . ormos gareT vnaxavT, rom stacionaruli 
mdgomareobebis talRuri funqcia nulisken miiswraf-
is am zRvarSi. amitom Sesaferi sasazRvro piroba iqneba 
( ) 0aψ ± =  - nawilaki ormos SigniT CaWerilia. aris Tu 
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ara hamiltoniani H  TviTSeuRlebuli? orjer nawilobi-
Ti integraciis CatarebiT miviRebT 

( ) ( )
2

,
2

a

a
H dx x x

m
ϕ ψ ϕ ψ

+

−

− ′′≡ ∫


( ) ( ) [ ]( )
2 2

2 2

a
a

a
a

dx x x x
m m

ϕ ψ ϕ ψ ϕψ
+

+

−
−

′′ ′ ′= − + −∫
 

 (133)

( ) ( ) ( ) ( )
2

,
2

H a a a a
m

ϕ ψ ϕ ψ ϕ ψ+ ′ ′= − − − −  


radgan ar gvaqvs raime SezRudva ( )aψ ′ ± -ze, zedapir-
uli wevri nuldeba maSin da mxolod maSin, Tu ( ) 0.aϕ ± =  
amrigad, H + moqmedebs iseve, rogorc H  da mis domenze 
mikuTvnebuli ϕ  funqciebi akmayofileben imave pirobebs, 

rasac H -ze mikuTvnebuli. amitom 
2 2

22
dH

m dx
= −


 opera-

tori, gansazRvruli domenze

( ) ( ){ }; 0D H H H aψ ψ ψ′′= ∈ ∈ ± =

qmnis TviTSeuRlebul operators (e.i. aris damzera-
di). misi speqtri diskretulia da gadaugvarebeli, xolo 
masTan dakavSirebuli sakuTari funqciebi moicema ase

( ) 1 sin , 2,4,6,...
2

1 cos , 1,3,5,....
2

n
nx x n

aa
n x n

aa

πϕ

π

  = =  
 
 = = 
 

 (134)

saTanadod icvleba H -is gaSla, romelic axla ase ga-

moiyureba:
1

n n
n

E W
∞

=
∑ , sadac nW  aRniSnavs normirebul md-

gomareobebze proeqciis operators: ,n n nWψ ϕ ψ ϕ= .
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speqtraluri Teoremis Tanaxmad, 2H  operatori gani-
sazRvreba H -is speqtraluri gaSliT, 

2 2

1
n n

n
H E W

∞

=

=∑ ,

rac niSnavs, rom 2 2
n n nH Eϕ ϕ= . rom vipovoT cxadad is 

domeni, romelSic es operatori aris TviTSeuRlebuli, 
CavataroT 4 nawilobiTi integracia TanmimdevrobiT, 

( ) ( )
4

2
2,

4
H dx x x

m
ϕ ψ ϕ ψ

+∞

−∞

′′′′≡ =∫


=
( ) ( ) ( )( )

2 2

2 24 4
a

a
x x x

m m
ϕ ψ ϕψ ϕ ψ ϕ ψ ϕ ψ

+∞
+

−
−∞

′′′′ ′′′ ′ ′′ ′′ ′ ′′′+ − + −  ∫
 

sasazRvro pirobebi ( ) ( )0a aψ ϕ± = = ±  gaanulebs 
pirvel da bolo wvlils. sxvebis gasanuleblad ar-
sebobs sxvadasxva piroba: mag., ( ) ( )0a aψ ϕ′ ′± = = ±  an 

( ) ( )0a aψ ϕ′′ ′′± = = ± . magram 2H -is albaTobrivi gamoxat-
vis formulis Tanaxmad H -is sakuTari funqciebi unda 
miekuTvnebodes 2H -is domens: radgan es funqciebi ak-
mayofileben pirobas ( ) 0n aϕ ± = , amitom 2H -is domenia

( ) ( ) ( ){ }2 , 0H H H a aψ ψ ψ ψ′′′′ ′′= ∈ ∈ ± = = ±D

vxedavT, rom es aris mxolod erTi gza CavTvaloT 
4 4

2 44
d

m dx


operatori [ ]2 ,L a a− + -Si TviTSeuRlebulad 

sxva SesaZleblobebTan erTad (romlebic sasazRvro 
pirobebiT ganisazRvreba, magaliTad, ( ) ( )0a aψ ψ ′± = = ± ),  
magram, esec aris calke SesaZlebloba sxvebTan erTad. 

davubrundeT axla paradoqss. Tu ( ) ( )2H Hψ ∈ ⊂D D ,  
zemoxsenebuli gaSla gvaZlevs 

2 2 2 2 2

1 1 1
, , ,n n n n n n

n n n
H H E W E W E W

ψ
ψ ψ ψ ψ ψ ψ

∞ ∞ ∞

= = =

≡ = = =∑ ∑ ∑  (135)
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sadac 
2

,n nW ϕ ψ= . Tu ( )Hψ ∈D , SegviZlia igive Se-
degi miviRoT proeqciuli operatoris TviTSeuRlebe-
lobidan gamomdinare. 

Cven SemTxvevaSi funqcia ( ) ( )( )5/2 2 215 / 4x a a xψ = −  

ar akmayofilebs pirobas ( ) 0aψ ′′ ± = , amitom is ar mie-
kuTvneba 2H -is domens. amis gamo gamosaxuleba 2, Hψ ψ  
ar aris gansazRvruli. sxva sityvebiT rom vTqvaT, Tumca 
integrali sworad gamoiTvleba, is ar SeiZleba gavaigi-
veoT 2, Hψ ψ -Tan aq ganxiluli funqciisaTvis. meores 
mxriv, gvaqvs ( )Hψ ∈D , amitom saSualo mniSvneloba 

2H
ψ
SegviZlia gamovTvaloT 2

1
n n

n
E W

∞

=
∑ -is mixedviT, anu 

ekvivalenturad, ase

( )( ) ( )
4 4

2 22
2 2 4

15
4 8

a a

a a

H dx H x dx x
m m a

ψ ψ ψ
= +

− −

′′′≡ = =∫ ∫
 

axla ganvixiloT me-4 paradoqsis meore nawili, anu P  
operatoris speqtri. radgan is ar aris TviTSeuRlebu-
li, sazogadod Seicavs narCen speqtrs. rac ganmartebis 
Tanaxmad, aris yvela kompleqsuri ricxvi z∈C , romel-
ic ar aris P -s sakuTari mniSvneloba, magram misTvis z
aris P+ -is sakuTari mniSvneloba. am magaliTSi, aRniSnu-
li operatorebis domenebia 

( ) ( ) ( ){ }
( ) { }

, 0 0 1P H H

P H H

ψ ψ ψ ψ

ϕ ϕ+

′= ∈ ∈ = =

′= ∈ ∈

D

D

H H

H H

Sesabamisad. amitom ( )P+D -s mikuTvnebuli funqciebi 
ar akmayofileben raime sasazRvro pirobas, maSin, roca 

( )PD -s mikuTvnebulebi nuldebian sazRvrebze 0,1x =

. radgan funqciebi ( ) 1exp ,
2p x px pϕ  = ∈ 

 
C , arian P+

-is sakuTari mniSvnelobebis gantolebis amoxsnebi
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( ) ( ) ( )( )( ) , , 0p p p pP x p x Pϕ ϕ ϕ ϕ+ += ∈ ≠D

yvela kompleqsuri ricxvi aris P+ -is sakuTari mniS-
vneloba, magram arc erTi maTgani aris P -s sakuTari 
mniSvneloba, radgan pϕ ar nuldeba sazRvarze da amitom 
ar xvdeba ( )PD -Si. aqedan gamomdinare, P -s narCeni 
speqtri aris C . marTlac, es warmoadgens P -s srul 
speqtrs, radgan misi diskretuli da uwyveti speqtrebi 
arian carieli. 

es magaliTi fizikoss tovebs gaugebrobaSi: radgan P  
ar aris TviTSeuRlebuli, misi speqtri pirdapir inter-
pretacias ar emorCileba. magram, is mainc Seicavs in-
formacias, romelic saWiroa fizikaSi. 

•	 ganvixiloT wrewirze moZravi nawilaki. aSkaraa, 
rom hilbertis sivrce unda moicemodes kvadatulad in-
tegrebadi perioduli funqciebiT, e. i. 

( ) ( )
2

2

0

2 ; d
π

ψ ψ θ π ψ θ θ ψ
  = + = < ∞ 
  

∫H  (136)

nawilakis mdebareobis operatori moicema kuTxur 
koordinatze gamravlebiT

( ) ( )Qψ θ θψ θ=  (137)

xolo impulsis operatori awarmoebs 

( )ˆ /P iψ θ ψ θ= − ∂ ∂

ase ganmartebuli operatorebi arian TviTSeuRlebu-
li. impulsis operatoris speqtri moicema Tanafardo-
bebiT

( )ˆ, ,
2

in

n
e p n n

θ

ψ σ π= = ∈Z

{ }nψ ∞

−∞
adgens srul orTogonalur baziss hilbertis 

sivrceSi 2[0, 2 ]L π . SevniSnoT, rom Q̂  aris SemosazRvru-
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li operatori, radgan [0,2 )θ π∈ ]da x∆  ganuzRvrelobis 
gamoTvlisas nψ  mdgomareobaSi miviRebT sasrulo ricx-
vs, maSin, roca Sesabamisi impulsis ganuzRvreloba iqne-
ba 0-is toli, 0p∆ = . miviReT winaaRmdegoba. amis mizezi 
isaa, rom nψ mdgomareoba ar miekuTvneba PQ  operato-

ris domens, saxeldobr, roca viTvliT ( )ˆ ˆ ˆ ˆn npx p xψ ψ= , 

vxedavT, rom ˆ nxψ ar aris perioduli da ar Sedis H -Si. 

TviTSeuRlebulobis kriteriumebi 

imisaTvis, rom gavigoT, Tu rogor unda ganvavrcoT 
domeni, rom P  gaxdes TviTSeuRlebuli, mosaxerxebelia 
gamoviyenoT fon neimanis indeqsis defeqtis Teoria. am 
Teoriis Tanaxmad, Tqven SegiZliaT SeiswavloT P+ -is 
kompleqsuri sakuTari mniSvnelobebi Semdegnairad: unda 
ganvixiloT gantoleba

/, xP i eϕ ϕ ϕ+
± ± ±= ± =  

an ( ) 0P iI ϕ+
± = . amitom ( )P iI+   aris erTgan-

zomilebiani veqtoruli sivrce:

( ) ( )
( ) ( )

dim 1

dim 0

n P Ker P iI

n P Ker P iI

+
−

+
−

≡ + =

≡ − =
 (138)

naturalur ricxvebs ( )n P+  da ( )n P−  ewodeba P -s 
deficitis indeqsi. maTi sargebloba Cans Semdegi krite-
riumidan:

TviTSeuRlebulobis kriteriumi: 
A  iyos ermituli operatori deficitis indeqsebiT 

n+  da n− . 
(a) A  aris TviTSeuRlebuli maSin da mxolod maSin, 
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Tu 0n n+ −= = . am dros A -s speqtri aris realuri RerZis 
qvesimravle.

(b) A  uSvebs TviTSeuRlebul gafarToebas (anu Ses-
aZlebelia gaxdes TviTSeuRlebuli misi domenis gafar-
ToebiT) maSin da mxolod maSin, Tu n n+ −= . Tu orive in-
deqsi dadebiTia, A -s speqtri aris mTeli kompleqsuri 
sibrtye. 

(g). Tu an 0n n+ −= ≠  an Tu 0n n− += ≠ , maSin A  opera-
tors ar aqvs aratrivialuri TviTSeuRlebuli gafar-
Toeba. maSin A operatoris speqtri aris, saTanadod, 
zeviT an qveviT Caketili kompleqsuri naxevarsibrtye. 

(b) SemTxvevaSi arsebobs martivi, konstruqtiuli me-
Todi SesaZlo gafarToebebisa, e.i. cxadad aRiwereba er-
mituli operatoris gadaqceva damzeradad. 

kritikuli SezRudvebi ermituli operatoris damze-
radad gadasaqcevad modis problemis sasazRvro piro-
bebidan kompaqtur (an naxevrad usasrulo) intervalze 
da kvadratuli integrebadobidan mTel sivrceSi. 
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operatoris TviTSeuRlebuli  
gafarToeba da gamoyenebani  

kvantur meqanikaSi

mTavari mosazrebebi operatorebis  
TviTSeuRlebulobisTvis

winamdebare ganxilvaSi yvelaze arsebiTi iyo yuradRe-
bis miqceva imaze, rom operatorebi moqmedeben garkveul 
domenebSi. domenebi ki Camalulia sasazRvro pirobebSi. 

rom amovxsnaT diferencialuri gantolebebi, unda 
davadoT raime sasazRvro pirobebi, romlebzec aris 
damokidebuli amoxsnebis xasiaTi. yoveli sasazRvro 
piroba eTanadeba raime fizikurad gansxvavebul situ-
aciebs. amitom, legitimurad daismis kiTxva: “rogoria 
sasazRvro pirobebis SesaZlo arCeva mocemuli opera-
torisaTvis, romelic warmoadgens damzerads kvantur 
meqanikaSi?” sanam kiTxvas vupasuxebdeT, gavixsenoT, rom 
kvanturi meqanikis damzeradebs unda hqondeT namdvili 
sakuTari mniSvnelobebi. es operatorebi arian ermituli 
an TviTSeuRlebuli, Tumca, rogorc araerTxel aRvniS-
neT, es ori koncefcia erTmaneTisgan gansxvavdeba. kiTx-
vaze pasuxi gacemuli iyo fon neimanis mier pionerul 
naSromSi kvanturi meqanikis operatorebis TviTSeuRle-
buli gafarToebis Sesaxeb. ganvixiloT axla gafarToe-
bis Teoriis gamoyeneba zogierTi operatorisaTvis. 

impulsis operatori sasrulo intervalSi 

damzeradis saTanado operatorisTvis SemoviRoT aR-
niSvna T , romelic moqmedebs raime hilbertis sivrceze
H  (rogorc wesi, kvadratulad integrebad funqciebze, 
anu talRur funqciebze). Tu T aris diferencialuri 
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operatori, saTanado sakuTari gantolebis amosaxsnelad 
gvWirdeba raime sasazRvro pirobebis dadeba, rac niS-
navs, rom T  moqmedebs raime qvesivrceze ( )T ∈D H  da 
ara mTel sivrceze. am qvesivrces hqvia T -s domeni, misi 
elementebi ganisazRvreba rogorc hilbertis sivrcis 
elementebi, romlebic akmayofileben dadebul sasazRv-
ro pirobebs da cxadia, rom domeni ar aris mTeli hil-
bertis sivrce H , radgan sazogadod, H -Si iarsebebs 
sxvadasxva elementebi, romlebic ar daakmayofileben am 
sasazRvro pirobebs. domeni aris operatoris gansaz-
Rvris sruli nawili sivrceSi. operatori, moqmedebas-
Tan erTad unda gvesmodes mis domenTan erTobliobaSi, 
radgan sxvadasxva domeni operators mianiWebs sxvadasxva 
Tvisebebs (speqtri, SemosazRvruloba, TviTSeuRlebu-
loba da a.S.). zemoTqmulis sailustraciod ganvixiloT 

impulsis operatori 
dP i
dx

= −  intervalSi [ ],a b  da Se-

viswavloT Semdegi SemTxvevebi: 
(1) ,a b= −∞ = ∞ , (2) orive sasruloa, (3) erTi sasru-

loa, meore _ usasrulo.
2L  sivrce ganisazRvreba Semdegi funqciebisTvis

2L ( ) 2
: dx f xψ
∞

−∞

 
= < ∞ 
 

∫
sadac ganmartebuli gvaqvs skalaruli namravli 

( ) ( ) ( ),S dx x xψ φ ψ φ
∞

−∞

= ∫
es forma akmayofilebs skalaruli namravlis yvela 

Tvisebas, razec laparaki iyo teqstSi: 

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

1 , ,

2 , , ,

3 , 0, 0

, 0, 0

S S

S c d cS dS

a S

b S

ψ φ ψ φ

ψ φ χ ψ φ ψ χ

φ φ φ

φ φ φ

=  
+ = +

> ≠

= =
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amitom 2L  aris wina-hilbertis sivrce. amasTan, radgan 
is aris sruli, is marTlac aris hilbertis sivrce. 

gvinda jer ganvixiloT SezRuduli intervali a x b< <
, sadac a  da b  SeiZleba iyos sasrulo an usasrulo. im-
pulsis operatoris domeni [ ]2 ,a bL -Si aris

[ ]( ) [ ] [ ]{ }2 2; , : , , ,p a b a b a bφ φ φ′= ∈ ∈D L L  (139)

nebismieri φ -sTvis am domenSi da nebismieri ψ -sTvis, 
gvaqvs

( ) ( ),
b

a

dS p i x
dx
φψ φ ψ= − ∫  (140)

xolo p -s ermitulad SeuRlebuli, anu p+ , akmayo-
filebs pirobas

( ) ( ) ( ){ } ( ) ( )

( ) ( )

, , ,
b

a

b

a

d x
S p S p S p i dx x

dx

d x
i dx x

dx

ψ
ψ φ ψ φ φ ψ φ

ψ
φ

+
  = = = − = 
  

=

∫

∫

 (141)

zeda gamosaxulebis daklebiT miviRebT

( ) ( ) ( ) ( ){ } ( ) ( ) ( ) ( ){ }, ,
b

a

dS p S p i dx x x i b b a a
dx

ψ φ ψ φ ψ φ ψ φ ψ φ+ − = = −∫  (142)

Tu marjvena mxare nulis toli xdeba, maSin miiReba 
p p+= , e.i. p aris ermituli (anu simetriuli).

axla ganvixiloT sami SemTxveva: 
(1) ,a b= −∞ = ∞  
funqciebis kvadratulad integrebadoba usasrulo 

domenSi uzrunvelyofs dacemas usasrulobaSi, amitom 
Tavis domenSi operatori ermitulia. es domeni aris 

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )

1 , ,

2 , , ,

3 , 0, 0

, 0, 0

S S

S c d cS dS

a S

b S

ψ φ ψ φ

ψ φ χ ψ φ ψ χ

φ φ φ

φ φ φ

=  
+ = +

> ≠

= =
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mkvrivi mTel 2L sivrceSi. ufro metic, radgan φ  qreba 
usasrulobaSi, igive samarTliania misi warmoebulisaT-
vis. amrigad, p ara marto ubralod ermitulia, aramed 
aris TviTSeuRlebulic 2L -Si da gagrZelebis sakiTxi 
ar aRiZvreba. 

(2) a  da b  orive sasruloa. SegviZlia winaswar Ca-
vataroT masStaburi gardaqmnebi ise, rom gavxadoT 

0, 2a b π= =  da ganvixiloT operatori hilbertis 

sivrceSi [ ]2 0, 2L π . axla p ar aris ermituli Tavis do-
menSi (139), radgan (142)-is marjvena mxare ar nuldeba, 
sazogadod. qvedomenSi 

( ) ( ) ( ){ }2 2;[0, 2 ]; : [0, 2 ], [0, 2 ], 0 0, 2 0D p L Lπ ω φ φ π φ π φ φ π′= ∈ ∈ = =( ) ( ) ( ){ }2 2;[0, 2 ]; : [0, 2 ], [0, 2 ], 0 0, 2 0D p L Lπ ω φ φ π φ π φ φ π′= ∈ ∈ = =  (143)

is ermitulia, radgan (142)-is marjvena mxare axla 
nuldeba, magram ar aris TviTSeuRlebuli, radgan kidee-
bze nulovan funqcias aucileblobiT ar aqvs nulovani 
warmoebuli am wertilebSi. nebismier Semdeg domenebSi 

( ) ( ) ( ){ }2 2;[0, 2 ]; : [0, 2 ], [0, 2 ], 0 2iD p L L e ωπ ω φ φ π φ π φ φ π′= ∈ ∈ =  (144)

is aris TviTSeuRlebuli, Tuki namdvili faza ω  erT-
nairia yvela φ  funqciisTvis. (13)-is marjvena mxare nu-
lia; metic, am domenSi nebismieri funqcia SeiZleba gaiS-
alos furies mwkrivad, 

( ) exp
2

inx
n

n

i xx eωφ φ
π

∞

=−∞

 =  
 

∑
da naTelia, rom warmoebulsac aqvs analogiuri gaSla, 

ris gamoc ( ) ( )0 2ie ωφ φ π′ ′= . yoveli ω  iZleva p -s sxva-
dasxva TviTSeuRlebul gafarToebas. sakuTari veqtore-

bi ( )exp / 2ix n ω π+    moWimaven [ ]2 0, 2L π -s.

(3) 0,a b= = ∞ , 
Zalian didi b -sTvis (2) punqtis ganxilva gamodgeba, 

magram b →∞  zRvarSi, raki kvadratulad integrebadi 
funqciebi miiswrafian nulisken, es niSnavs, rom gvWir-



_ 110 _

deba moviTxovoT, rom ( )xφ  qrebodes saTaveSi, magram 
ver movTxovT igives warmoebuls. amitom p aris ermitu-
li domenSi, sadac ( ) ( )0 0φ φ= = ∞ , magram ar aris TviT-
SeuRlebuli da ar aqvs gafarToeba.

(4) simartivisTvis intervalad avirCioT [ ]0,1x∈ . im-
pulsis operatoris domeni rom ganvsazRvroT davuSvaT, 
rom hilbertis sivrce Seicavs kvadratulad integrebad 
funqciebs sasrulo intervalSi da rom fizikuri pirobe-
bi moiTxoven, rom nawilakis aRmweri talRuri funqciebi 
nuldebodnen sazRvrebze. amitom aviRoT ase 

( ) ( ) ( ){ }2ˆ ùùùùp ψ ψ ψ ψ= = = ∈D L  (145)

SemdegisTvis gavixsenoT zogierTi cnebebi hilbertis 
sivrcidan. hilbertis sivrce aRWurvilia wrfivnaxevri-
ani Sinagani namravliT. operators T domeniT ( )T ⊂D H
ewodeba simetriuli, Tu sruldeba ( ) ( ), ,T Tξ η ξ η= , 

( ), Tξ η∀ ∈D . 
gavixsenoT, rom mxolod es Tanafardobaa mocemuli 

kvanturi meqanikis arsebul kursebSi. 
aRvniSnoT †T -iT T -s SeuRlebuli operatori. mis 

dasaxasiaTeblad gvWirdeba agreTve misi domeni. is ak-
mayofilebs pirobas 

†T Tξ ξ=

da misi domeni ase ganisazRvreba 

( ) ( ) ( ) ( ){ }† † , , , ,T T T Tψ η ξ ξ ψ ξ η ξ= ∈ ∃ = ∈ ∀ ∈ =D H H D  (146)

mniSvnelovania SevniSnoT, rom es sazogadod gansxva-
vdeba ( )TD -sgan. agebis Tanaxmad Cven gvaqvs 

( ) ( )† , ,T Tη ξ η ξ=  da 

( ) ( ) ( ) ( )† †, , , ,T T D T D Tξ η ξ η ξ η= ∀ ∈ ∈  (147)

rom yofiliyo TviTSeuRlebuli, gveqneboda
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( ) ( )† †,T T D T D T= =  (148)

ganvixiloT zemoyvanili koncefciebi impulsis oper-
atoris magaliTze ( )pD  domenSi. vsvamT sam mniSvnelo-
van kiTxvas:

1. aris Tu ara impulsis operatori ( )p p∈D  sime-
triuli?

2. ra aris misi SeuRlebuli, ufro zustad, ra aris 

( )†pD ?
3. aris Tu ara impulsis operatori TviTSeuRlebu-

li, e. i. sruldeba Tu ara ( ) ( )†p p=D D
am kiTxvebze pasuxis gasacemad metad mosaxerxebelia 

ganvmartoT Semdegi sidide: 

( ) ( )

( ) ( ) ( ) ( )

1 1

0 0

ˆ ˆ: , ,

1 1 0 0

p
d dp p i dx dx
dx dx

i

η ξδ ξ η ξ η ξ η

ξ η ξ η

 
= − = − − = 

 
 = − − 

∫ ∫
 (149)

sadac ,ξ η  arian hilbertis [ ]2 0,1L  sivrcis absolu-
turad uwyveti elementebi. rom SevamowmoT dasmuli kiTx-
va, sakmarisia gamovTvaloT (149) ,ξ η ( )p∈D -sTvis da 
davrwmundeT, rom 0pδ =  sruldeba nebismieri ( )pη∈D
-sTvis: radgan ( )pη∈D  niSnavs, rom ( ) ( )1 0 0η η= = , am-
itom 0pδ = , raime kerZo pirobis gareSe ξ -ze, garda imi-
sa, rom unda iyos absoluturad uwyveti elementi hil-
bertis sivrceSi, rac niSnavs Semdegs

( ) [ ]{ }† 2 0,1p Lψ ψ= ∈D  (150)

axla SevudgeT mesame sakiTxs: aris Tu ara 
( ) ( )†p p=D D . 
(145)-is da (150)-is SedarebiT maSinve vaskvniT, rom 

pasuxi uaryofiTia, garda amisa, ( ) ( )†D p D p⊂ aris 
hilbertis sivrcis qveerToblioba. daskvna: (145)-iT 
ganmartebuli impulsis operatori ar aris TviTSeuRle-
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buli! am daskvnis uSualo Sedegi SegviZlia davinaxoT 
mis speqtrze. advilad SevamowmebT, rom sakuTari mniS-
vnelobebis gantolebas Cveni impulsis operatorisTvis, 
e. i. gantolebas 

( ) ( )ˆ , 1 0 0p pψ ψ ψ ψ= = =  (151)

ar aqvs namdvili sakuTari mniSvneloba, rac cxadyofs, 
rom ( ( )ˆ ˆ,p pD ) ar aris TviTSeuRlebuli operatori. 

es xdeba imitom, rom SeuRlebuli operatoris dome-
ni aris Zalian didi, vidre TviTon operatorisa. bune-
brivad daismis Semdegi kiTxva: arsebobs ki domeni, ro-
melSic p̂ SeiZleba gaxdes TviTSeuRlebuli?

rom gavarkvioT pasuxi, SeviswavloT sxva domeni, ker-
Zod, aseTi

( ) ( ) ( ) [ ]{ }2ˆ 1 0 , 0,1ip e Lθ
θ ψ ψ ψ= = ∈D  (152)

sadac mod 2θ π∈R ; garda amisa, davuSvaT, rom 
( )0 0ψ ≠ , sxva mxriv (152) davidoda (149)-ze. Cven kvlav 

unda vupasuxoT sam kiTxvas ( )p̂θD -Si. (29)-is analogi-
urad, axla gveqneba

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 0 0 0 0 0 0 0i i
p i i e eθ θδ ξ η ξ η ξ η ξ η−  = − − = − − =    , (153)

anu p̂  simetriulia (152)-Si.
meore kiTxvaze pasuxisTvis ganvixiloT ( )D pθη ∈  da 

vipovoT yvela SesaZlo ξ ise, rom miviRoT 0pδ = . amis-
aTvis unda amovxsnaT gantoleba

( ) ( ) ( ) ( )1 1 0 0 0p iδ ξ η ξ η = − − =   (154)

radgan ( )D pθη ∈  niSnavs, rom ( ) ( )1 0ie θη η= , vRebu-
lobT

( ) ( ) ( ) ( ) ( )0 1 0 0, 1 0i ie eθ θη ξ ξ ξ ξ − = ⇒ =   (155)

amrigad, gvaqvs SeuRlebulis domeni

( ) ( ) ( ) [ ]{ }† 2ˆ 1 0 , 0,1iD p e Lθ
θ ψ ψ ψ= = ∈
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naTelia, rom ( ) ( )†ˆD p D pθ θ=  da gvaqvs dadebiTi pa-
suxi kiTxvaze.

SevxedoT axla sakuTari mniSvnelobebis gantolebas 

( ) ( )ˆ , 1 0ip p e θψ ψ ψ ψ= =  (156)

kvadratulad integrebadi amoxsnaa 

( ) 1 , 2
2

ipx
n x e p nψ π θ= = +  (157)

sadac n∈Z  da { }nψ ∞

−∞
adgens orTonormirebul baziss 

[ ]2 0,1L -Si. vxedavT, rom θ -parametris yoveli mniSvne-
lobisTvis speqtri sxvadasxvaa, anu gvaqvs impulsis op-
eratoris araekvivalenturi dakvantvis erTparametriani 
ojaxi sasrulo intervalSi. 

fon-neimanis meTodi: simetriuli  
operatoris TviTSeuRlebuli gafarToeba

zemoT vnaxeT, rom impulsis operatori ar aris TviT-
SeuRlebuli (145) domenSi, magram domenis saTanado Ser-
CeviT, mag. (152), is SeiZleba gavxadoT TviTSeuRlebuli. 
magram, (152) domeni Semotanili iyo raime fizikuri an 
maTematikuri motivaciis gareSe. axla SevecdebiT Semov-
iyvanoT TviTSeuRlebuli gafarToebis meTodi (inicire-
buli fon neimanis mier) da vaCvenebT, rom (152) domeni 
sinamdvileSi aris (145) domenis gafarToeba. 

daviwyoT raime mocemuli T operatoriT, romlis do-
menia ( )TD da davsvaT Semdegi kiTxvebi:

1. aris Tu ara simetriuli operatori T TviT-
SeuRlebuli ( )TD -Si?

2. Tu is ar aris TviTSeuRlebuli, SegviZlia Tu ara 
is gavxadoT aseTi?
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3. Tu is SeiZleba gavxadoT TviTSeuRlebuli, ra 
aris misi Sesaferisi domeni TviTSeuRlebulobisTvis? 

am kiTxvebze pasuxis gasacemad gamoviyenoT ukve cno-
bili Teoremebi da vaCvenoT Sedegebi magaliTebze. 

dagvWirdeba raime cnebebi TviTSeuRlebulobasa da 
mis darRveaze. 

simetriuli T operatorisaTvis ganvixiloT Semdegi 
gantolebebi: 

( )† †,T i Tψ ψ ψ± ± ±= ± ∈D  (158)

da davuSvaT, rom naturaluri ricxvebi n± aRniSnavd-
nen (158) gantolebis wrfivad damoukidebeli kvadrat-
ulad integrebadi amoxsnebis raodenobas. naturaluri 
ricxvebis wyvils ( ),n n+ −  uwodeben T operatoris defi-
citis indeqsebs. isini gviCveneben T operatoris gadaxris 
zomas TviTSeuRlebulobidan. saxeldobr, SevniSnoT, 
rom swori TviTSeuRlebuli operatorisTvis deficitis 
indeqsebi unda iyos nulis toli, radgan aseTi operato-
ris speqtri Seicavs mxolod namdvil ricxvebs. swored es 
cneba aris gamoyenebuli operatorebis klasifikaciisT-
vis. sazogadod, SeiZleba arsebobdes mxolod sami klasi 
operatorebisa sami “fizikuri” situaciis mixedviT:

1. T operatori aris arsebiTad TviTSeuRlebuli, 
Tu ( ) ( ), 0,0n n+ − = , anu vityviT, rom T operators aqvs 
erTaderTi TviTSeuRlebuli gafarToeba. 

2. Tu n n+ −= , operatori ar aris TviTSeuRlebuli, 
magram uSvebs gafarToebebs. 

3. roca n n+ −≠ , operatori ar aris TviTSeuRlebu-
li da ar aqvs TviTSeuRlebuli gafarToebebi. 
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impulsis operatoris TviTSeuRlebuli 
gafarToeba

vnaxoT axla ras iZleva yovelive es adre ganxilu-
li TvisebebisTvis impulsis operatoris magaliTze. jer 
SeviswavloT p̂ operatori ( )ˆD p  domenSi. Cven vaCven-
eT, rom ( )†ˆD p  moicema (145)-iT. deficitis indeqsebis 
sapovnelad unda amovxsnaT gantolebebi 

( )†ˆ,di i D p
dx
ψ ψ ψ±

± ±− = ± ∈  (159) 

[0,1] intervalSi am gantolebaTa kvadratulad inte-
grebadi amoxsnebia

( ) , 1xx C e nψ −
+ + += ⇒ =  

( ) , 1xx C e nψ− − −= ⇒ =  

rac eTanxmeba im faqts, rom p̂  ar aris TviTSeuRle-
buli, magram uSvebs gafarToebebs. unda arsebobdes sa-
Tanado domeni, anu ukeTesad rom vTqvaT, misi domenis 
mosaxerxebeli gafarToeba, romelSic operatori p̂  gax-
deba TviTSeuRlebuli. msgavsi sakiTxi ukve ganxiluli 
gvqonda zemoT operatoris ermitulad SeuRlebasTan 
erTad. axla vixilavT fon neimanis Teoriis kuTxiT. 

gavarkvioT, risi tolia deficitis indeqsi p̂ oper-
atorisTvis ( )ˆD pθ  domenSi, (ix. (152)). aq Cven gvaqvs 

( ) ( )†ˆD p D pθ θ= , xolo deficitis indeqsi moiZebneba 
gantolebaTa amoxsniT

( ) ( ), 1 0idi i e
dx

θψ ψ ψ ψ±
± ±− = ± =

am gantolebebs ar aqvT kvadratulad integrebadi 
amoxsna namdvili p -sTvis, rac niSnavs, rom 0n n+ −= = , 
e.i. p̂  aris TviTSeuRlebuli ( )ˆD pθ -ze. es Sedegi Tanx-
mobaSia Cvens mier adre miRebul SedegTan. 
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axla gavaanalizoT operatorebis meore tipi, saxel-
dobr, simetriuli operatori T domenSi ( )D T  defi-
citis indeqsiT n n n+ −= = . aseTi operatori ar aris 
TviTSeuRlebuli, magram uSvebs TviTSeuRlebul gafar-
Toebas. unda arsebobdes misi domenis Sesaferi gafar-
Toeba, raTa operatori gaxdes TviTSeuRlebuli. amaSi 
mdgomareobs fon neimanis meTodis ZiriTadi Sedegi. 

rac Seexeba impulsis operators , dP i D D
dx

= − ≡ ,  

fizikuri situaciis saTanadod gansaxilavi gveqneba sami 
SemTxveva:

a) P  operatori mTel namdvil RerZze
fon neimanis gantolebas aqvs saxe 

( ) ( )† /P x i d xψ ψ± ±= −  , (160)

sadac d  dadebiTi parametri Semoyvanilia sigrZis 
ganzomilebis dasakompensireblad, xolo cxadi saxiT 

amoxsnaa ( ) /x dx C eψ± ±=  . axla ganvixilavT sxvadasxva 

intervals [ ],a b . Cans, rom arc erTi fuqciaTagani ψ±  
ar miekuTvneba hilbertis ( )2L R  sivrces, erT mxares 
( )x = −∞ Tu klebadia, meore mxares zrdadia ( )x = +∞ , 
anu deficitis indeqsia (0,0).

amitom vaskvniT, rom ( )( )max,P D R  operatori aris 
TviTSeuRlebuli. ufro metic, am operatoris speqtri 
namdvil RerZze aris uwyveti, anu ar aqvs sakuTari mniS-
vnelobebi. 

b)  P  operatori dadebiT naxevarRerZze: moyvanili 
amoxsnebidan mxolod ψ+  miekuTvneba 2 (0, )L ∞  sivrces da 
amitom deficitis indeqsia (1,0). fon neimanis Teoremis 
Tanaxmad aseT operators ar gaaCnia TviTSeuRlebuli 
gafarToeba. es sakmaod moulodnelia, radgan impulsis 
operatori ar gamodis damzeradi aRniSnul situaciaSi. 

c) P  operatori sasrulo intervalSi [0,1]



_ 117 _

raki sasruloa intervali, orive amoxsna ψ± miekuT-
vneba hilbertis ( )2 [0,1]L sivrces da deficitis indeqsia 
(1,1). fon neimanis Teorema gveubneba, rom TviTSeuRle-
buli gafarToeba parametrizebulia ( )1U -iT, anu faziT 

ie θ , Cvens mier adre ganxiluli magaliTis Sesabamisad. ma-
SindeliviT, es gagrZelebani aRvniSnoT ase ( ),P Pθ θ= D ,  
romlebic moicema formulebiT:

( ) ( ) ( ){ } [ ]max 0,1 , 1 0 , 0,2iD D e θ
θ ψ ψ ψ θ π= ∈ = ∈  (161)

garda amisa, speqtri aris mTlianad diskretuli. am 
sasazRvro pirobis gamoyenebisas advilad davadgenT sa-
kuTari mniSvnelobebis gantolebis amoxsnebs:

( ) ( ), 2 , ,

, 0, 1, 2,...,
2

n nP x v x

v n n

θφ θ π φ θ
θ
π

=

= + = ± ±



 (162)

( ) [ ] ( ), exp 2 , ,n m n mnx i vxφ θ π φ φ δ= =  (163)

raki faza θ  gaCnda amoxsnaSi, sistemis impulsis nebi-
smieri gazomva, sazogadod, damokidebuli iqneba masze. 

hamiltonianis TviTSeuRlebuli gafarToeba

ganvixiloT Tavisufali nawilakis hamiltoniani 
2

2
2

dH D
dx

= − = −  (164)

da vimuSaoT hilbertis sivrceSi ( )2 ,L a b , maqsimalu-
ri domeni iyos ( )max ,D a b . deficitis indeqsis gamosaTv-
lelad unda amovxsnaT gantoleba

( ) ( )2 2
0 0, 0D x ik x kφ φ− = ± >  (165)
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vRebulobT

( )
0

1
,

2
k x k x i

a e b e k kφ ± ±−
± ± ± ±= + =


 (166)

hamiltoniani mTel realur RerZze

hilbertis sivrcea ( )2L=H R . vxedavT, rom φ± ∉H , 
amitom deficitis indeqsebia (0,0), saidanac gamomdinare-
obs, rom namdvil RerZze hamiltoniani TviTSeuRlebu-
lia da aqvs mTlianad uwyveti speqtri.… 

hamiltoniani dadebiT naxevarRerZze

ganvixiloT axla Tavisufali nawilaki usasrulo ked-
lis win, roca x <0. maSin 

(165) gantolebis amoxsna hilbertis sivrceSi 
( )2 0,L= +∞H  iqneba 

0 0/ 2 / 2k x ik xb e eφ − ±
± ±=

rasac eTanadeba deficitis indeqsi (1,1) da amitom 
usasrulod bevri TviTSeuRlebuli gafarToeba parame-
trizebuli ( )1U -iT. Sesabamisi sasazRvro pirobebia 

( ) ( ) ( ) ( ) [ ]0 0 0 0 , 0,2ii e iαφ φ φ φ α π′ ′− = + ∈       , 

rac ekvivalenturia pirobebisa 

( ) ( ) ( ) { }0 0 , / 2 ,tgφ λφ λ α λ′= = − ∈ ∞R  (167)

sasazRvro pirobas ( )0 0φ′ =  eTanadeba piroba λ = ∞ . 
axla ganvsazRvroT energiis speqtri nawilakisa, ro-

melic datyvevebulia areSi 0x ≥ . Tu nawilakis energia 
dadebiTia, SegviZlia gamovTvaloT arekvlis koeficien-
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ti usasrulod maRal barierze da SevadaroT gagrZele-
buls. talRuri funqcia aris 

( )
2 2

,
2

ikx ikx kx Ae Be E
m

φ −= + =


 (168)

ganvmartoT arekvlis amplituda da arekvlis albaTo-
ba Semdegnairad 

( ) ( ) ( ) 2
,Ar k R k r k

B
= =

(167) sasazRvro pirobas Tu davadebT, miviRebT

( ) ( )1 1
1

i kr k R k
i k
λ
λ

+
= − ⇒ =

−
 (169)

aRsaniSnavia, rom fizikuri Sedegi (anu 1!R = ) yvela 
gafarToebisTvis aris erTnairi: kedeli iqceva, rogorc 
idealuri amreklavi. 

ase ar xdeba bmuli mdgomareobebisTvis 

( )
2 2

, 0,
2

xE x Ae
m

ρρ ρ φ −= − > =


,

risTvisac (167) niSnavs ( )1 0Aλρ+ = . bmul mdgomareo-
bas eTanadeba 1/ρ λ= − mxolod roca 0λ < . misi energia 
da normirebuli talRuri funqciaa 

( )
2

/
2

2, 0,
2

xE x e
m

λλ φ
λ λ

−= − < =


 (170)

eqsperimentulad SesaZlo rom iyos usasrulod maRa-
li kedlis momzadeba, arseboba (an arseboba) am uaryof-
iTi energiisa iqneboda maCvenebeli TviTSeuRlebuli ga-
farToebisa. 

hamiltoniani sasrulo intervalSi 

ukanaskneli SemTxveva Seesabameba nawilaks ormoSi: 
[ ]0,x L∈ . viwyebT operatoriT ( )( )0,H HD , iseTiT, rom 



_ 120 _

( ) ( ) ( ) ( ) ( ){ }0 max , 0 0 0D H D Lφ φ φ φ φ′ ′= ∈ = = = , 

romelic aris mkvrivad gansazRvruli da misi SeuRle-
bulia 

( ) ( )† †
max, 0,H H D H D L= =

radgan (165)-is yvela amoxsna miekuTvneba ( )2 0,L L -s, 
deficitis indeqsia (2,2) da gafarToebas vaparamerizebT 
( )2U  matriciT. 
TviTSeuRlebuli gafarToebis aRsawerad bunebriv-

ia SemovitanoT wrfivnaxevriani forma veqtorebisTvis 
( )max, 0,D Lφ ψ ∈

( ) ( ) ( )† †1, , ,
2

B H H
i

φ ψ φ ψ φ ψ = −   (171) 

romelic damokidebulia marto sasazRvro mniSvnelo-
bebze. vnaxoT ψ φ= , gvaqvs 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1, 0 0 0 0
2

B L L L L
i

φ φ φ φ φ φ φ φ φ φ′ ′ ′ ′ = − − +   (172)

romelic miiyvaneba saxeze

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2

2 2

4 , 0 0

0 0

LB L i L L i L

L i L L i L

φ φ φ φ φ φ

φ φ φ φ

′ ′= − + + −

′ ′− + − −
 (173)

TviTSeuRlebuli gafarToebis domeni aris ( )max 0,D L
-is maqsimaluri qvesivrce, romelzec ( ),B φ φ  forma 
nuldeba. es gafarToebebi parametrizebulia unitaruli 
matriciT U  da aRvniSnavT ( )( ),UH H U= D , romelSic 

( )UD  aris sivrculi funqciebi φ  da akmayofileben 
Semdeg sasazRvro pirobebs 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

0 0 0 0L i L i
U

L L i L L L i L

φ φ φ φ

φ φ φ φ

′ ′− +   
=      ′ ′+ −   

 (174)

es sasazRvro pirobebi aRwers yvela TviTSeuRlebul 
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gafarToebas ( )( ),UH H U= D nawilakisa ormoSi. amasTan 
naimarkis Teoremis Tanaxmad yvela mis gafarToebas 
gaaCnia diskretuli speqtri.

usasrulo potencialuri kedeli.  
formalizmis gamoyeneba

zemoT ganxiluli paradoqsebidan Tavidan ganvixiloT 
ukanaskneli paradoqsi gansxvavebuli kuTxiT. ganvixi-
loT aseTi standartuli amocana:

nawilaki m  masiT moZraobs usasrulod maRal erT-
ganzomilebian potencialur kedelSi siganiT L :

( )
( )0, / 2, / 2

, / 2

x L L
V x

x L

∈ − += 
∞ ≥

 (175)

stacionaruli mdgomareobebi moiZebneba Sredingeris 
gantolebiT ( ) ( )H x E xφ φ=

da davadoT nulovani sasazRvro pirobebi talRur 
funqciebs orive kideze. es niSnavs, rom Tavisufali naw-
ilakis SemousazRvreli hamiltoniani Caketil inter-
valSi [ ]/ 2, / 2L L− +  ganisazRvreba TanafardobiT

2
2 , /

2
H D D d dx

m
= − ≡


 

xolo domenia

 ( ) ( )2, , , / 2 0
2 2
L LH H L Lφ φ φ  = ∈ − + ± =  

  
D  (176)

gveqneba normirebuli talRuri funqciebis ori krebu-
li areSi [ ]/ 2, / 2L L− +  da nulovani mis gareT, romlebic 
ase Caiwereba 
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kenti funqciebi: 

( )
222 2 2sin ,

2n n
n x nx E

L L m L
π π   Φ = =   

   


 (177)

da luwi funqciebi: 

( ) ( ) ( ) 222 1 2 12 cos ,
2n n

n n n n
x E

L L m L
π π− −   

′Ψ = =   
   



sadac n  aris dadebiTi mTeli ricxvi. funqciebi 
( )n nΦ Ψ  arian uwyveti intervalis boloebze, sadac isi-

ni nuldebian. 
ismis kiTxva: aris Tu ara hamiltonis operatori TviT-

SeuRlebuli operatori?
ufro dawvrilebiT gasaazreblad ganvixiloT es naw-

ilaki mdgomareobaSi, romelic aris gansazRvruli luwi 
normirebuli talRuri funqciiT: 

( )

( )

2
2

5

30 ,
4 2

0,
2

L Lx x x
L

Lx x

 
Ψ = − − ≤ 

 

Ψ = ≥

 (178)

es talRuri funqcia SerCeulia ise, rom imyofeba (176) 
domenSi, garda Hφ  zemoqmedebisa. gavSaloT es funqcia 
sakuTari funqciebis moyvanil srul krebulSi

( ) ( ) ( ) ( )
( )

1

3 3
1

1 8 15, ,
2 1

n

n n n n
n

x b x b
n π

−∞

=

−
Ψ = Ψ = Ψ Ψ =

−
∑  (179)

(miiReba uSualo gamoTvliT) ganvmartoT agreTve or-
jer warmoebuli, anu hamiltonianis moqmedeba arCeul 
mdgomareobaze

( ) ( )
2 2

2
5

30 / 2 / 2
2

x D x L x L
m m L

Ψ ≡ − Ψ = − < < +
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CavataroT axla zogierTi cxadi gamoTvla: energiis 
saSualo mniSvneloba da misi kvadratuli gadaxra moce-
mul mdgomareobaSi, erTis mxriv iqneba

( )

2 2
2

44 2 2
1 1

480 1 5
2 1n n

n n
E b E

m L mLnπ

∞ ∞

= =

′= = =
−

∑ ∑ 
 (180)

magram, meores mxriv, 

( )
/22 2 2

2
15 2 2

/2

30 5 10,
2

L

L

LE H x dx E
mL mL π

+

−

 
′= Ψ Ψ = − − = = 

 
∫

 

es Sedegebi urTierTSeTanxmebulia. magram, Sedegebi 
gansxvavdeba energiis saSualo fluqtuaciebisTvis. er-
Tis mxriv 

( )
( )

4 4
2 22

22 2 2 2 4
1 1

240 1 30
2 1n n

n n
E b E

m L m Lnπ

∞ ∞

= =

′= = =
−

∑ ∑ 
 (181)

rac gvaZlevs
2

22
25E E E

mL
∆ ≡ − =


 (182)

xolo, meores mxriv,

( ) ( )2 2, , 0E H H= Ψ Ψ = Ψ Ψ =  !!!

am paradoqsSi gasarkvevad davubrundeT ganmartebebs: 
albaToba imisa, rom nφ  mdgomareobaSi gvaqvs nε  energia, 
moicema TanafardobiT ( ) 2

,nφ Ψ , rac gvaZlevs

( ) ( )( ) ( )( )22 2 2

1 1 1
, , , , ,n n n n n n n

n n n
E H Hε φ ε φ φ φ φ

∞ ∞ ∞

= = =

= Ψ = Ψ Ψ = Ψ Ψ∑ ∑ ∑  

sadac gamoyenebulia hamiltonianis sakuTar mniS-
vnelobaTa namdviloba. hamiltoniani H rom yofiliyo 
TviTSeuRlebuli, Caketilobis pirobis daxmarebiT vi-
povidiT Tanafardobas
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( )( ) ( ) ( )
4

2
2 4

1

30, , , ,n n
n

E H H H H
m L

φ φ
∞

=

= Ψ Ψ = Ψ Ψ = Ψ Ψ =∑   , (183)

rac emTxveva pirdapir gamoTvlils. magram, Tu H -is 
TviTSeuRlebulobas kidev erTxel gamoviyenebT, miiReba

( ) ( )2 2, , 0E H H H= Ψ Ψ = Ψ Ψ =  (184)

es ki tyuilia. 
sinamdvileSi (183)-Si Cven koreqtulad (naCvenebia naw-

ilobrivi integraciiT) gamoviyeneT H -is TviTSeuRle-
buloba, roca is moqmedebda funqciebze, romlebic qre-
bian kedlis orive kidura wertilebze

( ) ( ) ( ) ( ), , , , ,n n n nH H H Hφ φ φ φΨ = Ψ Ψ = Ψ

amis sawinaaRmdegod, (184)-Si Ψ  funqcia ar miekuT-
vneba am krebuls (es is SemTxvevaa, roca Aψ  ar aris A  
operatoris domenSi!), nawilobrivi integraciisas zeda-
piruli wevri gadarCeba da ( ) ( ), ,H HΨ Ψ ≠ Ψ Ψ  . es mar-
tivi gamoTvlebi aCvenebs, rom problema mdgomareobs H  
operatoris moqmedebaSi Ψ funqciaze, romelic ar qreba 
kidura wertilebze. rogorc ukve viciT, domenis swori 
arCeva aris gadamwyveti TviTSeuRlebuli gafarToebis 
dasamtkiceblad. 

Tavisufali erTganzomilebiani  
hamiltonianis magaliTi

arsebul saxelmZRvaneloebSi daSvebuli ZiriTadi 
uzustoba gamowveulia im rwmeniT, rom Tu A  aris oper-
atori da Tu Aϕ  miekuTvneba hilbertis sivrces, maSin 
ϕ -c miekuTvneba A -s domens. cnobilia, rom ase iSviaTad 
xdeba: sazogadod, funqciaTa erToblioba, romlisTvi-
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sac Aϕ  miekuTvneba hilbertis sivrces, aris gacilebiT 
farTo. domenis dazusteba saWiroa imitom, rom gvinda 
operatori iyos TviTSeuRlebuli. amave dros, viciT, 
rom erTnairi moqmedebis drosac ki miiReba sxvadasxva 
TviTSeuRlebuli operatori, Tu maT sxvadasxva domen-
ebi aqvT. 

sicxadisaTvis es problema gavxsnaT magaliTis ganx-
ilviT. ganvixiloT Tavisufali nawilakis hamiltoniani 
anu kinetikuri energiis operatori erTganzomilebian 
naxevar wrfeze. hamiltoniania 

2 2

0 22
dH

m dx
= −



da ganvixiloT ( )xϕ funqciaTa simravle interval-

Si 0 x≤ < ∞ , iseTi, rom ( ) 2

0

x dxϕ
∞

∫  iyos sasrulo, anu 

kvadratulad integrebadi. funqciaTa aseTi sistema ad-

gens hilbertis sivrces, [ ]2 0,L ∞ . am sivrceSi arian fun-

qciebi, romelTaTvis 
( ) 222

2
0 2

d x
dx

m dx
ϕ∞

− = ∞∫


amitom 0H  operatorma unda gamotovos hilbertis 
sivrcidan zogierTi funqcia, ( )xϕ .

magram marto piroba, rom Aϕ  miekuTvnebodes hil-
bertis sivrces fizikis TvalsazrisiT ar aris sakmarisi. 
unda moviTxovoT, rom nawilakis moZraoba SezRudulia 
0 x≤ < ∞  ariT, anu gvaqvs usasrulo barieri 0x =  wer-
tilSi, ris gamoc unda SevzRudoT pirobiT ( )0 0ϕ = . 
Turme maTematikurad es SezRudva xdis 0H  operators 
TviTSeuRlebulad. 

radgan mogviwevs nawilobiTi integraciebis Catareba, 
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Cven unda gamovricxoT kidev sxvadasxva juris funqcie-
bi [ ]2 0,L ∞ -dan, Tundac iyvnen kvadratulad integreba-
di, Tu isini ar ecemian nulisken usasrulobaSi, roca 
x →∞ . aseTnairad napovn erTobliobas [ ]2 0,L ∞ -Si da-
varqvaT Ω . ganvixiloT axla ori funqcia ( ) ( )1 2,x xϕ ϕ ,  
iseTi, rom ( )1 0 0ϕ = , magram ( )2 0 0ϕ ≠  orive Ω -dan da 
ganvixiloT matriculi elementi

( ) ( )
2 2

2 0 1 2 2
0

,
2

dH x dx
m dx

ϕ ϕ ϕ
∞

∗  
= − 

 
∫


 (185)

0H -is SeuRlebuli moiZebneba nawilobiTi integraci-
iT da ( )2 xϕ∗ -ze moqmedebiT

(aviRoT 2 / 2 1m = ), miiReba

( ) ( ) ( ) ( ) ( ) ( )* 2
2 1 1* *

2 1 2 2

d x d x d xd dx x x
dx dx dx dx dx

ϕ ϕ ϕ
ϕ ϕ ϕ   = +    

 (186)

da

 ( ) ( )( ) ( ) ( ) ( ) ( )
* * 2 *
2 2 1 2

1 12

d x d x d x d xd x x
dx dx dx dx dx

ϕ ϕ ϕ ϕ
ϕ ϕ

  
= +  

   
 (187)

Tu axla ganvixilavT maT sxvaobas, vipoviT

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2 *
2

12

2 *
1 1 2* *

2 2 12

d x
x

dx
d x d x d xd dx x x

dx dx dx dx dx

ϕ
ϕ

ϕ ϕ ϕ
ϕ ϕ ϕ

− =

    
= − + −     

    

 (188)

orive mxaris integracia mogvcems

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 * 2 *

2 1 1 2* *
1 2 2 12 2

0 0

0 0
0 0

d x d x d d
x dx x dx

dx dx dx dx
ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ
∞ ∞  

− − − = − 
 

∫ ∫  (189)

advili misaxvedria, rom Tu orive ( )*
2 0ϕ  da ( )1 0ϕ  

iqnebodnen nulebi, dagvrCeboda 
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( ) ( ) ( ) ( )*2 2
2 1*

1 22 2
0 0

,
d x d x

x dx x dx
dx dx
ϕ ϕ

ϕ ϕ
∞ ∞   
− = −   
   
∫ ∫  (190)

anu ( ) ( )0 2 1 2 0 1, ,H Hϕ ϕ ϕ ϕ=  (191)

am Tanafardobis miRebisas arsebiTi iyo is, rom sa-
sazRvro piroba ( ) ( )†A A=D D ( )1 xϕ  funqciisaTvis 
marjvniv zustad igive aviReT, rac ( )2 xϕ funqciisaTvis 
marcxniv. sxva sityvebiT rom vTqvaT, roca operatoris 
moqmedeba da domeni marjvniv da marcxniv erTmaneTs 
emTxveva, operatori aris TviTSeuRlebuli. amrigad, 

2 2/d dx− operatori gansazRvruli Ω  sivrcis fun-
qciebisTvis ′Ω domenSi, romlebic nuldebian saTaveSi, 
aris TviTSeuRlebuli. (Ω  iyo [ ]2 0,L ∞  sivrcis qvesim-
ravle, romelSic kidev gamoiyofa ′Ω  qvesimravle, sadac 
orive funqcia saTaveSi nuli xdeba). 

sxva operators movZebniT, Tu davadebT Ω  funqciebs 
axal pirobebs: ( )1 0 0ϕ =  da ( )1 0 / 0d dxϕ = . am operators 
ewodeba ermituli, magram is ar aris TviTSeuRlebuli, 
radgan ( )2 0ϕ∗  da ( )2 0 /d dxϕ∗  sidideebma SeiZleba miiRon 
nebismieri sasrulo mniSvneloba da amitom (190) gan-
toleba aRar dakmayofildeba, e.i. SeuRlebulis dome-
ni aris yvela funqcia Ω -Si, romlebic Sig (iq) rCebian 

2 2/d dx− operatoris moqmedebiT. 
gavixsenoT,rom ′Ω ganvsazRvreT [ ]2 0,L ∞ -dan funqci-

aTa nawilis amoRebiT, romlebic ar nuldebodnen saT-
aveSi. magram darwmunebuli unda viyoT, rom darCenili 
erToblioba aris mkvrivi [ ]2 0,L ∞ -Si, rac niSnavs, rom 
nebismieri ( ) [ ]2 0,f x L∈ ∞  funqciisaTvis da nebismieri 
dadebiTi 0δ >  ricxvisTvis, yovelTvis moiZebneba funq-

cia ( )xϕ ′∈Ω  iseTi, rom ( ) ( ) 2

0

f x x dxϕ δ
∞

− <∫ . operato-
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ris domeni unda iyos mkvrivi, raTa arsebobdes SeuRle-
buli. es mkacrad mtkicdeba funqcionaluri analizis 
literaturaSi. 

gadavweroT (189) Semdegnairad

( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( )
( )

2 2
2 1

1 2 2 12 2
0 0

1 2

1 2

0 0

0 01 1
0 0

d x d x
x dx x dx

dx dx

d d
dx dx

ϕ ϕ
ϕ ϕ ϕ ϕ

ϕ ϕ
ϕ ϕ

∗∞ ∞
∗ ∗

∗

∗

 
− = − + × 

 
 

× − 
 

∫ ∫
 (191)

vxedavT, rom Tu aRvniSnavT

( )
( )01

0
d

dx
ϕ

κ
ϕ

= , (192)

sadac κ  aris nebismieri namdvili ricxvi, vipoviT 
sxva operators. marTlac, vipoviT operatorTa ojaxs, 
romelic damokidebulia κ -ze. maT aqvT erTnairi moq-
medeba 2 2/d dx− , magram moqmedeben κ -iT daxasiaTebul 
sxvadasxva domenze. SevniSnoT, rom ( ), ( 0 0)κ ϕ= ∞ =  
Seesabameba usasrulo kedels wertilSi 0x = . axla, 
Cvens codnaze dayrdnobiT ukve SegviZlia vTqvaT, Tu ra 
aris ermituli operatori da ra aris TviTSeuRlebuli 
operatori. 

ganvixiloT operatori ,A gansazRvruli mkvriv do-
menSi ( )AD  hilbertis sivrcisa. misi SeuRlebuli †A
, romlis domeni ( )†AD , iseTia, rom yvela φ  da ϕ  fun-
qciebisTvis ( )AD -dan akmayofilebs gantolebas 

( ) ( )† , ,A Aφ ϕ φ ϕ=  (193)

operatori ,A  aris ermituli, Tu is moqmedebs ise, 
rogorc †A  da Tu misi SeuRlebulis domeni ( )†AD  is-
eTia, rom ( ) ( )†A A⊂D D , anu operatoris domeni mo-
qceulia misi SeuRlebuli operatoris domenis SigniT. 
Tuki A  operatoris moqmedeba emTxveva †A -is moqmedebas 
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da ( ) ( )†A A=D D , operatori aris TviTSeuRlebuli. 

TviTSeuRlebuli gafarToeba erTze meti 
ganzomilebis SemTxvevaSi. pragmatuli 
midgoma hamiltonis operatorisaTvis

rogorc zemoT aRvniSneT, fon neimanis Teoremis Ta-
naxmad operatori SeiZleba ar iyos TviTSeuRlebuli, ma-
gram deficitis indeqsis garkveuli mniSvnelobebisTvis 
SeiZleba gavxadoT TviTSeuRlebuli. erTganzomilebian 
SemTxvevaSi es miiRweva sasazRvro pirobebis modificire-
biT. rac Seexeba fizikisaTvis ufro saintereso mraval-
ganzomilebian ( 2n ≥ ) SemTxvevebs, Sedegebis ganzogadeba 
xerxdeba TiTqmis avtomaturad. miuxedavad amisa, mraval 
ganzomilebas Semoaqvs damaxasiaTebeli gansxvavebebi, ma-
gram saerTo Teoriuli suraTi ar icvleba. 

qvemoT ganvixilavT fizikurad yvelaze gavrcele-
bul 3-ganzomilebian Sredingeris gantolebas central-
uri simetriis potencialur velSi, ( )V V r= , rodesac 
sferul koordinatebSi xdeba cvladTa gancaleba da di-
namikis aRsawerad miiReba erTganzomilebiani gantoleba 
sruli radialuri talRuri funqciisaTvis:

( ) ( ) ( ) ( ) ( ) ( )
2

2 2

11 2
2 2

l ld d R r R r V r R r ER r
m dr r dr mr

+ 
− + + + = 

 
 (193)

anu, Semoklebuli formiT, ( ) ( )RH R r ER r=
aq frCxilebSi moTavsebuli laplasis operato-

ri koordinatTa saTaveSi aris singularuli da meor-
esTan erTad Seicavs wevrs pirveli rigis warmoebuliT. 
TiTqmis tradiciad iqca, rogorc fizikur, aseve maTem-
atikur literaturaSi, gaaZevon gantolebidan pirvel-
warmoebuliani wevri, risTvisac SemoaqvT gardaqmna 
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( ) ( )u r
R r

r
=  (194)

ris Semdeg, winaswar ( )0 0u =  sasazRvro pirobis 
dadebiT, mivdivarT e.w. dayvanil radialur gantoleba-
ze ( )u r talRuri funqciisaTvis

( ) ( ) ( ) ( )
2

2 2

11
2 2

l ld V r u r Eu r
m dr mr

+ 
− + + = 
 

 (195)

aseve CavwerT Semoklebuli formiT, ( ) ( )rH u r Eu r=
2011 wels naCvenebi iyo, rom am gantolebas adgili 

aqvs mxolod im SemTxvevaSi, Tu dayvanili radialuri 
talRuri funqcia koordinatTa saTaveSi nuldeba, anu 
Tu

( )0 0u =  (196)

amis garda, diskretuli speqtris talRuri funqcia 
unda miekuTvnebodes hilbertis sivrces (iyos kvadrat-
ulad integrebadi):

( ) 2

0

1u r dr
∞

=∫  (197)

igulisxmeba, rom usasrulobaSi talRur funqciebs 
aqvT saWiro dacema.

vxedavT, rom (195) gantoleba aris erTganzomilebiani, 
oRond radialuri cvladi SemosazRvrulia qvemodan, 
sadac (196) sasazRvro piroba edeba. wminda erTgan-
zomilebiani amocanisgan radialuri hamiltoniani gansx-

vavdeba mxolod cenrgamSori wevriT 
( )

2

1
2

l l
mr
+

, rac ganap-
irobebs amoxsnis yofaqcevas saTaveSi

( ) ( )1
1 2

0
~ ; 0,1,2,....ll

r
u r c r c r l− +

→

+ =  (198)

amasTan meore wevris yofaqceva miuRebelia (196) sa-
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sazRvro pirobis gamo da amitom gvrCeba mxolod pirve-
li (regularuli) wevri, ~ lr . es yofaqceva dominirebs 
saTaveSi, sanam ar ganvixilavT potencials ( )V r . saTave-
Si yofaqcevis mixedviT potencialebisTvis Sredingeris 
gantolebaSi miRebulia Semdegi klasifikacia:

1. regularuli potencialebi, 

( )2

0
lim 0
r

r V r
→

=  (199)

maTTvis saTaveSi amoxsna iqceva, rogorc 

( ) 1
0

~ l

r
u r c r

→

 (200)

2. `rbilad-singularuli~ an gardamavali potencia-
lebi

( )2
00

lim
r

r V r V const
→

= − =  (201)

aq 0 0V > Seesabameba mizidvas, maSin, roca 0 0V <  - gan-
zidvas. 

3. xistad singularuli potencialebi

( )2

0
lim
r

r V r
→

= ∞  (202)

am SemTxvevaSi adgili aqvs “centrze dacemas”, rac 
axla ar gvainteresebs. 

rbili potenciali saTaveSi iqceva iseve, rogorc 
centrgamSori wevri, amitom misi ganxilvisas icvleba 
talRuri funqciis asimptotika 

( ) ( )21/2 1/2
1 2 00

lim ~ ; 1/ 2 2 0P P

r
u r d r d r P l mV+ −

→
+ ≡ + − >  (203)

amitom, im SemTxvevaSi, roca rbili potencialic 
monawileobs, talRuri funqciis asimptotika saTaveSi 
ori nawilisgan Sedgeba (standartuli _ st da damatebi-
Ti-add)

( ) ( ) ( )1/2 1/2

0
lim P P

st add st add
r
u r a r a r u r u r+ −

→

= + ≡ +  (204)
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da amitom funqcia gamodis kvadratulad integreba-
di, sanam 

0 1/ 2P< <  (205)

am areSi meore (damatebiTi) wevric unda Sevinar-
CunoT. rac Seexeba 1/ 2P ≥  ares, mxolod standatuli 

wevri 1/2 P
st stu a r +=  unda davitovoT. 

magaliTisaTvis ganvixiloT radialuri gantoleba nu-
lovani 0E =  energiis SemTxvevaSi 0l =  mdgomareobaSi 
rbili potencialiT 2

0 /V V r= − . am dros radialuri gan-
toleba samarTliania mTel sivrceSi. mis amoxsnas aqvs 
saxe

1/2 1/2P Pu Ar Br+ −= + ; 0 1/ 2P< <  (206)

vxedavT, rom talRur funqcias aqvs martivi kvanZi 
(nuli), romelic ganisazRvreba tolobiT

1/2

0

PBr r
A

 = = − 
 

 (207)

(naTelia, rom mudmivebs A  da B  unda hqondeT urT-
ierTsawinaaRmdego niSnebi 0r -is namdvilobisTvis). ami-
tom cnobili Teoremis Tanaxmad (bmuli mdgomareobebis 
raodenoba emTxveva radialuri talRuri funqciis kvan-
Zebis raodenobas, roca 0E = ), gveqneba zustad erTi 
bmuli mdgomareoba. Sedegi gansxvavdeba literaturaSi 
arsebulisagan. 

axla mivxedoT radialuri hamiltonianis TviT-
SeuRlebulobis sakiTxs. rH  hamiltonianis ermitulo-
bis piroba ˆ ˆv Au Av u=  dadis gantolebaze

( ) ( ) ( ) ( )1 2 2 1 2 1 1 20
0 0

1ˆ ˆ lim 0
2r r r

u H u dr u H u dr u r u r u r u r
∞ ∞

→
′ ′− = − =  ∫ ∫  (208)

sadac ( )1,2u r  aris dayvanili radialuri gantolebis 
(195) ori sxvadasxva sakuTari mniSvnelobis Sesabamisi 
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ori wrfivad damoukidebeli amoxsna. vxedavT, rom (196) 
sasazRvro pirobis gamo (208)-is marjvena mxare avto-
maturad nuli gamovida da radialuri hamiltoniani rH  
aris ermituli anu simetriuli. TviTSeuRlebulobisT-
vis, rogorc viciT, saWiroa, rom rH -is da †

rH -is dome-
nebi erTmaneTs daemTxves. Tu (208)-is marcxena mxareSi 
gamoviyenebT radialur gantolebas

( ) ( )r j j jH u r E u r= , miviRebT

( )1 2 2 1 2 1 1 2
0 0 0

ˆ ˆ 2r ru H u dr u H u dr m E E u u dr
∞ ∞ ∞

− = −∫ ∫ ∫  (209)

rogorc aRmoCnda, TviTSeuRlebulobis piroba pro-
porciulia talRuri funqciebis orTogonalurobis 
integralis pirobisa, amitom es ori piroba urTierT-
damoukidebelia. radgan TviTSeuRlebul operators 
unda hqondes (aqvs) orTogonaluri sakuTari funqcie-
bi, orTogonalurobis pirobis Sesruleba avtomaturad 
xdis rH hamiltonians TviTSeuRlebulad. sxva sityvebiT 
rom vTqvaT, am gziT miiRweva TviTSeuRlebulobis pro-
ceduris realizacia. swored amaSi mdgomareobs “prag-
matuli midgoma,” romelic aris gacilebiT martivi da 
fizikurad ufro gamWvirvale. aRsaniSnavia, rom ganxi-
luli procedura samarTliania mxolod radialuri ha-
miltonianisTvis, radgan sxva operatorebisTvis ar war-
moiSveba (209) tipis proporciuloba.

gavarkvioT axla, rodis xdeba nulis toli (209)-is mar-
jvena mxare. Tu marto regular potencials ganvixilavT 
da gamoviyenebT talRuri funqciebis yofaqcevas saTave-
Si, miviRebT nuls. amitom regularuli potencialisaT-
vis radialuri hamiltoniani rH  aris TviTSeuRlebuli 
da ar saWiroebs gafarToebas. amis sawinaaRmdegod, rbi-
li singularobis mizidvis potencialisaTvis, rogorc 
ukve viciT, unda SevinarCunoT damatebiTi amoxsnac,

1/2~ P
add addu a r − . axla (209)-is marjvena mxare aRar iqne-
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ba nuli, sazogadod, aramed, tolia 

( ) ( )1 2 2 1 1, 2, 1, 2,
0

st add add stm E E u u dr P a a a a
∞

− = −∫  (210)

Tu calke ganvixilavT 0P =  SemTxvevas, marjvena mxa-
reSi miiReba

( ) ( )1 2 2 1 1, 2, 1, 2,
0

1
2 st add add stm E E u u dr a a a a

∞

− = − −∫  (211)

amrigad, damatebiTi amoxsnis gaTvaliswineba iwvevs 
orTogonalurobis darRvevas da amitomac rH  aRar ga-
modis TviTSeuRlebuli. ismis bunebrivi kiTxva: rogor 
mivaRwioT am operatoris TviTSeuRlebulobas? zemoT 
ganxilul orive SemTxvevisaTvis unda moviTxovoT, rom 
yvela mdgomareobisaTvis Sesruldes piroba 

1, 2, 1, 2, 0st add add sta a a a− =  (212)

amis Sedegad radialuri hamiltoniani gaxdeba TviT-
SeuRlebuli! SemoaqvT parametri

add

st

a
a

τ ≡  (213)

romelic aris erTnairi yvela donisTvis da namdvili. 
ganxilul amocanaSi is iseTive rols asrulebs, rogor-
sac asrulebda κ  parametri erTganzomilebian amocaneb-
Si. cxadia, masze iqneba damokidebuli hamiltonianis 
speqtri da sxva dakvirvebadi sidideebi. misi ricxobrivi 
mniSvneloba ar fiqsirdeba, saWiro xdeba raime fizikuri 
movlenis ganxilvisas misi dafiqsireba eqsperimentidan. 

arsebobs uamravi naSromi, miZRvnili rbili singu-
laruli potencialisadmi, romelic figurirebs iseT 
mniSnelovan amocanebSi, rogoricaa savalento eleqtro-
nis modeli wyalbadisebr atomebSi, kulonuri da hulte-
nis potencialebi klein-gordonis da dirakis gantole-
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bebSi, Savi xvrelebis Teoria, konformuli kvanturi 
meqanika, dirakis monopolebi, kvanturi xolis efeqti, 
sigularuli oscilatori (kalojeros modeli) da a.S. 
bevr maTganSi CamoTvlili amocanebidan saWiro xdeba 
TviTSeuRlebuli gafarToebis Teoriis gamoyeneba. ga-
farToebis Sedegad napovnia rigi axali mdgomareobebisa, 
romelTa Seswavla mosalodnel eqsperimentebze dageg-
milia da am mimarTulebam miiRo saxelwodebad `TviT-
SeuRlebuli gafarToebis fizika~. 
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daskvnisaTvis

winamdebare wignis amocana iyo ornairi: 1. gauwios 
popularizacia kvantur operatorTa TviTSeuRlebuli 
gafarToebis Teorias rogorc studentebSi, aseve maswav-
leblebSi da 2. ganixilos konkretuli magaliTebi zogi-
erTi potencialisa, romlebic gvxvdebian kvanturi meqa-
nikis saxelmZRvaneloebSi. moviyvaneT sakmarisad farTo 
informacia funqcionaluri analizidan hilbertis sivr-
ceebis Sesaxeb, mivaqcieT mTavari yuradReba Semousaz-
Rvreli operatorebis Tvisebebs mravalganzomilebian 
hilbertis sivrceebSi, gavavleT gansxvaveba ermitul da 
TviTSeuRlebul operatorebs Soris. mTavari aqcenti 
gadatanili iyo erTganzimilebiani kvanturi meqanikis 
damzeradebze. gamovkveTeT operatorebis gansazRvris 
aris (domenis) mniSvneloba, rom operatori ar ganisaz-
Rvreba marto Tavisi moqmedebiT, aramed aucilebelia 
miTiTebuli iyos misi domeni, rac xSirad uyuradRe-
bodaa datovebuli arsebul saxelmZRvaneloebSi. kidev 
erTxel mivaqcevT yuradRebas im garemoebas, rom wigni 
ar aris dawerili saxelmZRvanelos tradiciul stilSi, 
aramed gadmoscems saWiro informacias maTematikidan, 
gansakuTrebiT es exeba funqcionaluri analizidan in-
formacias, romelic ar gvaqvs sistematizirebuli le-
ma-Teoremebis stilSi. dainteresebuli mkiTxveli Caixe-
davs miTiTebuli literaturis nusxaSi da moZebnis 
misTvis saintereso masalas. arsebiTia, rom wigni para-
lelurad gamodgeba maTematikuri fizikiT dainterese-
buli studentisaTvis. amrigad, fizikis magistrantebs 
da doqtorantebs, maTematikosebTan erTad xeli Seewyo-
ba Tanamedrove kvanturi meqanikis problemuri sakiTx-
ebis Sesaswavlad. 

ra Tqma unda, wigni ver iqneba Tavisufali xarveze-
bisgan, gansakuTrebiT, funqcionaluri analizis masa-
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lis gadmocemis kuTxiT. magram, avtori imedovnebs, rom 
axalgazrdebis daintereseba wigniT, romelic mSobli-
ur enaze ganixilavs Tanamedrove fizikis qvakuTxedur 
problemebs, gadaswonis mraval xarvezs. 
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